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Livingstone, David

David Livingstone, through 30 years of heroic travel and
Christian missionary work in southern, central, and east-
ern Africa—often in places where no white man had
previously ventured—may have influenced Western atti-
tudes toward Africa more than any other individual be-
fore him or since.

Early life. Born March 19, 1813, at Blantyre in Scot-
land, Livingstone grew up in a distinctively Scottish fami-
ly environment of personal piety, poverty, hard work, zeal
for education, and a sense of mission. His father’s family
was from the island of Ulva, off the west coast of Scot-
land; his mother, a Lowlander, was descended from a
family of Covenanters, a group of militant Presbyterians.
Both were poor; and Livingstone was reared as one of
seven children in a single room at the top of a tenement
building for the workers of a cotton factory on the banks
of the Clyde. At the age of ten he had to help his family
and was put to work in a cotton mill; and with part of his
first week’s wages he bought a Latin grammar. Brought
up in the Calvinist faith of the established Scottish church,
Livingstone, like his father, joined an independent Chris-
tian congregation of stricter discipline when he came to
manhood. By this time he had acquired those characteris-
tics of mind and body that were to fit him for his African
career.

In 1834 an appeal by British and American churches for
qualified medical missionaries in China made Livingstone
determine to become a medical missionary. To prepare
himself, while continuing to work part-time in the mill, he
studied Greek, theology, and medicine for two years in
Glasgow. In 1838 he was accepted by the London Mis-
sionary Society. The Opium War (1839-42) put an end
to his dreams of going to China, but a meeting with Robert
Moffat, the notable Scottish missionary in southern Afri-
ca, convinced him that Africa should be his sphere of
service. On November 20, 1840 he was ordained as a mis-
sionary; he set sail for South Africa at the end of the year
and arrived at Cape Town on March 14, 1841.

Initial explorations. For the next 15 years, Livingstone
was constantly on the move into the African interior:
strengthening his missionary determination; responding
wholeheartedly to the delights of geographical discovery;
clashing with the Boers and the Portuguese, whose treat-
ment of the Africans he came to detest; and building for
himself a remarkable reputation as a dedicated Christian,
a courageous explorer, and a fervent antislavery advo-
cate. Yet so impassioned was his commitment to Africa
that his duties as husband and father were relegated to
second place.

From Moffat’s mission at Kuruman on the Cape fron-
tier, which Livingstone reached on July 31, 1841, he soon
pushed his search for converts northward into untried
country where the population was reputed to be more
numerous. This suited his purpose of spreading the Gos-
pel through “native agents.” By the summer of 1842, he
had already gone further north than any other white man
into the difficult Kalahari country and had familiarized
himself with the local languages and cultures. His mettle
was dramatically tested in 1844, when, during a journey
to Mabotsa to establish a mission station, he was mauled
by a lion. The resulting injury to his left arm was compli-
cated by another accident, so that he could never again
support the barrel of a gun steadily with his left hand and
was obliged to fire from his left shoulder and to take aim
with his left eye.

On January 2, 1845, Livingstone married Moffat’s
daughter, Mary, and she accompanied him on many of
his journeys until her health and the family’s needs for
security and education forced him to send her and their
four children back to Britain in 1852. Before this first
parting with his family, Livingstone had already achieved
a small measure of fame when, as surveyor and scientist
of a small expedition, he had assisted in the discovery of
Lake Ngami on August 1, 1849, and was awarded a gold
medal and monetary prize by the British - Royal Geograph-
ical Society. This was the beginning of his lifelong asso-
ciation with the society, which continued to encourage his
ambitions as an explorer and to champion his interests in
Britain.

Opening the interior. With his family safely in Scot-
land, Livingstone was ready to push Christianity, com-
merce, and civilization—the trinity that he believed was
destined to open up Africa—northward beyond the fron-
tiers of South Africa and into the heart of the continent.
In a famous statement in 1853 he made his purpose clear:
“I shall open up a path into the interior, or perish.” On
November 11, 1853, from Linyanti at the approaches to
the Zambezi and in the midst of the Makololo peoples
whom he considered eminently suitable for missionary
work, Livingstone set out northwestward with little equip-
ment and only a small party of Africans. His intention
was to find a route to the Atlantic coast that would permit
legitimate commerce to undercut the slave trade and that
would also be more suitable for reaching the Makololo
than the route leading through Boer territory. (In 1852 the
Boers had destroyed his home at Kolobeng and attacked
his African friends.) After an arduous journey that might
have wrecked the constitution of a lesser man, Living-
stone reached Luanda on the west coast on May 31, 1854.
In order to take his Makololo followers back home and to
carry out further explorations of the Zambezi, as soon as
his health permitted he began the return journey Septem-
ber 20, 1854. He reached Linyanti nearly a year later on
September 11, 1855. Continuing eastward on November
3, Livingstone explored the Zambezi regions and reached
Quilimane in Mozambique on May 20, 1856. His most

By courtesy of the National Portrait Gallery, London

Livingstone, oil painting by F. Havill (died 1884),
after photographs. In the National Portrait Gallery,
London.
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spectacular visit on this last leg of his great journey was
to the thundering, smokelike waters on the Zambezi at
which he arrived on November 17, 1855, and with typi-
cal patriotism named Victoria Falls after his queen. Liv-
ingstone returned to England on December 9, 1856, as a
national hero. News from and about him during the pre-
vious three years had stirred the imagination and pride of
English-speaking peoples everywhere to an unprecedented
degree.

L1v1ngstone recorded his accomplishments modestly but
effectively in his Missionary Travels and Researches in
South Africa (1857), which quickly sold over 70,000 cop-
ies and took its place in publishing history as well as.in
that of exploration and missionary endeavour. Honours
flowed in upon him. His increased income meant that he
was now able to provide adequately for his family, which
had lived in near poverty since their return to Britain. He
was also able to make himself independent of the London
Missionary Society. After the completion of his book,
Livingstone spent six months speaking all over the British
Isles. In his Senate House address at Cambridge on Dec.
4, 1857, he foresaw that he would be unable to complete
his work in Africa, and he called on young university men
to take up the task that he had begun. The publication of
Dr. Livingstone’s Cambridge Lectures (1858) roused al-
most as much interest as his book; and out of his Cam-
bridge visit came the Universities’ Mission to Central Af-
rica in 1860, on which Livingstone set high hopes during
his second expedition to Africa.

The Zambezi expedition. This time Livingstone was
away from Britain from March 12, 1858 to July 23, 1864.
He went out originally as British Consul at Quilimane
“for the Eastern Coast and independent districts of the
interior, and commander of an expedition for exploring
eastern and central Africa, for the promotion of Com-
merce and Civilization with a view to the extinction of the
slave-trade.” This expedition was infinitely better orga-
nized than Livingstone’s previous solitary journeys. It had a
paddle steamer, impressive stores, ten Africans, and six
Europeans (including his brother Charles and an Edin-
burgh doctor, John Kirk). That Livingstone’s by then leg-
endary leadership had its limitation was soon revealed.
Quarrels broke out among the Europeans and some were
dismissed. Disillusionment with Livingstone set in among
members of both his own expedition and of the abortive
Universities’ Mission that followed it to central Africa. It
proved impossible to navigate the Zambezi by ship; and
Livingstone’s two attempts to find a route along the Rovu-
ma River bypassing Portuguese territory to districts around
Lake Nyasa (Malawi) also proved impractical. Livingstone
and his party had been the first Britons to reach (Septem-
ber 17, 1859) these districts that held out promise of col-
onization. To add to Livingstone’s troubles, his wife, who
had been determined to accompany him back to Africa,
died at Shupanga on the Zambezi on April 27, 1862. His
eldest son, Robert, who was to have joined his father in
1863, never reached him and went instead to the United
States, where he died fighting for the North in the Civil
War on December 5, 1864. The British government re-
called the expedition in 1863, when it was clear
that Livingstone’s optimism about economic and po-
litical developments in the Zambezi regions was pre-
mature. Livingstone, however, showed 'something of
his old fire when he took his little vessel, the “Lady Nyas-
sa,” with a small, untrained crew and little fuel, on a
hazardous voyage of 2,500 miles across the Indian Ocean
and left her for sale in Bombay. Furthermore, within the
next three decades the Zambezi expedition proved to be
anything but a disaster. It had amassed a valuable body of
scientific knowledge; and the association of the Lake Ny-
asa regions with Livingstone’s name and the prospects for
colonization that he envisaged there were important fac-
tors for the creation in 1893 of the British Central Africa
Protectorate, which in 1907 became Nyasaland, and in
1966 the republic of Malawi.

Back in Britain in the summer of 1864, Livingstone, with
his brother Charles, wrote his second book, Narrative of
an Expedition to the Zambesi and Its Tributaries (1865).
Livingstone was advised at this time to have a surgical
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The expeditions of David Livingstone.

operation for the hemorrhoids that had troubled him
since his first great African joumey. He refused; and it is
probable that severe bleeding hemoirhoids were the causc
of his death at the end of his third and greatest African
journey.

The quest for the Nile. Livingstone returned to Africa,
after another short visit to Bombay, on January 28, 1866,
with support from private and public bodies and the status
of a British Consul at large. His aim, as usual, was the ex-
tension of the Gospel and the abolition of the slave trade
on the East African coast; but a new object was the explo-
ration of the central Africa watershed and the possibility
of finding the ultimate sources of the Nile. This time Liv-
ingstone went without European subordinates and took
only African and Asian followers. Trouble, however,
once more broke out among his staff; and Livingstone,
prematurely aged from the hardships of his previous ex-
peditions, found it difficult to cope with. Striking out
from Mikindani on the east coast, he was compelled by
Ngoni raids to give up his original intention of avoiding
Portuguese territory and reaching the country around
Lake Tanganyika by passing north. of Lake Nyasa. The
expedition was forced south, and in September some of
Livingstone’s followers deserted him. To avoid punish-
ment when they returned to Zanzibar, they concocted the
story that Livingstone had been killed by the Ngoni. Al-
though it was proved the following year that he was alive,
a touch of drama was added to the reports circulating
abroad about his expedition.

Drama mounted as Livingstone moved north again from
the south end of Lake Nyasa. Early in 1867 a deserter
carried off his medical chest, but Livingstone pressed on
into central Africa. On November 8, 1867, he discovered
Lake Mweru, and on July 18, 1868, Lake Bangweulu. As-
sisted by Arab traders, Livingstone reached Lake Tangan-
yika in February 1869. Despite illness, he went on, and
arrived on March 29, 1871, at his ultimate northwesterly
point, Nyangwe, on the Lualaba leading into the Congo
River. This was farther west than any European had pene-
trated. Returning to Ujiji on the eastern shore of Lake
Tanganyika on October 23, 1871, Livingstone was a sick
and failing man, and the arrival of H.M. Stanley, a cor-
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respondent of the New York Herald, provided him with
desperately needed food and medicine. Livingstone felt
strong enough to join Stanley in exploring the northern
reaches of Lake Tanganyika and then accompanied him
to Unyanyembe, 200 miles eastward. But he refused all of
Stanley’s pleas to leave Africa with him, and on March
14, 1872, Stanley departed for England to add, with
journalistic fervour, to the saga of David Livingstone.

Replenished by Stanley’s supplies, Livingstone moved
south again, obsessed by his quest for the Nile sources and
his desire for the destruction of the slave trade. But his
illness overcame him. On May 1, 1873, at Chitambo’s
village in the Ilala district of what is now Zambia, Living-
stone’s African servants found him dead, kneeling by his
bedside as if in prayer. In order to embalm Livingstone’s
body, they removed his heart and viscera and buried them
in African soil. In a difficult journey of nine months, they
carried his body to the coast. It was taken to England and,
in a great Victorian funeral, was buried in Westminster
Abbey on April 18, 1874. The Last Journals of David
Livingstone were published in the same year.

Influence. In his time and since, the example of Living-
stone has been one of the most powerful in stimulating the
interest of the outside world in Africa. His discoveries—
geographic, technical, medical, and social—provided a
complex body of knowledge that is still being explored. In
spite of his paternalism and Victorian prejudices, Living-
stone believed wholeheartedly in the African’s ability to
advance into the modern world. He was, in this sense, a
forerunner not only of European imperialism in Africa
but also of African nationalism.

BIBLIOGRAPHY. The following books by DAVID LIVING-
STONE himself are fundamental: Missionary Travels and Re-
searches in South Africa (1857); Dr. Livingstone’s Cambridge
Lectures, ed. by w. MONK (1858); Narrative of an Expedition
to the Zambesi and its Tributaries and of the Discovery of
Lakes Shirwa and Nyassa, 1858-1867 (1865); The Last
Journals of David Livingstone in Central Africa, From 1865
to his Death, 2 vol., ed. by H. WALLER (1874).

Although there is still no definitive biography of Livingstone,
the most useful is GEORGE SEAVER, David Livingstone: His Life
and Letters (1957). A much older work, which suffers from
“bowdlerization” but is still useful for personal details, is
W.G. BLAIKIE, The Personal Life of David Livingstone (1880).
Various aspects of Livingstone’s life and work are examined
in: OWEN CHADWICK, Mackenzie’'s Grave (1959); REGINALD
COUPLAND, Kirk on the Zambesi (1928) and Livingstone’s
Last Journey (1945); FRANK DEBENHAM, The Way to Illala
(1955), valuable for Livingstone as a geographer; MICHAEL
GELFAND, Livingstone the Doctor, His Life and Travels: A
Study in Medical History (1957); 1. SCHAPERA (ed.), David
Livingstone: Family Letters, 1841-1856, 2 vol. (1959), Living-
stone’s Private Journals, 1851-1853 (1960), and Livingstone’s
African Journal, 1853-1856, 2 vol. (1963); GEORGE SHEPPER-
soN (ed.), David Livingstone and the Rovuma (1965); J.P.R.
waALLIS (ed.), The Zambezi Expedition of David Livingstone,
1858-1863 (1956); JAMES STEWART, The Zambesi Journal,
1862—-1863 (1952); and GEORGE MARTELLI, Livingstone's River:
A History of the Zambezi Expedition, 1858-1864 (1970). The
following articles are also useful: R.C. BRIDGES, “The Sponsor-
ship and Financing of Livingstone’s Last Journey,” African
Historical Studies, 1:79-104 (1968); THOMAS PRICE, “Port-
uguese Relations with David Livingstone,” The Scottish Geo-
graphical Magazine, 71:138-145 (1955); and GEORGE SHEP-
PERSON, “David Livingstone the Scot,” The Scottish Historical
Review, 39:113-121 (1960).
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Livy

With Sallust and Tacitus, Livy ranks as one of the three
great Roman historians. His history of Rome from the
foundation of the city (A4b urbe condita) established it-
self as a classic in his own lifetime and exercised a pro-
found influence on the style and philosophy of historical
writing down to the 18th century.

Early years and career. Livy (Titus Livius) was born at
Patavium (Padua) in northern Italy in 59 Bc (or possi-
bly 64 BC). Little is known about his life and nothing
about his family background. Patavium, a rich city,
famous for its strict morals, suffered severely in the Civil
Wars of the 40s. The wars and the unsettled condition of
the Roman world after the death of Caesar in 44 BC

probably prevented Livy from studying in Greece, as
most educated Romans did. Although widely read in
Greek literature, he made mistakes of translation that
would be unnatural if he had spent any length of time in
Greece and had acquired the command of Greek normal
among his contemporaries. His education was based on
the study of rhetoric and philosophy, and he wrote some
philosophical dialogues that do not survive. There is no
evidence about his early career. His family apparently
did not belong to the senatorial class, however distin-
guished it may have been in Patavium itself, and Livy
does not seem to have embarked on a political or forensic
profession. He is first heard of in Rome after Octavian
(later known as the emperor Augustus) had restored
stability and peace to the empire by his decisive naval
victory at Actium in 31 BcC. Internal evidence from the
work itself shows that Livy had conceived the plan of
writing the history of Rome in or shortly before 29 Bc,
and for this purpose he must have already moved to
Rome, because only there were the records and informa-
tion available. It is significant that another historian, the
Greek Dionysius of Halicarnassus, who was to cover
much the same ground as Livy, settled in Rome in 30 BC.
A more secure age had dawned.

Most of his life must have been spent at Rome, and at an
early stage he attracted the interest of Augustus and was
even invited to supervise the literary activities of the
young Claudius (the future emperor), presumably about
AD 8. But he never became closely involved with the
literary world of Rome—the poets Horace, Virgil, and
Ovid, as well as the patron of the arts, Maecenas, and
others. He is never referred to in connection with these
men. He must have possessed sufficient private means not
to be dependent on official patronage. Indeed, in one of
the few recorded anecdotes about him, Augustus called
him a “Pompeian,” implying an outspoken and indepen-
dent turn of mind. His lifework was the composition of
his history.

Livy’s history of Rome. Livy began by composing and
publishing in units of five books, the length of which was
determined by the size of the ancient papyrus roll. As his
material became more complex, however, he abandoned
this symmetrical pattern and wrote 142 books. So far as it
can be reconstructed, the shape of the history is as fol-
lows (books 11-20 and 46-142 have been lost) :

1-5 From the foundation of the city until the sack of Rome

by the Gauls (386 BC)

6-10 The Samnite wars

11-15 The conquest of Italy

16-20 The First Punic (Carthaginian) War

21-30 The Second Punic War (until 201 Bc)

31-45 Events until the end of the war with Perseus (167 BC)

46-70 Events until the Social War (91 Bc)

71-80 Civil wars until the death of Marius (86 BC)

81-90 Civil wars until the death of Sulla (78 Bc)

91-103 Events until the triumph of Pompey in 62 BC

104-108 The last years of the Republic

109-116 The Civil War until the murder of Caesar (44 BC)

117-133 From the death of Caesar to the Battle of Actium

134-142 From 29 to 9 BC

Apart from fragments, quoted by grammarians and
others, and a short section dealing with the death of the
orator and politician Cicero from Book 120, the later
books after Book 45 are known only from summaries.
These were made from the 1st century AD onward, be-
cause the size of the complete work made it unmanage-
able. There were anthologies of the speeches and also
concise summaries, two of which survive in part, a 3rd-
century papyrus from Egypt (containing summaries of
Books 37-40 and 48-55) and a 4th-century summary of
contents (known as the Periochae) of the whole work. A
note in the Periocha of Book 121 records that that book
(and presumably those that followed) was published af-
ter Augustus’ death in Ap 14. The implication is that the
last 20 books dealing with the events from the Battle of
Actium until 9 Bc were an afterthought to the original
plan and were also too politically explosive to be pub-
lished with impunity in Augustus’ lifetime.

The sheer scope of the undertaking was formidable. It
presupposed the composition of three books a year on
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average. Two stories reflect the magnitude of the task. In
his letters the statesman Pliny the Younger records that
Livy was tempted to abandon the enterprise but found
that the task had become too fascinating to give it up; he
also mentions a citizen of Cadiz who came all the way to
Rome for the sole satisfaction of gazing at the great histo-
rian.

Livy’s historical approach. The project of writing the
history of Rome down to the present day was not a new
one. Historical research and writing had flourished at
Rome for 200 years, since the first Roman historian Quin-
tus Fabius Pictor. There had been two main inspirations
behind it—antiquarian interest and political motivation.
Particularly after 100 Bc, there developed a widespread
interest in ancient ceremonies, family genealogies, reli-
gious customs, and the like. This interest found expres-
sion in a number of scholarly works: Titus Pomponius
Atticus, Cicero’s friend and correspondent, wrote on
chronology and on Trojan families; others compiled
lengthy volumes on Etruscan religion; Marcus Terentius
Varro, the greatest scholar of his age, published the ency-
clopaedic work Divine and Human Antiquities. The stan-
dard of scholarship was not always high, and there could
be political pressures, as in the attempt to derive the
Julian family to which Julius Caesar belonged from the
legendary Aeneas and the Trojans; but the Romans were
very conscious and proud of their past, and an enthusi-
asm for antiquities was widespread.

Previous historians had been public figures and men of
affairs. Fabius Pictor had been a praetor, the elder Cato
had been consul and censor, and Sallust was a praetor.
So, too, many prominent statesmen such as Sulla and
Caesar occupied their leisure with writing history. For
some it was an exercise in political self-justification
(hence, Caesar’s Gallic War and Civil War); for others it
was a civilized pastime. But all shared a common outlook
and background. History was a political study through
which one might hope to explain or excuse the present.

Livy was unique among Roman historians in that he
played nc part in politics. This was a disadvantage in that
his exclusion from the Senate and the magistracies meant
that he had no personal experience of how the Roman
government worked, and this ignorance shows itself from
time to time in his work. It also deprived him of firsthand
access to much material (minutes of Senate meetings,
texts of treaties, laws, etc.) that was preserved in official
quarters. So, too, if he had been a priest or an augur, he
would have acquired inside information of great histori-
cal value and been able to consult the copious documents
and records of the priestly colleges. But the chief effect is
that Livy did not seek historical explanations in political
terms. The novelty and impact of his history lay in the
fact that he saw history in personal and moral terms. The
purpose is clearly set out in his preface:

I invite the reader’s attention to the much more serious con-
sideration of the kind of lives our ancestors lived, of who
were the men and what the means, both in politics and war,
by which Rome’s power was first acquired and subsequently
expanded, I would then have him trace the process of our
moral decline, to watch first the sinking of the foundations of
morality as the old teaching was allowed to lapse, then the
final collapse of the whole edifice, and the dark dawning of
our modern day when we can neither endure our vices nor
face the remedies needed to cure them.

What chiefly makes the study of history wholesome and
profitable is this, that in history you have a record of the
infinite variety of human experience plainly set out for all
to see, and in that record you can find for yourself and your
country both examples and warnings.

Although Sallust and earlier historians had also adopted
the outlook that morality was in steady decline and had
argued that people do the sort of things they do because
they are the sort of people they are, for Livy these beliefs
were a matter of passionate concern. He saw history in
terms of human personalities and representative individ-
uals rather than of partisan politics. And his own experi-
ence, going back perhaps to his youth in Patavium, made
him feel the moral evils of his time with peculiar inten-
sity. He punctuates his history with revealing comments:

Fortunately in those days authority, both religious and secu-

lar, was still a guide to conduct and there was as yet no sign

of our modern scepticism which interpets solemn compacts

to suit its own convenience (3.20.5). Where would you find
nowadays in a single individual that modesty, fairness and
nobility of mind which in those days belonged to a whole

people? (4.6.12).

In looking at history from a moral standpoint, Livy was
at one with other thinking Romans of his day. Augustus
attempted by legislation and propaganda to inculcate
moral ideals. Horace and Virgil in their poetry stressed
the same message—that it was moral qualities that had
made and could keep Rome great.

The preoccupation with character and the desire to
write history that would reveal the effects of character
outweighed for Livy the need for scholarly accuracy. He
showed little if any awareness of the antiquarian research
of his own and earlier generations; nor did he seriously
compare and criticize the different histories and their
discrepancies that were available to him. For the most
part he is content to take an earlier version (from Poly-
bius or a similar author) and to reshape it so as to con-
struct moral episodes that bring out the character of the
leading figures. Livy’s descriptions of the capture of Veii
and the expulsion of the Gauls from Rome in the 4th
century BC by Marcus Furius Camillus are designed to
illustrate his piety; the crossing of the Alps shows up the
resourceful intrepidity of Hannibal. Unfortunately, it is
not known how Livy dealt with the much greater com-
plexity of contemporary history, but the account of Ci-
cero’s death contains the same emphasis on character
displayed by surviving books.

It would be misplaced criticism to draw attention to his
technical shortcomings, his credulity, or his lack of anti-
quarian curiosity. He reshaped history for his generation
so that it was alive and meaningful. It is recorded that the
audiences who went to his recitations were impressed by
his nobility of character and his eloquence. It is this
eloquence that is Livy’s second claim to distinction.

Together with Cicero and Tacitus, Livy set new stan-
dards of literary style. The earliest Roman historians had
written in Greek, the language of culture. Their succes-
sors had felt that their own history should be written in
Latin, but Latin possessed no ready-made style that could
be used for the purpose: for Latin prose had to develop
artificial styles to suit the different genres. Sallust had
attempted to reproduce the Greek style of Thucydides in
Latin by a tortured use of syntax and a vocabulary incor-
porating a number of archaic and unusual words, but the
result, although effective, was harsh and unsuitable for a
work of any size. Livy evolved a varied and flexible style
that the ancient critic Quintilian characterized as a
“milky richness.” At one moment he will set the scene in
long, periodic clauses; at another a few terse, abrupt sen-
tences will mirror the rapidity of the action. Bare notices
of archival fact will be reported in correspondingly dry
and formal language, whereas a battle will evoke poetical
and dramatic vocabulary, and a speech will be construct-
ed either in the spirit of a contemporary orator such as
Cicero or in dramatically realistic tones, designed to re-
capture the atmosphere of antiquity. “When I write of
ancient deeds my mind somehow becomes antique,” he
wrote. Livy died at Patavium in AD 17.

The work of a candid man and an individualistic think-
er, Livy’s history was deeply rooted in the Augustan revi-
val and owed its success in large measure to its moral
seriousness. But the detached attempt to understand the
course of history through character (which was to influ-
ence later historians from Tacitus to Lord Clarendon)
represents Livy’s great. achievement.
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Texts: Books 1-10, 21-35 have been edited and published
in the “Oxford Classical Series”; the other books are in course
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Studies: P.G. WALSH, Livy: His Historical Aims and Meth-
ods (1961), with bibliography; J. BRISCOE et al., Livy (1971);
R. SYME, “Livy and Augustus,” Harvard Studies in Classical
Philology, 64:27-87 (1959).

(RM.Og.)

Llanos

The Llanos (Plains), a grassland, or savanna, that
stretches across northern South America, occupy one-
third of Venezuela and about one-fifth of Colombia. The
Llanos are delimited by the Andes Mountains in the west
and north, the Lower Orinoco River and the Guiana
Highlands in the east, and the Rio Guaviare and the
Amazonian rain forest in the south. The region covers
an area of some 220,000 square miles (570,000 square
kilometres) and is comparable in size to France or Texas.

The savanna was named by the Spaniards in the 16th
century and has been used as a vast cattle range since
then. Until the mid-1900s, settlement was limited to wide-
ly scattered ranches known as hatos (“‘cow herds”), a few
villages, and missionary stations along the lower courses
of the region’s rivers. Since the 1930s the region has
experienced economic growth. (For a related physical
feature, see ORINOCO RIVER.)

Relief. Most of the Llanos lies within 1,000 feet above
sea level. The High Plains (Llanos Altos) are most con-
spicuous near the Andes, where they form extensive plat-
forms between rivers and are some 100 to 200 feet above
the valley floors. Away from the mountains they are
increasingly fragmented, as in the dissected tableland of
the central and eastern Venezuelan Llanos (the Sabana
de Mesas) and the hill country south of the Rio Meta in
Colombia (the Serrania).

The Low Plains (Llanos Bajos) are defined by the Rio

Apure in the north and the Rio Meta in the south. The
lowest portion of the Llanos, west of the Orinoco Val-
ley, is annually converted into an inland lake by the flood-
ing of the region’s rivers.

Soils and drainage. The Llanos are drained by the
Orinoco River and its left-bank tributaries, including the
Guaviare, Meta, Apure, and Cojedes rivers. Seasonal
changes between saturation and dehydration have led to
advanced laterization of the soil, the process in which the
base minerals have been leached away or incorporated
into insoluble iron and aluminum silicates. Fine-grained
soils form hardpans (cemented layers of soils), and in
gravel regions, iron-cemented quartz conglomerates un-
derlie the surface. Excessive acidity and the lack of nu-
trient bases, organic matter, and nitrogen make virtually
all mature soils infertile.

Climate. The wet and dry seasons result from the an-
nual migration of the Intertropical Convergence Zone, a
low-pressure trough between the hemispheric easterlies,
or trade winds. The zone remains south of the Equator
from December to March, bringing the entire Llanos
under the influence of the Northeast Trades, which cause
the dry and hot summer weather. The zone enters the
Llanos from the south in April, reaches its northernmost
position along the north coast in July, and moves south
again until December. The passage of the zone brings the
rainy winter period.

Monthly precipitation is seldom less than ten inches in
the Colombian Llanos between April and November.
The rains peak about midyear in the Venezuelan north,
with monthly totals of around ten inches. Annual precip-
itation is highest near the Andes, where Villavicencio re-
ceives 180 inches; and there is a pronounced decrease to-
ward the central plains, where Puerto de Nutrias receives
45 inches.

Mean daily temperatures are above 75° F (24° C)
throughout the year, and the annual range does not sur-
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pass 7° F (4° C). Daily maximum temperatures rise
above 95° F (35° C) in the dry period; the dry winds and
nocturnal cooling bring relief with normal minimum
temperatures between 65° and 75° F (18° and 24° C).

Vegetation and animal life. Most of the Llanos is tree-
less savanna. In the low-lying areas, swamp grasses and
sedges are to be found, as also is bunchgrass (Trachy-
pogon). Long-stemmed grass dominates the dry savanna
and is mixed with carpet grass (Axonopus affinis), the
only natural grass to provide green forage during the dry
season.

The most conspicuous trees occur in the gallery forests
along the rivers and in the narrower files of trees known
as morichales, after the dominant moriche palm that
follow minor water courses. Broadleaved evergreens orig-
inally occupied the high-rainfall zone in the Andean pied-
mont. There is a handful of xerophytic trees (i.e., those
adapted to arid conditions), including the chaparro (scrub
oak) and the dwarf palm scattered on the open savanna.

The Llanos have few animals. Most mammals nest in
the gallery forests and feed on the grassland. The only
true savanna dwellers are a few burrowing rodents -and
more than 20 species of birds (among them the white and
scarlet ibis, the morichal oriole, and the burrowing owl).
There are several species of deer and rabbit, the anteater
and armadillo, the tapir, the jaguar, and the largest living
rodent, the capybara. Crocodiles, caimans (a crocodile-
like amphibian), and snakes, including the boa constric-
tor, inhabit the rivers, which also teem with little-known
varieties of fish. Insects include butterflies, beetles, ants,
and mound-building termites.

Population and resources. Cattle raising remains the
mainstay of the economy, the base of which was widened
by the discovery of petroleum in the 1930s. Oil strikes in
the eastern and central Venezuelan Llanos at El Tigre
(1937) and Barinas (1948) initiated industrial and urban
development. Several of the “boom towns” of that period,
such as El Tigre, have grown into sizable cities.

An expansion of intensive agriculture has occurred with
the settlement, which began in the 1950s, of pioneer
farmers in the Andean piedmont and along the river val-
leys. Major concentrations of these small farms are lo-
cated in the Barinas—Guanare—Acarigua district of Vene-
zuela and the Ariari region in Colombia.

Population growth connected with these developments
has been impressive. The population of Venezuela’s Llan-
os states reached 1,800,000 (18 percent of Venezuela’s
population) in 1970. There is a high degree of urbaniza-
tion; more than half of the people of the Venezuelan
Llanos live in cities of more than 10,000 inhabitants. A
few thousand Indians (of Carib and Arawak origin) are
left on reservations in the Lower Orinoco area.

Population increase has been modest in the Colombian
areas. In the Departmento del Meta, Colombia, the pop-
ulation expanded to 210,000 in 1970. Villavicencio, the
department’s capital, is the only city with more than
10,000 inhabitants (65,000 in 1970) in the Colombian
Llanos. The rest of the area remains sparsely inhabited;
the population of the Llanos Orientales numbers less than
2 percent of Colombia’s total population of 22,000,000.

Prospects for the future. The Venezuelan Llanos ben-
efit from Venezuela’s continuing policy of exploiting the
rich mineral and water-power resources of the Lower Ori-
noco and the Guiana Highlands. Flood-control schemes
include the dams at Calabozo, San Carlos, and Guanare.
Excellent trans-Andean roads, a highway along the
Andes, and all-weather access routes to the Orinoco con-
tribute to growing economic vitality.

Economic development in the Colombian Llanos is less
promising. Agriculture is limited by the small proportion
of cultivable land and by the low grazing capacity of the
savanna. No mineral deposits had been found by 1970,
but a road along the foot of the Andes has been planned.

BIBLIOGRAPHY. Published literature on the Llanos in En-
glish is scarce. No book deals with the region as a whole.
General information on the geographic aspects of the Llanos
and their importance to Venezuela and Colombia is found
in P.E. JAMES, Latin America (1969). Problems of resource
development, particularly on the agricultural side, are dis-

cussed in a report of the INTERNATIONAL BANK FOR RECON-
STRUCTION AND DEVELOPMENT, The Economic Development
of Venezuela (1961); and in the FOOD AND AGRICULTURAL OR-
GANIZATION, Soil Survey of the Llanos Orientales, Colombia,
4 vol. (1964-66). Ecological insights on the Llanos are given
in J.s. BEARD, “Savanna Vegetation of Northern Tropical
America,” Ecol. Monogr., 23:149-215 (1953); and in E.J.
FITTKAU et al. (eds.), Biogeography and Ecology in South
America, 2 vol. (1968-69). Accounts on the progress of col-
onization are given in R.E. CRIST, ‘“Along the Llanos-Andes
Border in Venezuela: Then and Now,” Geogrl. Rev., 46:187-
208 (1956), and with ERNESTO GUHL, “Pioneer Settlement in
Eastern Colombia,” An. Rep. Smithson. Inst., pp. 391-414
(1956). Still the most worthwhile reading is found in ALEX-
ANDER VON HUMBOLDT’S essays on the Llanos contained in his
and A. BONPLAND’S Voyage de Humboldt et Bonpland, pt. 1,
Voyage aux régions équinoxiales du nouveau continent, 3
vol. (1814-34; Eng. trans., Personal Narrative of Travels to
the Equinoctial Regions of the New Continent During the
Years 1799-1804, 7 vol., 1814-29, reprinted 1966).

(Di.B.)

Lloyd George, David

For 16 years, from 1906 to 1922, English political life
was dominated by the fiery personality of David Lloyd
George. As leader of the radicals within the Liberal Party
before World War I, he pushed through legislation that
laid the foundation of the modern welfare state. A former
pacifist, he headed a coalition government that guided
Britain to victory in what then seemed the greatest of all
wars. After 1922 he remained in the shadows of public
life, but in the words of Winston Churchill, addressing
the House of Commons after his death, “When the En-
glish history of the first quarter of the twentieth century is
written it will be found that the greater part of our for-
tunes in peace and in war were shaped by this one man.”

Lloyd George was born in Manchester on January 17,
1863. His father was a Welshman from Pembrokeshire
and had become headmaster of an elementary school in
Manchester. His mother was the daughter of David
Lloyd, a Baptist minister. His father died in June 1864,
leaving Mrs. George in poveity. She moved to Lianys-
tumdwy in Carnarvonshire where her brother Richard, a
shoemaker and Baptist minister, supported her and her
children; and it was from him that David Lloyd George
imbibed many of his formative beliefs. His uncle enabled
him to embark at the age of 14 on the career of a solici-
tor; he became articled (1879) to a firm at Portma-
doc, passing his final examination in 1884. In Wales, as in
Ireland, an anglicized and Anglican Tory “ascendancy”
class of landed gentry dominated a Celtic people of dif-
ferent race and religion. The cause of the Liberal Party,
the Welsh nation, and Nonconformity were inseparable
in the atmosphere in which Lloyd George was raised, and
he first made his name by a successful battle in the courts
to establish the right of Nonconformists to burial in the
churchyard of their parish. Ironically, he who came to be
the standard-bearer of the oppressed religious sects had
lost his faith even as a boy. .

As a young man, Lloyd George had the romantic, good
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looks that ensured success with women. After numerous
love affairs, he was married in 1888 to Margaret Owen
who bore him two sons and three daughters. It cannot be
described as a happy marriage. Lloyd George was in-
capable of fidelity, and his affairs with other women were
notorious. His wife stood by him on many occasions, but
in the end his behaviour was too much for even her long-
suffering tolerance.

Lloyd George entered Parliament in 1890, winning a
by-election at Carnarvon Boroughs, the seat he retained
for 55 years. He soon made a name for himself in the
House of Commons by his audacity, charm, wit, and
mastery of the art of debate. During the ten years of
Liberal opposition that followed the election of 1895, he
became a leading figure in the radical wing of the party.
He bitterly and courageously opposed the South African
War; and in 1901 was nearly lynched in Birmingham, the
stronghold of Joseph Chamberlain and Conservative im-
perialism. With the arrival of peace, Lloyd George worked
up a great agitation in Wales against tax-aided grants to
church schools established by Balfour’s Education Act
(1902). This period saw him at the height of his reputa-
tion as the leader of Welsh nationalism. Cabinet office
later somewhat reduced his fervour in this field, and with
the passage of time his nationalism became cultural rather
than political.

Arthur J. Balfour resigned in December 1905 and Sir
Henry Campbell-Bannerman formed a Liberal adminis-
tration, appointing Lloyd George to the Cabinet as presi-
dent of the Board of Trade. In that office, he was respon-
sible for important legislation: the Merchant Shipping
Act (1906), improving seamen’s living conditions, but
also endangering their lives by raising the Plimsoll line on
newly constructed ships; the Patents and Designs Act
(1907), preventing foreign exploitation of British inven-
tions; and the Port of London Act (1908), setting up the
Port of London Authority. He also earned a high reputa-
tion by his patient work in settling strikes. He suffered a
cruel bereavement in November 1907, when his daughter
Mair died of appendicitis at the age of 17. Years after-
ward, the sight of her portrait could plunge him into tears.

CHANCELLOR OF THE EXCHEQUER

Campbell-Bannerman’s health failed in 1908. He was
succeeded as prime minister by the chancellor of the
exchequer, Herbert Henry Asquith, who appointed Lloyd
George to take his own place. This was a notable promo-
tion and made him at least a very strong competitor for
the premiership after Asquith. By this time, the Liberal
Party’s fortunes were beginning to languish. The House

" of Lords had blocked much of its social reform legisla-

tion, and the radical wing of the party was concerned that
its thunder might be stolen by the nascent Labour Party
unless the deadlock could be broken. At the same time,
the demand for more battleships to match the German
naval program threatened the finances available for so-
cial reform. It was to meet these difficulties that Lloyd
George framed the famous “People’s Budget” of 1909,
calling for taxes upon unearned increment on the sale of
land and on land values, higher death duties, and a super-
tax on incomes above £3,000. Moreover, it seemed for a
time that the House of Lords’ veto on progressive legisla-
tion would be bypassed, since the custom of the constitu-
tion forbade the upper house from interfering with the
budget. In fact, however, the Conservative majority in the
House of Lords, against the advice of some of its wiser
members, decided to reject it. The consequences of this
rejection were two general elections, a major constitu-
tional crisis, and the ultimate passage of the Parliament
Act of 1911, which severely curtailed the powers of the
upper house. The principal burden of all this fell upon
Asquith, but Lloyd George gave him vigorous support in
a series of notable philippics against the aristocracy and
the rich. The most famous of all was his speech at Lime-
house, where he denounced the rapacity of the landlord
class, especially the dukes, in unforgettable language.

In 1913 he faced one of the gravest personal crises in his
career. In April 1912, along with Rufus Isaacs, the attor-
ney general, he had purchased shares in the Marconi
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Wireless Telegraph Company of America at a rate well
below that available to the general public. The American
Marconi company was legally independent of the British
concern, but the two companies were closely connected,
and the latter’s shares had recently boomed as a result of
the government’s decision to accept its proposal to con-
struct a chain of radio stations throughout the empire,
Lloyd George and Isaacs unluckily denied, in somewhat
ambiguous language, any transactions in the shares of
“the Marconi company,” a denial that technically re-
ferred only to the British company but was generally
assumed to cover the American as well. A select commit-
tee of the House of Commons revealed the facts and,
although by a party majority it acquitted the ministers of
blame, Lloyd George’s reputation for integrity was dam-
aged.

Social reform and the outbreak of war. Lloyd George’s
major achievement during the years immediately before
the war was in the field of social insurance. Inspired by a
visit to Germany (1908), where he studied the Bismarck-
ian scheme of insurance benefits, Lloyd George decided
to introduce health and unemployment insurance on a
similar basis in Britain. This he did in the National In-
surance Act of 1911. The measure inspired bitter oppo-
sition and was even unpopular with the working class who
were not convinced by Lloyd George’s slogan “ninepence
for fourpence,” the difference in these two figures being
the employer’s and the state’s contribution. Lloyd George,
undeterred, piloted his measure through Parliament with
great skill and determination. He thus laid the founda-
tions of the modern welfare state and, if he had done
nothing else, would deserve fame for that achievement.

Though much of the government’s time during these
years was occupied by the Irish question, Lloyd George
played little part in it and, on the whole, left foreign poli-
cy to his colleagues. It was, therefore, something of a
surprise when, in July 1911, after careful consultation
with Asquith and Sir Edward Grey, he issued a formid-
able warning to Germany over the Moroccan crisis. When
the question of entry into the war convulsed the Cabinet
in late July and early August 1914, he seemed at first to
incline to the isolationist section. For a brief moment he
contemplated retirement. But the tide of events swept him
to the other side. As chancellor, he plunged into the finan-
cial problems posed by the war.

Minister of munitions and secretary of state for war.
Throughout the remainder of 1914 and the early months
of 1915, Lloyd George was a vigorous advocate of in-
creased munitions production. Here he came into sharp
conflict with Lord Kitchener in the War Office. The res-
ignation of Admiral Fisher in 1915 forced Asquith to
reconstruct the government on a coalition basis and ad-
mit the Conservatives. In the new administration, Lloyd
George became minister of munitions. In this capacity,
he made one of the most notable contributions to the
victory of the Allies. His methods were unorthodox and
shocked the civil service, but his energy was immense. He
imported able assistants from big business and used his
eloquence to induce the cooperation of organized labour.
When, in the summer of 1916, the great Battle of the
Somme began, supplies were forthcoming.

Lloyd George acquired definite views on war strategy at
an early stage. He doubted the possibility of breaking
through on the Western front and advocated instead a
flank attack from the Near East. He was thus at logger-
heads with the view of the official military hierarchy,
cogently pressed by Sir Douglas Haig and Sir William
Robertson, that the war could only be won in the West.
On June 5, 1916, Kitchener was drowned on his way to
Russia, when his ship struck a German mine. A last-min-
ute accident—acute developments in the Irish situation
—alone had prevented Lloyd George from travelling
with him. After some hesitation, Asquith appointed him
to the vacant position at the War Office.

Lloyd George held the post for five months, but Robert-
son as chief of the imperial general staff possessed nearly
all the really important powers of the war minister. Lloyd
George chafed under these restrictions, the more so be-
cause he profoundly disagreed with Robertson on vital
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issues of strategy. Thus frustrated, he began to survey the
whole direction of the war with increasing skepticism;
and he did not conceal his doubts from his friends who,
by the end of November, had become convinced that
Asquith should delegate the day-to-day running of the
war to a small committee whose chairman should be
Lloyd George. There was undoubtedly widespread un-
easiness at Asquith’s conduct of affairs, particularly in the
Conservative Party. Asquith was manoeuvred into resign-
ing on December 5 and was replaced two days later by
Lloyd George. He was supported by the leading Conser-
vatives, Bonar Law becoming chancellor of the exche-
quer, leader of the house, and second in command of the
government, and Balfour becoming foreign secretary.
But the most prominent Liberal ministers resigned with
Asquith, and, although about half the rank and file of the
party supported the new government, Lloyd George was
never forgiven by the old guard of his party for having
jockeyed Asquith out of office.

PRIME MINISTER

Lloyd George was now 54 and at the height of his pow-
ers. His energy, eloquence, and ability had already made
him the leading statesman of the day, and his accession to
the premiership was highly popular in the country gener-
ally. A sense of renewed vigour, of “push and go,” was
given to the war effort. He immediately substituted a
small War Cabinet of five, which was to be in constant
session, for the unwieldy body of 23 that had hitherto
conducted affairs. The result was a general speeding up of
decisions and the disappearance of the procrastination
that had marred the previous government.

One of Lloyd George’s most notable efforts was in
combatting the submarine menace which, in the early
months of 1917, threatened to starve Britain into submis-
sion. He achieved this by forcing the adoption of the
convoy system upon a reluctant admiralty. The food
shortage resulting from the submarine war was acute.
Drastic action had to be taken to step up agricultural
production, and eventually a system of food rationing had
to be introduced (1918). In these matters Lloyd George
was at his best, contemptuous of red tape, determined
to take action and to make his will prevail.

It was in the field of grand strategy that he was least
successful. Lloyd George remained profoundly skeptical
of the ability of the British high command to conduct
even a “Western” strategy successfully. Without warning
Haig or Robertson in advance, he confronted them at the
Calais Conference of February 1917 with a plan to place
the British Army under French command for Gen. Rob-
ert-Georges Nivelle’s forthcoming offensive. Haig and
Robertson deeply distrusted Lloyd George from that mo-
ment onward. The Nivelle offensive was a total failure,
and Lloyd George was, as a result, on shaky ground when
he endeavoured to resist Haig’s proposals for a major
British campaign in Flanders in the summer. After much
hesitation, he gave way, and on July 31, 1917, the ill-fated
Passchendaele offensive began. Although it may have
forestalled a possible German attack on the French,
Passchendaele, with enormous loss of life, achieved none
of its main objectives. He was now convinced of the
incompetence of the British high command.

He still dared not take action against them openly. In-
stead, he began what Sir Winston Churchill calls “a series
of extremely laborious and mystifying maneuvers,” with
the object of creating a unified command under someone
other than Haig. In February 1918, Robertson offered his
resignation, which Lloyd George accepted, but Haig re-
mained as commander in chief. Such was Lloyd George’s
distrust of Haig that, during the winter of 1917-18, he
had deliberately kept him short of troops for fear that he
might renew the attack. The result was that the Germans
came near to launching a successful offensive. The emer-
gency caused a unified command under Marshal Foch to
be established (April), and by May the situation became
stabilized. Out of these events arose the famous Maurice
debate. Maj. Gen. Sir Frederick Maurice, who was in the
War Office, published a letter claiming that Lloyd George
had given incorrect figures in reply to a question about

manpower on the Western front. Lloyd George made a
brilliant speech at the subsequent debate in Parliament,
though later evidence shows that Maurice was undoubt-
edly right. The Asquithian Liberals pressed the matter
to a division and were heavily beaten.

The Armistice of November 1918 faced Lloyd George
with a dilemma. Should he allow a return to peacetime
party politics or continue the coalition? There was little
doubt of the answer. Bonar Law was willing to cooperate.
A somewhat perfunctory offer to include Asquith was de-
clined. The ensuing election in December gave the coali-
tionists an overwhelming victory. Many of those who fol-
lowed Asquith at the Maurice debate were not granted
the “coupon,” the joint letter from Lloyd George and
Bonar Law that certified the candidate as a coalitionist.
Nearly all, Asquith included, lost their seats. The rift in
the Liberal Party became wider, and Lloyd George was
now largely dependent on Conservative support.

As one of the three great statesmen at Versailles, Lloyd
George must bear a major responsibility for the peace
settlement. He pursued a middle course between Georges
Clemenceau and Woodrow Wilson. But, throughout,
Lloyd George was under strong pressure at home to pur-
sue the more draconian policy. It is to his credit that the
final settlement was not far worse than it was. The
treaty was well-received in Britain, and in August 1919
the king conferred on him the Order of Merit.

A major domestic problem was Ireland, where the Sinn
Fein refused to recognize the British Parliament, and
from 1919 to 1921 a civil war of massacre and reprisal
raged. In the summer of 1921, Lloyd George, with full
agreement of his Conservative colleagues, reversed the
policy of repression in Ireland and initiated the nego-
tiations that culminated in Irish independence in Decem-
ber 1921. The more rigid Tories never forgave this “sur-
render,” as they deemed it. In 1922 Lloyd George ran
into further trouble over the so-called honours scandal,
when accusations against the coalition were made in both
houses of Parliament that peerages and other honours
were being regularly sold for large campaign contribu-
tions. Tory discontent was rife, when, from a wholly
unexpected quarter, a crisis occurred that drove Lloyd
George from power forever. This was the Canak inci-
dent (see OTTOMAN EMPIRE AND TURKEY, HISTORY OF),
when it seemed to critics that the reckless foreign policy
of the government had led Britain to the verge of an
unnecessary war with Turkey. When the Conservative
leaders decided to appeal to the country on a coalition
basis once again, a party revolt ensued. Bonar Law re-
turned to the political scene; and on October 19 a two-to-
one majority of Conservative members of Parliament
endorsed his and Stanley Baldwin’s plea to fight as an
independent party. Lloyd George at once resigned.

Later years and assessment. The long twilight of Lloyd
George’s career was a melancholy anticlimax. The feud
with the Asquithians was never healed, and from 1926
to 1931 he headed an ailing Liberal Party. He devoted
himself thereafter to writing his War Memoirs (1933—
36) and The Truth About the Peace Treaties (1938).
Lengthy, yet supremely readable and interspersed with
brilliant pen portraits, these volumes are an exercise in
the forensic, rather than the historian’s, art. He seldom
admits error, and the endless diatribes against his op-
ponents carry little conviction. In 1936 he visted Ger-
many and met Hitler and was temporarily taken in by
him; but in 1938 and 1939 he was a leading opponent of
appeasement. In 1940 Churchill invited him to join his
war cabinet, but Lloyd George declined, ostensibly on
grounds of age and health. On January 1, 1945, he was
elevated to the peerage as Earl Lloyd-George of Dwyfor.
He died on March 26, 1945.

Lloyd George’s personality is something of an enigma to
the historian. It is easy to list his qualities: his eloquence;
his extraordinary charm and persuasiveness; his sense of
wit and fun; his capacity to see the heart of problems
whose complexity baffled lesser men; his profound sym-
pathy with oppressed classes and races; his genuine
hatred of those who abused power, whether that power
was based on wealth or caste or military might. But there
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was an obverse side to these virtues: his love of devious
methods; his remarkable, albeit temporary, gullibility in
the face of Hitler and the Nazis; his carelessness and want
of discretion—some would use severer words—over ap-
pointments and honours; his defeatism in World War II,
which contrasted so sadly with his earlier courage.

Lloyd George, for all his greatness, aroused in many
persons a profound sense of mistrust, and it was in the
upper-middle class, represented in politics by Stanley
Baldwin and Neville Chamberlain, that he inspired the
most acute misgivings. They were both determined to
exclude him from office, and it would be wrong to ascribe
his long years in the political wilderness solely to the de-
clining fortunes of the Liberal Party. It is perhaps sig-
nificant of his defects that Lloyd George, though posses-
sing a host of acquaintances, never had a really intimate
friend. There was in him a streak of ruthlessness that left
little room for the cultivation of personal friendship.
For these and other reasons, he was never able to recover
the position he had lost in 1922. It was one of the trag-
edies of the interwar years that, in an era not notable for

political talent, the one man of genius in politics should’
have had to remain an impotent spectator. But his earlier -

achievements make his place in history secure.
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VESTER, The Real Lloyd George (1947); THOMAS JONES,
Lloyd George (1951); FRANK OWEN, Tempestuous Journey
(1954); WILLIAM GEORGE, My Brother and I (1958); RICHARD
LLOYD GEORGE, Lloyd George (1960); and MARTIN GILBERT
(ed.), Lloyd George (1969), mainly selections from his
speeches and writings, with an excellent bibliography. See
also w.M. AITKEN (Lord Beaverbrook), Politicians and the
War, 1914-1916, 2 vol. (1928-32, reprinted 1960) and Men
and Power, 1917-1918 (1956); ROBERT BLAKE, The Unknown
Prime Minister: The Life and Times of Andrew Bonar Law,
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Diary (1971).
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Lobachevsky, Nikolay Ivanovich

Nikolay Ivanovich Lobachevsky, Russian mathematician,
is, with his Hungarian contemporary Janos Bolyai, the
founder of non-Euclidean geometry. This geometry is not
based on Euclid’s parallel postulate, according to which
one and only one line can be drawn through a point in a
plane parallel to a given line in the plane. First an-
nounced in 1826 and published in 1829, Lobachevsky
developed it further in subsequent publications. By show-
ing that a non-Euclidean geometry (g.v.) was logically
possible, he and Bolyai (who published his theory in
1832) discovered the final solution of a problem—
whether Euclid’s parallel postulate could be deduced as
a consequence of his other postulates—that had baffled
mathematicians for 2,000 years. Their discovery that it
could not would profoundly influence the mathematics,
physics, and philosophy of the 20th century.
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Lobachevsky, detail of a portrait by an unknown
artist,
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Lobachevsky was born on December 1 (November 20,
old style), 1792, in Nizhny Novgorod (now Gorky),
the son of an impecunious government official. His entire
life centred around the University of Kazan, beginning at
age 14, when he entered as a student. In 1811 he received
the M.A. degree and then taught, from 1816 as extraordi-
nary professor and from 1822 as ordinary professor.

His administrative talents were soon recognized; in 1820
he became dean of the faculty of mathematics and phys-
ics, in 1825 university librarian, and in 1827 rector of the
university, a position he held, with repeated reelections,
until 1846. In all of his duties, he exercised remarkable
organizing and educational skill in rescuing the university
from the chaotic conditions into which it had drifted. The
previous administration had reflected the spirit of the
later years of Tsar Alexander I, who was distrustful of
modern science and philosophy, particularly that of the
German philosopher Immanuel Kant, as evil products of
the French Revolution and a menace to orthodox reli-
gion.. The results at Kazan during the years 1819-26
were factionalism, decay of academic standards, dismis-
sals, and departure of some of the best professors, in-
cluding Johann Martin Christian Bartels, friend of the
German mathematician Carl Friedrich Gauss, and Lo-
bachevsky’s teacher of mathematics.

In 1826, a more tolerant period was inaugurated with
the accession of Tsar Nicholas I, and Lobachevsky be-
came the leading innovator at the university, restoring
academic standards and faculty harmony. He was active
in saving lives during the cholera epidemic of 1830, in
rebuilding several university buildings after a devastating
fire in 1842, and in popularizing science and modernizing
primary and secondary education in the region of Kazan.
Although burdened with this work, in addition to a heavy
administrative teaching load, he still found time for ex-
tensive mathematical research.

Lobachevsky’s ideas were rooted in his opposition to
Kant’s transcendental Idealism, which maintains that
such ideas as space, time, and extension, are a priori, and
that the mind imposes order on sense experience. For
him space was an a posteriori concept, derived by the
human mind from external experience. .

In addition to geometry, Lobachevsky also did distin-
guished work in the theory of infinite series, especially
trigonometric series, integral calculus, and probability; in
algebra he found, in 1834, a method for approximating
the roots of algebraic equations, often called after the
Swiss mathematician Carl Heinrich Graeffe (1837).

His fame, like that of Bolyai, was posthumous. During
his lifetime, few were impressed by his geometry, and the
leading Russian mathematician of his day, Mikhail Vasi-
levich Ostrogradsky, who was well-known in western Eu-
rope, could not appreciate it. Moreover, Lobachevsky’s
first publications, in Russian—in 1829 in a local general

periodical and in 1835-39 in the Kazan academic trans-.

actions—were little known abroad. But Lobachevsky, in
contrast to Bolyai, refused to. be discouraged. With char-
acteristic perseverance he continued the publication of his
ideas not only in Russian but also in French and German.
In 1837 his “Géométrie imaginaire” (“Imaginary Geom-
etry”’) appeared in Crelle’s Journal (Berlin), and in 1840
his book Geometrische Untersuchungen zur Theorie der
Parallellinien (Geometrical Researches on the Theory of
Parallels, 1891) was published. There was no general
recognition of his work, despite the praise bestowed on it
by Gauss, the leading mathematician of Europe, who had
reached, but never published, the same conclusions.

Toward the end of his life, nearly blind and grieved by
domestic losses, Lobachevsky in 1855 once more present-
ed his theory in French in the book Pangéométrie, also
appearing in Russian.

He died in Kazan on February 24 (February 12, O.S.),
1856. Acceptance of non-Euclidean geometry had to wait
until, under the influence of the German mathematician
Bernhard Riemann’s ideas on the principles underlying
geometry in 1866, the Italian mathematician Eugenio
Beltrami in 1868 and the German mathematician Felix
Klein in 1871 demonstrated the consistency and general
applicability of this geometry.
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Lock

A lock is a mechanical device for securing a door or
receptacle so that it cannot be opened except by a key or
by a series of manipulations that can be carried out only
by a person knowing the secret or code.

EARLY HISTORY

The lock originated in the Near East; the oldest known
example was found in the ruins of the palace of Khorsa-
bad near Nineveh. Possibly 4,000 years old, it is of the
type known as a pin-tumbler or, from its widespread use
in Egypt, an Egyptian lock. It consists of a large wooden
bolt, which secures the door, through which is pierced a
slot with several holes in its upper surface. An assembly
attached to the door contains several wooden pins posi-
tioned to drop into these holes and grip the bolt. The key
is a large wooden bar, something like a toothbrush in
shape; instead of bristles it has upright pegs that match
the holes and the pins. Inserted in the large keyhole below
the vertical pins it is simply lifted, raising the pins clear
and allowing the bolt, with the key in it, to be slid back
(Figure 1A). Locks of this type have been found in Japan,
Norway, and the Faeroe Islands, and are still in use in
Egypt, India, and Zanzibar. An Old Testament reference,
in Isaiah, “And I will place on his shoulder the key of the
house of David,” shows how the keys were carried. The
falling-pin principle, a basic feature of many locks, was
developed to the full in the modern Yale lock (see below).

In a much more primitive device used by the Greeks, the
bolt was moved by a sickle-shaped key of iron, often with
an elaborately carved wooden handle. The key was passed
through a hole in the door and turned, the point of the
sickle engaging the bolt and drawing it back. Such a
device could give but little security. The Romans intro-
duced metal for locks, usually iron for the lock itself and
often bronze for the key (with the result that keys are
found more often today than locks). The Romans invent-
ed wards—i.e., projections around the keyhole, inside the
lock, which prevent the key from being rotated unless the
flat face of the key (its bit) has slots cut in it in such a
fashion that the projections pass through the slots. For
centuries locks depended on the use of wards for security,
and enormous ingenuity was employed in designing them
and in cutting the keys so as to make the lock secure
against any but the right key (Figure 1B). Such warded
locks have always been comparatively easy to pick, since
instruments can be made that clear the projections, no
matter how complex. The Romans were the first to make
small keys for locks—some so small that they could be
worn on the fingers as rings. They also invented the pad-
lock, which is found throughout the Near and Far East,
where it was probably independently invented by the
Chinese.

In the Middle Ages, great skill and a high degree of
workmanship were employed in making metal locks, es-
pecially by the German metalworkers of Niirnberg.
The moving parts of the locks were closely fitted and
finished, and the exteriors were lavishly decorated. Even
the keys were often virtual works of art. The security,
however, was solely dependent on elaborate warding, the
mechanism of the lock being developed hardly at all. One

refinement was to conceal the keyhole by secret shutters,
another was to provide blind keyholes, which forced the
lock picker to waste time and effort. The 18th-century
French excelled in making beautiful and intricate locks.
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Figure 1: Early lock types.
(A) Ancient Egyptian lock. (B) Warded lock and key. (C)
The Barron tumbler lock, 1778. (D) The Bramah lock, 1784.

DEVELOPMENT OF MODERN LOCK TYPES

The Barron lock. The first serious attempt to improve
the security of the lock was made in 1778 when Robert
Barron, in England, patented a double-acting tumbler
lock. A tumbler is a lever, or pawl, that falls into a slot in
the bolt and prevents it being moved until it is raised by
the key to exactly the right height out of the slot; the key
then slides the bolt. The Barron lock (see Figure 1C) had
two tumblers and the key had to raise each tumbler by a
different amount before the bolts could be shot. This
enormous advance in lock design remains the basic prin-
ciple of all lever locks. )

The Chubb lock. But even the Barron lock offered
little resistance to the determined lock picker, and in 1818
Jeremiah Chubb of Portsmouth, England, improved on
the tumbler lock by incorporating a detector, a retaining
spring that caught and held any tumbler which, in the
course of picking, had been raised too high. This alone
prevented the bolt from being withdrawn and also showed
that the lock had been tampered with.
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The Bramah lock. In 1784 (between Barron’s lock and
Chubb’s improvements on it) a remarkable lock was pat-
ented in England by Joseph Bramah. Working on an
entirely different principle, it used a very small light key,
yet gave an unprecedented amount of security. Bra-
mah’s locks are very intricate (hence, expensive to
make), and for.their manufacture Bramah and his young
assistant Henry Maudslay (later to become a famous
engineer) constructed a series of machines to produce the
parts mechanically. These were among the first machine
tools designed for mass production. The Bramah key is a
small metal tube that has narrow longitudinal slots cut in
its end. When the key is pushed into the lock, it depresses
a number of slides, each to the depth controlled by the
slots. Only when all the slides are depressed to exactly the
right distance can the key be turned and the bolt thrown
(Figure 1D). So confident was Bramah of the security of
his lock that he exhibited one in his London shop and
offered a reward of £200 to the first person who could
open it. For over 50 years it remained unpicked, until
1851 when a skilled American locksmith, A.C. Hobbs,
succeeded and claimed the reward.

Lockmaking in the mid-19th century. The lock indus-
try was in its heyday in the mid-19th century. With the
rapidly expanding economy that followed the Industrial
Revolution, the demand for locks grew tremendously.

The Newell lock. 1In this period lock patents came thick
and fast. All incorporated ingenious variations on the le-
ver or Bramah principles. The most interesting was Rob-
ert Newell’s Parautoptic lock made by the firm of Day and
Newell of New York. Its special feature was that not only
did it have two sets of lever tumblers, the first working on
the second, but it also incorporated a plate that revolved
with the key and prevented the inspection of the interior,
an important step in thwarting the lock picker. It also had
a key with interchangeable bits so that the key could be
readily altered. Newell displayed an example in London
in the Great Exhibition of 1851. Despite many attempts,
there is no record that it has ever been picked.

The Yale lock. In 1848 a far-reaching contribution
was made by an American, Linus Yale, who patented a
pin tumbler lock working on an adaptation of the ancient
Egyptian principle. In the 1860s his son Linus Yale, Jr.,
evolved the Yale cylinder lock, with its small, flat key
with serrated edge, now probably the most familiar lock
and key in the world. Pins in the cylinder are raised to the
proper heights by the serrations, making it possible to
turn the cylinder. The number of combinations of heights
of the pins (usually five), coupled with the warding effect
of the crooked key and keyhole, give an almost unlimited
number of variations (see Figure 2). It has come to be
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Figure 2: Contemporary version of the Yale lock, patented in
the 1860s: (Left) Correct key lifts all pins to proper height and
key can be turned. (Right) Wrong key lifts pins to incorrect
height and lock will not open.

almost universally used for outside doors of buildings
and automobile doors, although in the 1960s there was a
trend toward supplementing it on house doors with the
sturdy lever lock.

Time locks. In the 1870s a new criminal technique
swept the United States: robbers seized bank cashiers and
forced them to yield keys or combinations to safes and
vaults. To combat this type of crime, James Sargent of
Rochester, New York, in 1873 devised a lock based on a
principle patented earlier in Scotland, incorporating a
clock that permitted the safe to be opened only at a preset
time.

Combination locks. The keyless combination lock de-
rives from the “letter-lock,” in use in England at the
beginning of the 17th century. In it'a number of rings
(inscribed with letters or numbers) are threaded on a
spindle; when the rings are turned so that a particular
word or number is formed, the spindle can be drawn out
because slots inside the rings all fall in line. Originally,
these letter locks were used only for padlocks and trick
boxes. In the last half of the 19th century, as developed
for safes and strong-room doors, they proved to be the
most secure form of closure. The number of possible
combinations of letters or numbers is almost infinite and
they have no keyholes into which an explosive charge can
be placed. Furthermore, they are easy to manufacture.

A simple combination lock with four rings (tumblers, in
the U.S.) and 100 numbers on the dial (i.e., 100 positions
for each ring) presents 100,000,000 possible combina-
tions. Figure 3 shows how the single knob can set all the
wheels; in this case the lock has three rings, or wheels,
giving 1,000,000 possible combinations. If, for example,

Figure 3: Combination safe lock. The lock cannot be opened -
until the slots of the three wheels are in line. The movement
of the dial is transmitted to each wheel by a system of pins (in
practice much shorter than shown), arms, and studs.

the combination is 48, 15, 90, the knob is turned counter-
clockwise until the 48 comes opposite the arrow for the
fourth time, a process that ensures that there is no play
between the other wheels. The slot on the first wheel (on
the left in the diagram) is then in the correct position for
opening and it will not move in subsequent operations.
The knob is then turned clockwise until the 15 is opposite
the arrow for the third time; this sets the slot of the mid-
dle wheel in line with the first. Finally, the knob is turned
counterclockwise to bring the 90 for the second time to
the arrow. All three slots are then in line and a handle
can be turned to withdraw the bolts. The combination can
easily be changed, for the serrations shown on each wheel
enable the slot to be set to a different position relative
to the stud for that wheel.

Master keys.
hotels and office buildings, for a manager or caretaker to
have a master key that will open all the locks in the
building. To design a set of single locks each of which can
be opened by its own key, and also by the master key,
requires a coordinated arrangement of the warding. The
master key is so shaped as to avoid the wards of all the
locks. Another method involves two keyholes, one for the
normal key, the other for the master key, or two sets of
tumblers or levers, or in the case of Yale locks, two
concentric cylinders.

Electronic elements. In the 1960s an electronic cash
dispenser for banks was introduced. This system allows a
customer to withdraw money when the bank is closed.
The customer has a personal card that is coded with
magnetic and other markings. He inserts the card into the
machine, located in the wall of the bank. The card is
drawn inside and automatically checked for genuineness.
The customer then sets up his personal account number
(not marked on the card) by pressing a series of num-
bered buttons. This is also checked electronically and, if
correct, a fixed amount of cash is ejected. The card re-
mains within and is later returned to the customer by
mail. The whole device constitutes a lock, but it is not a
mechanical device, since all the information given by the
card, which constitutes the key, is sorted by electronic
circuits. Other electronic devices are being increasingly
used in connection with security systems (see POLICE
TECHNOLOGY).

It is frequently necessary, particularly in
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Present status of locks and safes. Over the years, locks
have been constructed with many specialized functions.
Some have been designed to resist being blown open,
others to shoot or stab intruders or seize their hands.
Locks have been made that can be opened or closed by
different keys but can be unlocked only by the key that
closed them. So-called unpickable locks are usually de-
vised to prevent a thief from exploring the positions of
the lock parts from the keyhole or from sensing with his
picking tool slight changes of resistance when pressure is
applied to the bolt. The basic types, however, remain the
Bramah, lever, Yale, and combination locks, though in-
numerable variations have been made, sometimes com-
bining features of each. The Swiss Kaba lock, for exam-
ple, employs the Yale principle but instead of having a
serrated-edge key, the flat sides of the key are marked
with deep depressions into which four complete sets of
pin-tumblers are pressed. The Finnish Abloy lock is a
compact combination lock, but the rings, instead of being
turned separately by hand, are moved to the correct posi-
tions by a single turn of a small key.

Magnetic forces can be used in locks working on the
Yale principle. The key has no serrations; instead, it con-
tains a number of small magnets. When the key is in-
serted into the lock, these magnets repel magnetized
spring-loaded pins, raising them in the same way that the
serrations on a Yale-type key raise them mechanically.
When these pins are raised the correct height, the cylinder
of the lock is free to rotate in the barrel.

The importance of locks as a protection against profes-
sional thieves declined after World War II, during which
the knowledge and use of explosives was widely dissemi-
nated. As most safe locks and strong-room locks became
almost unpickable, criminals tended to ignore the locks
and to use explosives to blow them off. An attempt to
blow up the mechanism of a lock by detonating an explo-
sive in the keyhole can be foiled by introducing a second
series of bolts, not connected to the lock mechanism, but
automatically inserted by springs when an explosion oc-
curs; the safe then cannot be opened except by cutting
through the armour.

Another method used by criminals is to burn away the
plating or hinge of a safe by an electric arc or an oxyacet-
ylene flame, an operation requiring many hours’ work.
To resist this type of entry, safe makers produced even
more resistant materials and new methods of construc-
tion to carry away the heat of the cutting flame.

BIBLIOGRAPHY. G. PRICE, A Treatise on Fire and Thief-
Proof Depositories, and Locks and Keys (1856); and c. TOM-
LINSON (ed.), Rudimentary Treatise on the Construction of
Locks (1853, 1868), are the classic books on the history of
locks and their mechanisms up to the mid-19th century (fully
illustrated). For a great variety of types of locks, especially
American locks, see A.A. HOPKINS, The Lure of the Lock
(1928), a catalogue of the Mossman collection in New York
that also includes historical notes and interesting, illustrated
accounts of great robberies. v.J.M. ERAS, Sloten en Sleutels
door de eeuween Heen (1941; Eng. trans., Locks and Keys
Throughout the Ages, 1957), is an account of the Lips collec-
tion of locks at their factory in Dordrecht, The Netherlands.
It also contains illustrations and descriptions of locks from
many other collections throughout the world. J. PARKES AND
SONS, LTD., An Encyclopaedia of Locks and Builders’ Hard-
ware, comp. by F.J. BUTTER (1958), is in the form of a lexicon
and is an indispensable guide to the vocabulary and nomen-
clature of the locksmith’s craft. For descriptions of the latest
developments in locks and the announcement of new varieties,
see the weekly London journals The Engineer and Engineer-
ing.

(G.B.L.W.)

Locke, John

John Locke was an  English philosopher who was expert
in many fields, more particularly in epistemology (theory
of knowledge), politics, education, and medicine. His
chief contributions were, first, a clear and emphatic for-
mulation of the social and political principles that, in his
opinion, emerged from the turbulence of 17th-century
Britain and, second, an account of human knowledge, in-
cluding his examination of the “new science” of his day—
i.e., of modern science.

Locke, oil painting by Sir Godfrey Kneller (1646/49-
1723). In Christ Church, Oxford.
By courtesy of the Governing Body of Christ Church, Oxford

Early life. Locke was born in Wrington, Somerset, on
August 29, 1632, and reared in Pensford, six miles south
of Bristol. His family was Anglican with Puritan lean-
ings. His father was a country attorney of modest means
who fought on the Parliamentarian side in the Civil War
—a fact that later helped him to find a place for his son in
Westminster School, then controlled by a Parliamen-
tarian committee (though its headmaster, Dr. Richard
Busby, was a Royalist). The training there was thorough,
but Locke later complained of the severity of its dis-
cipline. In 1652 Locke entered Christ Church, Oxford.
Though the Puritans, led by the eminent John Owen, had
introduced some reforms into Oxford life, they had made
little change in the traditional curriculum of rhetoric,
grammar, morai phiiosophy, geometry, and Greek, and
Locke found the course insipid. Nonetheless, this link
with traditional Scholastic methods was not wholly value-
less. He graduated B.A. in 1656 and M.A. two years
later.

During his student years Locke had interested himself in
studies not in the traditional curriculum; in particular,
he had been drawn to experimental science (brilliantly
taught at Oxford by John Wilkins) and to medicine. In
1660, the year of the restoration of the monarchy, Locke
was appointed a tutor in Christ Church. He remained a
student (i.e., a fellow) with rooms in the college until
1684; but, not wishing to make teaching his permanent
vocation, he taught undergraduates for four years only.
He gained some experience in diplomacy as secretary to a
diplomatic mission to Brandenburg in 1665, and on his
return he was immediately offered, but refused, another
diplomatic post. Nor did he feel called to the ministry of
the Church, a fact that for him was definitive since entry
into holy orders without being called would have been
culpable. His papers of this period (1656-66), his corre-
spondence, and his commonplace books all testify to his
chief interests at the time, viz., natural science, on the one
hand, and the study of the underlying principles of moral,
social, and political life, on the other. In the Ilatter
connection, his “Essays on the Law of Nature,” which he
wrote in 1663-64 but never published, indicate how far
this study had then proceeded. To remedy the narrowness
of his education he read contemporary philosophy, par-
ticularly that of René Descartes, the father of modern
philosophy. But more than all, experimental science en-
gaged his interest. He collaborated with Robert Boyle,
one of the founders of modern chemistry, who was a
close friend, and, toward the end of the period, with
another friend, Thomas Sydenham, an eminent medical
scientist.

Association with Shaftesbury. It was as a physician
that Locke first came to the notice of the statesman Lord
Ashley (later to become the 1st earl of Shaftesbury), who
at once recognized his worth and in 1667 invited him to
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become part of his household staff serving as physician.
Locke accepted the invitation and very soon was Ashley’s
personal adviser not merely on medical matters but on his
general affairs as well. Ashley was a forceful, aggressive
politician who had many enemies (some of them men of
letters—for instance, Locke’s schoolfellow, the poet lau-
reate John Dryden). It is doubtful, however—if only in
view of Locke’s respect for him—whether Ashley was as
evil as his enemies sometimes made him out to be. It is
known that he stood firmly for a constitutional monar-
chy, for a Protestant succession, for civil liberty, for tol-
eration in religion, for the rule of Parliament, and for the
economic expansion of Britain; and that he continued to
make this stand when many influential men were working
against these aims. Since these were already aims to
which Locke had dedicated himself, there existed from
the first a perfect understanding between the statesman
and his adviser, one that meant much to both. Ashley
entrusted Locke with the task of negotiating his son’s
marriage with the daughter of the Earl of Rutland; he
also made him secretary of the group that he had formed
to increase trade :with America, particularly with the
southern colonies.

During the following decades, Locke persevered in his
private studies, and many of his social meetings were in
effect meetings with friends to discuss philosophical and
scientific problems. As early as 1668 he had become a
fellow of the newly formed (1663) Royal Society, which
kept him in touch with scientific advances. It is known,
too, that groups of friends met in his rooms (Lord Ash-
ley; John Mapletoft; Thomas Sydenham; Sydenham’s
physician colleague, James Tyrrell, who was also a
divine; and others), for one of its meetings is men-
tioned in the preface of his Essay Concerning Human
Understanding, in which he reports that, because of
the difficulties that beset the participants, they resolved
to devote their next meeting to discussing the powers of
the mind in order, as they said, “to examine our own
abilities and see what objects our understandings were, or
were not, fitted to deal with.” Locke himself opened the
discussion and, following the meeting, set out his view of
human knowledge in two drafts (1671), still extant,
which show the beginnings of the thinking that 19 years
later would blossom into his famous Essay. In these Lon-
don years, too, Locke encountered representatives of
Cambridge Platonism, a school of Christian humanists,
who, though sympathetic to empirical science, nonethe-
less opposed Materialism because it failed to account for
the rational element in human life. They tended to be
liberal both in politics and religion. Insofar as they taught
a Platonism that rested on belief in innately known Ideas,
Locke could not follow them; but their tolerance, their
emphasis on practical conduct as a part of the religious
life, and their rejection of Materialism were features that
he found most attractive. This school was closely related
in spirit to another school that influenced Locke at
this time, viz., that of Latitudinarianism. For the latter
school, if a man confessed Christ, that alone should be
enough to entitle him to membership in the Christian
Church; conformity in nonessentials should not be de-
manded. These movements prepared Locke for the anti-
dogmatic, liberal school of theology that he would later
encounter in Holland, a school in revolt against the
narrowness of traditional Calvinism.

In 1672 Ashley was raised to the peerage as the 1st Lord
Shaftesbury and at the end of that year was appointed
lord high chancellor of England. Though he soon lost
favour and was dismissed, he did, while in office, establish
the Council of Trade and Plantations, of which Locke
was secretary for two years. Locke, however, who suf-
fered greatly from asthma, found the London air and his
heavy duties unhealthful; and in 1675 he had to return to
Oxford.

Six months later he departed for France, where he
stayed for four years (1675-79), spending most of his
time at Paris and Montpellier. In France during the
1670s, Locke made contacts that deeply influenced his
view of metaphysics (the nature of being) and epistemolo-
gy, viz., with the Gassendist school, and particularly with
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its leader, Frangois Bernier. Pierre Gassendi, a philoso-
pher and scientist, had rejected overspeculative elements
in Descartes’s philosophy and had advocated a return
to Epicurean doctrines—i.e., to empiricism (stressing
sense experience), to hedonism (holding pleasure to be
the good), and to corpuscular physics (with reality made
of atomic particles). Knowledge of the external world,
Gassendi held, depends upon the senses, though it is
through reasoning that man may derive much further in-
formation from empirically gained evidence.

Upon Locke’s return to England, he found the country
torn by dissension. The heir to the throne, James (the
brother of Charles IT), was a Catholic, whom the Protes-
tant majority led by Shaftesbury wished to exclude from
the succession. For a year Shaftesbury had been impris-
oned in the Tower, but by the time Locke returned he was
back in favour once more as lord president of the Privy
Council. When he failed, however, to reconcile the inter-
ests of the King and Parliament, he was dismissed; in
1681 he was arrested, tried, and finally acquitted by a
London jury. A year later he fled to Holland, where, in
1683, he died.

Later life. No one of Shaftesbury’s known friends was
now safe in Britain; and Locke himself, who was being
closely watched, crossed to Holland in September 1683.

Exile in Holland. Locke remained in Holland for over
five years, until James II, who had become king in 1685,
was overthrown. As an exile Locke’s sojourn in Hol-
land was happier than he had expected it to be: his health
improved, he made many new friends, and he found the
leisure that enabled him ‘to bring his thoughts on many
subjects to fruition. Locke spent his first winter in Am-
sterdam and soon became friendly with a distinguished
Arminian theologian, Philip van Limborch, pastor of the
Remonstrants’ church there—a friendship that lasted till
Locke’s death. The companionship of Philip and other
friends made it easier to bear bad news from home: at
Charles II's express command, Locke (in 1684) was de-
prived of his studentship at Christ Church. The next year
his name appeared on a list sent to The Hague that named
84 traitors wanted by the English government. Locke
went into hiding for a while, but soon was able to move
freely over Holland and became familiar with its differ-
ent provinces.

Return to England and retirement to Oates. In the au-
tumn of 1688, William left for England; and Locke
himself in February 1689 crossed in the party that ac-
companied the Princess of Orange, now to be crowned
Queen Mary II of England. The triumph was complete;
Locke was home again, although not without a nostalgia
for the Holland that he had come to love. He now took
little part in public life. He refused ambassadorial posts
but accepted a membership in the Commission of Ap-
peals. (Much later, in 1696, he was appointed a commis-
sioner in the resuscitated Board of Trade and Plantations,
however, and for four years played a leading part in its
deliberations.) But the London air again bothered him,
and he was forced to leave the city for long visits to his
friends in the country. In 1691 he retired to Oates in
Essex, to the house of his friends Sir Francis and Lady
Masham, and subsequently made only occasional visits to
London. Nonetheless, he was not without influence in
these last years of his life (1689-1704), for he was the
intellectual leader of the Whigs. Their principal parlia-
mentarians were frequently old friends of Locke, and
the younger generation—particularly the ablest of them
all, John Somers, who soon became lord chancellor—
turned to him constantly for guidance. In “the glorious,
bloodless revolution,” the main aims for which Shaftesbu-
ry and Locke had fought were achieved—even though in
William’s reign strong Tory pressures limited the extent
of the reform. First and foremost, England became a
constitutional monarchy, controlled by Parliament. Sec-
ond, real advances were made in securing the liberty of
the subject in the law courts, in achieving a greater
(though far from complete) measure of religious tolera-
tion, and in assuring freedom of thought and expression.
Locke himself drafted the arguments that his friend Ed-
ward Clarke used in the House of Commons in arguing
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for the repeal of the restrictive Act for the Regulation of
Printing. The act was abolished in 1695 and the freedom
of the press secured. These were major reforms.

Publication of his works. The main task of this last
period of his life, however, was the publication of his
works, which had been the product of long years of gesta-
tion. The Epistola de Tolerantia (Eng. trans., A Letter
Concerning Toleration, 1689) was published anony-
mously at Gouda in 1689. Locke had been reflecting on
this topic from his early days at Oxford. Though his
correspondence and a paper that he wrote in 1667 show
his support for toleration, in 1660-61 he wrote two tracts
on this theme (published in 1967), which are surprisingly
conservative. How he came to write them is rather myste-
rious. The 1667 paper is very much in line with the 1689
Letter in its demand for toleration of religion: (1) No
man has such complete wisdom and knowledge, he held,
that he can dictate the form of another man’s religion;
(2) each individual is a moral being, responsible before
God, and this presupposes freedom; and (3) no compul-
sion that is contrary to the will of the individual can
secure more than an outward conformity. Two Treatises
of Government (1690) was also the fruit of years of
reflection upon the true principles in politics, a reflection
resting on Locke’s own observations. Government, Locke
held, is a trust; its purpose is the security of the citizen’s
person and property; and the subject has the right to
withdraw his confidence in the ruler when the latter fails
in his task. Government and political power are neces-
sary, but so is the liberty of the citizen; and in a demo-
cratic, constitutional monarchy, a type of government is
possible in which the people are still free.

In all of these social and political issues, Locke saw that
the ultimate factor is man’s nature. To understand man,
however, it is not enough to observe his actions; one must
also inquire about his capacities for knowledge. Locke
had been conscious of this point in writing his paper on
the Law of Nature as early as 1663. In 1671, as has been
seen, he set out to write a book about human knowledge,
the Essay, which was not published, however, until
1690—nor was it wholly completed even then, for Locke
made changes, sometimes substantial ones, in three of the
four following editions.

Development of his epistemology. Epistemology was a
main concern in the last 30 years of his life. Human
knowledge, he argued, rests (1) on the experience of the
external world acquired through the senses, and (2) on
that of the inner world of psychical happenings achieved
through introspection (or, in Locke’s terminology, “re-
flection”). The empirical knowledge derived from these
sources is uncertain and never provides more than prob-
ability, whereas the ideal of knowledge is certainty. In
Locke’s opinion, this ideal is in fact attainable in some
fields—for instance, in mathematics. Though knowledge
originates in sensory and introspective experience, this
is only the beginning; for many other factors are to be
attended to as well—factors such as the reasoning that
enables a person to derive, from empirically based prop-
ositions, more general conclusions about the world,
both physical and mental. Such reasoning may be in-
ductive (resting on the assumption that what usually
happens always happens) or it may be deductive.
Mathematical reasoning, for example, is deductive;
and this kind of knowledge is only to be under-
stood, Locke believed, in terms of an intellectual intuition
of relations between ideas, which, though empirically de-
rived, have the status of defined archetypes of such a
nature that their empirical reference is irrelevant. In ad-
dition, the knower, by means of intuition, can discern the
relations between statements that warrant the drawing of
inferences. Through such intellectual intuitions, neces-
sary and universal knowledge is possible. To facilitate his
presentation of this theory, Locke considered the nature
of (1) idea and (2) language. He concluded that, in the
case of human beings, intuitive knowledge is limited in
extent; for the most part, knowledge is only probable, and
Locke examined the degrees of probability and the nature
of evidence. He acknowledged that the natural sciences
cannot give complete certainty: nonetheless, careful rea-

soning, with the application of mathematical reasoning
wherever possible, will heighten the probability of attain-
ing true knowledge in these fields. In the Essay, Locke
set down the foundations of an epistemology of modern
science.

Last years. Locke’s last years were spent in the peace-
ful retreat of Oates. His hostess was a woman with
whom he had been acquainted for many years, viz., Lady
Masham, or Damaris, the daughter of Ralph Cudworth,
one of the Cambridge Platonists, by whom Locke had
been significantly influenced. He found friendship and
comfort in this household, for which he never ceased to
be thankful. Many of his friends visited him here: Sir
Isaac Newton, who came to discuss the Epistles of Saint
Paul, a subject of great interest to both; his nephew and
heir Peter King, destined to become lord high chancellor
of England; and Edward Clarke with his wife and chil-
dren, Edward and Elizabeth, for whom Locke had great
affection (as he had, too, for the children of the Oates
household). Locke had written a series of letters to Ed-
ward Clarke from Holland, advising him on the best
upbringing for his son. These letters formed the basis of
his influential Some Thoughts Concerning Education
(1693), setting forth new ideals in that field. He wrote
and published pamphlets on matters of economic interest,
on rates of interest, on the coinage of the realm, and
more widely on trade (defending mercantilist views). In
1695 he published a dignified plea for a less dogmatic
Christianity in The Reasonableness of Christianity. It is,
finally, interesting to note that Locke never produced a
book on morals, though this subject was possibly his
greatest interest: for in this field he never succeeded in
working out a coherent theory that would reconcile dif-
ferences within his thinking.

John Locke died on October 28, 1704, and was buried
in the parish church of High Laver. “His death,” wrote
Damaris Cudworth, “was like his life, truly pious, yet
natural, easy and unaffected.” This account of his charac-
ter by one who knew him well seems singularly appropri-
ate. There is adequate evidence of his piety, as there is of
his natural simplicity, grace, and unaffeciedness. He was
orderly, careful about money, occasionally parsimo-
nious, abstemious, and, though naturally emotional and
hot-tempered, controlled and disciplined. He had a
great love of children, and friendship was for him a
necessity. Both in his books and in his life are found the
marks of the prudence and wisdom for which he was
famed.
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Locomotion

Animals are, by definition, motile organisms. Large or
small, their locomotor ability is expressed by their struc-
tural organization, from external shape to tissue and cell
morphology. A fusiform (tapering) body, for example,
suggests speed and a high level of activity, whether this
shape is possessed by a protozoan (one-celled animal),
molluskan (e.g., squid), insect, or vertebrate. In contrast,
a globular body enclosed in a protective shell, such as a
clam, indicates slow or sedentary habits. Animals, how-
ever, are not machines; each individual is a precisely
blended and balanced amalgamation of structures that
enable it to perform the many functions necessary for its
survival and reproduction. The fact that an animal’s
structure clearly reflects locomotor habits indicates the
importance of mobility in all phases of its life.

GENERAL CONSIDERATIONS ABOUT LOCOMOTION

To locomote, all animals require both propulsive and
control mechanisms. The diversity of animal propulsive
mechanisms, all of which involve a contractile structure
—muscle in most cases—to generate a propulsive force,
are dealt with in the sections that follow. The quantity,
quality, and position of contractions are initiated and
coordinated by the nervous system: through this coordi-
nation, rhythmic movements of the appendages or body
produce locomotion. Control of locomotion by the ner-
vous system, locomotion as a learned behaviour, and
physiological problems associated with locomotion, such
as temperature control, metabolism, nutrition, and respi-
ration, are described elsewhere in the articles NERVES AND
NERVOUS SYSTEMS; BEHAVIOUR, ANIMAL; MUSCLE SYS-
TEMS; and MUSCLE CONTRACTION.

Physical restraints to movement. Animals successfully
occupy a majority of the vast number of different physi-
cal environments (ecological niches) on earth; in a dis-
cussion of locomotion, however, these environments can
be divided into four types: aerial (including arboreal),
aquatic, fossorial (underground), and terrestrial. The
physical restraints to movement—gravity and drag—are
the same in each environment: they differ only in degree.
Gravity is here considered as the weight and inertia (re-
sistance to motion) of a body, drag as any force reducing
movement. Although these are not the definitions of a
physicist, they are adequate for a general understanding
of the forces that impede animal locomotion.

Gravity. To counteract the force of gravity, which is
particularly important in aerial, fossorial, and terrestrial
locomotion, all animals that live in these three environ-
ments have evolved skeletal systems to support their body
and to prevent the body from collapsing upon itself. The
skeletal system may be internal or external, and it may
act either as a rigid framework or as a flexible hydraulic
(fluid) support.

To initiate movement, a sufficient amount of muscular
work must be performed by aerial, fossorial, and ter-
restrial animals to overcome inertia. Aquatic animals
must also overcome inertia; the buoyancy of water, how-
ever, reduces the influence of gravity on movement. Ac-
tually, because many aquatic animals are weightless—
i.e., they possess neutral buoyancy by displacing a vol-
ume of water that is equal in weight to their dry weight
—little muscular work is needed to overcome inertia. But
not all aquatic animals are weightless. Those with nega-
tive buoyancy sink as a result of their weight; hence, the
greater their weight, the more muscular energy they must
expend to remain at a given level. Conversely, an animal
with positive buoyancy floats to and rests on the surface,
and must expend muscular energy to remain submerged.
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Drag. In water, the primary force that retards or re-
sists forward movement is drag, the amount of which
depends upon the animal’s shape and how that shape
cleaves the water. Drag results mainly from the friction
of the water as it flows over the surface of the animal and

-the adherence of the water to the animal’s surface (i.e.,

the viscosity of the water). Because of the water’s viscosi-
ty, its flow tends to be lamellar; i.e., different layers of the
water flow at different speeds, with the slowest layer of
flow being the one adjacent to the body surface. As the
flow speed increases, the lamellar pattern is lost, and
turbulence develops, thereby increasing the drag.

Another component of drag is the retardation of for-
ward movement by the backward pull of the eddies of
water behind the tail of the animal. As they flow off an
animal, the layers of water from each side meet and
blend. If the animal is streamlined (e.g., has a fusiform
shape), the turbulence is low; if, however, the water lay-
ers from the sides meet abruptly and with different
speeds, the turbulence is high, causing a strong backward
pull, or drag, on the animal.

Aerial locomotion also encounters resistance from drag,
but, because the viscosity and density of air are much less
than those of water, drag is also less. The lamellar flow of
air across the wing surfaces is, however, extremely im-
portant. The upward force of flight, or lift, results from
air flowing faster across the upper surface than across the
lower surface of the wing. Because this differential in flow
produces a lower air pressure on the upper surface, the
animal rises. Lift is also produced by the flow of water
across surfaces, but aquatic animals use the lift as a steer-
ing aid rather than as a source of propulsion.

Drag is generally considered a negligible influence in
terrestrial locomotion; and, in fossorial locomotion, the
friction and compactness (friability) of soils are the two
major restraints. If the soil is extremely friable, as is sand,
some animals can “swim” through it. Such fossorial loco-
motion, however, is quite rare; most fossorial animals
must laboriously tunnel through the soil and thereafter
depend upon the tunnels for active locomotion.

Axial and appendicular locomotion. Movement in ani-
mals is achieved by two types of locomotion, axial and
appendicular. In axial locomotion, which includes the
hydraulic ramjet method of ejecting water (e.g., squid),
production of a body wave (eel), or the contract—
anchor-extend method (leech), the body shape is modi-
fied, and the interaction of the entire body with the sur-
rounding environment provides the propulsive force. In
appendicular locomotion, on the other hand, special body
appendages interact with the environment to produce the
propulsive force.

There are also many species of animals that depend
upon their environment for transportation, a type of mo-
bility that is called passive locomotion. Some jellyfish, for
example, develop structures called floats that extend
above the water’s surface and act as sails. A few spiders
have developed an elaborate means of kiting; when a
strand of their web silk reaches a certain length after
being extended into the air, the wind resistance of the
strand is sufficient to lift and carry it away with the
attached spider. In one fish, the remora, the dorsal (top)
fin has moved to the top of the head and become modified
into a sucker; by attaching itself to a larger fish, the
remora is able to ride to its next meal.

AQUATIC LOCOMOTION

Micro-organisms. Most motile protozoans, which are
strictly aquatic animals, move by locomotion involving
one of three types of appendages: flagella, cilia, or pseu-
dopodia. Cilia and flagella are indistinguishable in that
both are flexible filamentous structures containing two
central fibrils (very small fibres) surrounded by a ring of
nine double fibrils. The peripheral fibrils seem to be the
contractile units and the central ones, neuromotor
(nervelike) units. Generally, cilia are short and flagella
long, although the size ranges of each overlap.

Flagellar locomotion. Most flagellate protozoans pos-
sess either one or two flagella extending from the anterior
(front) end of the body. Some protozoans, however,
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have several flagella that may be scattered over the entire
body; in such cases, the flagella usually are fused into
distinctly separate clusters. Flagellar movement, or loco-
motion, occurs as either planar waves, oarlike beating, or
three-dimensional waves. All three of these forms of fla-
gellar locomotion consist of contraction waves that pass
either from the base to the tip of the flagellum or in the
reverse direction to produce forward or backward move-
ment. The planar waves, which occur along a single plane
and are similar to a sinusoid (S-shaped) wave form, tend
to be asymmetrical; there is a gradual increase in ampli-
tude (peak of the wave) as the wave passes to the tip of
the flagellum. In planar locomotion the motion of the
flagella is equivalent to that of the body of an eel as it
swims. Although symmetrical planar waves have been
observed, they apparently are abnormal, because the
locomotion they produce is erratic. Planar waves cause
the protozoan to rotate on its longitudinal axis, the
path of movement tends to be helical (a spiral), and the
direction of movement is opposite the propagation direc-
tion of the wave.

In oarlike flagellar movements, which are also planar,
the waves tend to be highly asymmetrical, of greater
side to side swing, and the protozoan usually rotates and
moves with the flagellum at the forward end. In the
three-dimensional wave form of flagellar movement, the
motion of the flagella is similar to that of an airplane
propeller; i.e., the flagella lash from side to side. The
flagellum rotates in a conical configuration, the apex (tip)
of which centres on the point at which the flagellum
is attached to the body. Simultaneous with the conical
rotation, asymmetrical sinusoidal waves pass from the
base to the end of the flagellum. As a result of the
flagellar rotation and its changing angle of contact, water
is forced backward over the protozoan, which also tends
to rotate, and the organism moves forward in the direc-
tion of the flagellum.

Ciliary locomotion. Cilia operate like flexible oars;
they have a unilateral (one-sided) beat lying in a single
plane. As a cilium moves backward, it is relatively rigid;
upon recovery, however, the ciiium becomes fiexible, and
its tip appears to be dragged forward along the body.
Because the cilia either completely cover as in ciliate
protozoans or are arranged in bands or clumps, the
movement of each cilium must be closely coordinated
with the movements of all other cilia. This coordination
is achieved by metachronal rhythm, in which a wave of
simultaneously beating groups of cilia- moves from the
anterior to the posterior end of the organism. In addition
to avoiding interference between adjacent cilia, the meta-
chronal wave also produces continuous forward loco-
motion because there are always groups of cilia beating
backward. Moreover, because the plane of the ciliary
beat is diagonal to the longitudinal axis of the body,
ciliate organisms rotate during locomotion.

Pseudopodial locomotion. Although ciliar and flagel-
lar locomotion are clearly forms of appendicular loco-
motion, pseudopodial locomotion (Figure 1) can be
classed as either axial or appendicular, depending upon
the definition of the pseudopodium. Outwardly, pseudo-
‘podial locomotion appears to be the extension of a part of
the body that anchors itself and then pulls the remainder
of the body forward. Internally, however, the movement
is quite different. The amoeba, a protozoan, may be taken
as an example. Its cytoplasm (the living substance sur-
rounding the nucleus) is divided into two parts: a peri-
pheral layer, or ectoplasm, of gel (a semisolid, jel-
lylike substance) enclosing an inner mass, or endo-
plasm, of sol (a fluid containing suspended particles; i.e.,
a colloid). As a pseudopodium, part of the ectoplasmic
gel is converted to sol, whereupon endoplasm begins flow-
ing toward this area, the cell wall expands, and the pseu-
dopodium is extended forward. When the endoplasm,
which continues to flow into the pseudopodium, reaches
the tip, it extends laterally and is transformed to a gel.
Basically, the movement is one of extending an append-
age and then emptying the body into the appendage,
thereby converting the latter into the former. Although
the flow of the cytoplasm is produced by the same pro-

teins involved in the mechanism of muscle contraction,
the actual molecular basis of the mechanism is not yet
known. Even the mechanics of pseudopodial formation
are not completely understood.

From T. L. Jahn, How to Know the Protozoa

endoplasm

Figure 1: Pseudopodial locomotion.
Arrows indicate the direction of cytoplasmic flow (see text).

Undulating and gliding locomotion. Two other types
of locomotion are observed occasionally in protozoans.
Some protozoans, usually flagellates, have along their
bodies a longitudinal membrane that undulates, thereby
producing a slow forward locomotion. A gliding locomo-
tion is commonly seen in some sporozoans (parasitic
protozoans), in which the organism glides forward with
no change in form and no apparent contractions of the
body. Initially, the movement was thought to be pro-
duced by ejecting mucus, a slimy secretion; small contrac-
tile fibrils have been found that produce minute con-
traction waves that move the animal forward.

Invertebrates. As in the protozoans, aquatic locomo-
tion in invertebrates (animals without backbones) con-
sists of both swimming and bottom movements. When
swimming, the propulsive force is derived entirely from
the interaction between the organism and the water; in
bottom movements, the bottom surface provides the in-
teracting surface. Whereas some bottom movements are
identical with terrestrial locomotor patterns, others can
occur effectively only in the water, where buoyancy is nec-
essary to reduce body weight.

Bottom locomotion. Small flatworms (Platyhel-
minthes) and some of the smaller molluskan species
move along the bottom by ciliary activity. On their ven-
tral (bottom) surface, a dense coat of cilia extends from
head to tail. The direction of the ciliary beat is tailward,
causing the animal to glide slowly forward. Generally, all
animals that move by this type of ciliary activity secrete
a copious stream of mucus over which the animal glides.
The mucus not only attaches the animal to the surface but
also raises its ‘body so that the cilia can beat. Because
ciliary forces are too weak for the movement of large
flatworms, they must use muscular contraction for their
propulsive force.

Aquatic invertebrates possess several other types of bot-
tom locomotion. In species with well-developed legs, such
as crabs and lobsters, bottom walking is common. Where-
as the gaits in such cases are identical to those used on
land, they tend to be slightly faster in water, because the
buoyancy increases the animal’s stability. (Walking gaits
are described below; see Terrestrial locomotion.)

Another form of bottom locomotion is bottom creeping,
which employs the contract-anchor-extend method of
movement. Bottom creeping is best developed in leeches,
which have two suckers, one at the anterior end and one
at the posterior end. After the posterior sucker anchors
the animal, it stretches its body forward and attaches the
anterior one. It then releases the posterior sucker and
contracts its body toward the anterior end. For effective
contract-anchor—extend locomotion, the body muscula-
ture must consist of both circular and longitudinal mus-
cles: the contraction of the circular muscles extends or
elongates the body; the contraction of the longitudinal
muscles flexes and shortens the body. Moreover, the skel-
eton should be hydrostatic; that is, a fluid skeleton that
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changes shape but not volume, thereby providing a firm
but flexible base.

In pedal locomotion, which is a slow, continuous gliding
that is superficially indistinguishable from ciliary loco-
motion, propulsion along the bottom is generated by the
passage of contraction waves through the ventral muscu-
lature, which is in contact with the bottom surface. The
pedal contraction waves are either direct (in the same
direction as the movement) or retrograde (in the direction
opposite to the movement). The direct waves produce
locomotion in a manner analogous to that in which a cat-
erpillar walks. When a direct wave reaches a muscle, the
muscle contracts and lifts a small part of the body; the
body is carried forward and set down anterior to its orig-
inal position as the wave passes. With direct waves, the
surfaces of the body touching the bottom surface are not
the ones that contract; with retrograde waves, however,
these are the surfaces that do contract. As the retrograde
wave approaches, the body area immediately adjacent to
it is extended upward. The body surface within the con-
traction area then anchors itself to the bottom surface,
after which the body is pulled forward.

Large flatworms use pedal locomotion instead of or in
alternation with ciliary activity. In the gastropod and
amphineuran molluscans (e.g., snails and chitons, respec-
tively), pedal locomotion is the primary locomotor mode
and has become highly complex. The foot of these creep-
ing animals is extremely muscular, penetrated by nerves,
and capable of generating one, two, or four laterally
adjacent contraction waves. If the foot generates a pair of
waves, the lateral halves of the foot may alternate, thereby
producing a shuffling movement, or they may be opposite.
Generally, a foot can contain no more than one whole
and two partial waves moving along a single axis.

Peristaltic locomotion is a common locomotor pattern
in elongated, soft-bodied invertebrates, particularly in
segmented worms, such as earthworms. It involves the
alternation of circular- and longitudinal-muscle-contrac-
tion waves. Forward movement is produced by contrac-
tion of the circular muscles, which extends or elongates
the body; contraction of the longitudinal muscles short-
ens and anchors the body. (This pattern is described more
completely below; see Fossorial locomotion.)

Although peristaltic locomotion is frequently used by
sea cucumbers, they and other echinoderms, such as sea
urchins and starfishes, possess rows of tube feet that pro-
vide the main locomotor force. In starfishes, each arm
bears hundreds of tube feet. Only one arm, however,
becomes dominant in locomotion; while the tube feet on
that arm move toward the tip of the arm, the tube feet of
the other arms move in the same plane as those of the
lead arm. Because there is no apparent metachronal wave
of contraction within an arm, the movement of the tube
feet is poorly coordinated, but small areas of the tube feet
do move in synchrony. Each tube foot is a hollow elastic
cylinder capped by a hollow muscular ampulla (a small,
bladder-like enlargement). When the ampulla contracts,
it forces fluid into the tube foot and extends it. Preferen-
tial contraction of muscles in the wall of the tube foot
controls the direction of and the retraction of the tube
foot. When the tube foot is fully contracted, fluid is with-
drawn from it by relaxation of the ampulla, after which
the muscles of the tube foot swing it forward in prepara-
tion for another step.

Swimming. Invertebrates have developed two distinct
propulsive mechanisms for swimming: some use hydrau-
lic propulsion; all others utilize undulations of all or parts
of their bodies. The medusa (umbrella-shaped) body of
coelenterates and ctenophores (e.g., jellyfish and comb
jelly, respectively) is a flexible hemisphere with tentacles
and sense organs suspended from the edge; a manubrium
(handle-shaped structure) bearing the digestive system
hangs from the internal tip of the hemisphere. Enclosed
in the outer margin of the medusa is a wide muscular
band; when this band contracts, the opening of the me-
dusa narrows. Simultaneously, water is ejected from the
medusa through the narrow opening, and the animal is
propelled upward. Because the contractions tend to be
regular but slow, locomotion is somewhat jerky.
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Scallops are the best swimmers among bivalve mollus-
cans that can swim. Locomotion is produced by rapid
clapping movements of the two shells, creating a water jet
that propels the scallop. The muscular mantle (a mem-
branous fold beneath the shell) acts as a valve and con-
trols the direction of flow of the ejected water, thereby
controlling the direction of movement. Normally, the
flow is directed downward on each side of the hinge that
joins the two shells, and the resulting water jet lifts the
scallop and moves it in the direction of the shell’s open-
ing. If necessary, however, escape movement may occur
in the opposite direction. The scallop is adapted to swim
even though it is two or three times as dense as seawater.
The hinge is elastic and opens the shell rapidly; this ac-
tion, coupled with rapid and repeated contractions of the
adductor muscle, which closes the shell, produces a pow-
erful and nearly continuous water jet. Moreover, the
body form of a closed scallop is an airfoil (like a wing,
the curvature of its upper surface is greater than that of
its lower surface); this shape, combined with the down-
ward ejection of water, produces lift.

Cephalopods (e.g., squids, octopuses) are another group
of mollusks that use hydraulic propulsion. Unlike the
scallops, they have lost most of their heavy shell and
have developed fusiform bodies. The mantle of cephalo-
pods encloses a cavity in which are contained the gills and
other internal organs. It also includes, on its ventral sur-
face, a narrow, funnel-shaped opening (siphon) through
which water can be forcibly ejected when all the circular
muscles surrounding the mantle cavity contract rapidly
and simultaneously. This water jet shoots the cephalopod
in a direction opposite to that in which the siphon is
pointed. ’

Many invertebrates, particularly elongated ones such as
open-sea-dwelling annelids and mollusks, swim by un-
dulatory movements produced by contraction waves
that alternate on each side of the body. Although the
arrangement of the musculature differs between inverte-
brates and vertebrates, the mechanics of undulatory
swimming are the same in both and are described in the
following section.

Fish and fishlike vertebrates. Undulatory swimming is
roughly analogous to using one oar at the stern of a boat.
The side-to-side movements of the oar force the water
backward and the boat forward. The undulatory move-
ment of a fish acts similarly, although the motions in-
volved are much more complex.

Anguilliform locomotion. When an elongated fish
such as an eel swims, its entire body, which is flexible
throughout its complete length, moves in a series of sin-
uous waves passing from head to tail. In this type of
movement, which is called anguilliform (eel-like) loco-
motijon, the waves cause each segment of the body to
oscillate laterally across the axis of movement. Unlike the
simple side-to-side movement of the oar, however, each
oscillating segment describes a figure-eight loop, the
centre of which is along the axis of locomotion. It is these
oscillations and the associated orientation of each body
segment that produce the propulsive thrust.

The undulatory body waves are created by metachronal
contraction waves alternating between the right and left
axial musculature. During steady swimming, several con-
traction waves simultaneously pass down the body axis
from head to tail; the resultant undulatory waves move
backward along the body faster than the body moves
forward. As the undulatory wave passes backward, its
amplitude and speed increase, thereby producing the
greatest propulsive thrust in the tail (caudal) region.
Propulsion, however, is not limited to the caudal region,
for all undulating segments contribute to the thrust. Be-
cause the speed, amplitude, and inclination of each body
segment differ, the thrust of each differs. In all segments,
the greatest thrust is obtained as the segment crosses the
locomotor axis, for here it is travelling at its greatest
speed and inclination.

Carangiform and ostraciiform locomotion. All undu-
latory swimming movements generate forward thrust in
the manner described above. Not all swimming animals,
however, possess the elongated shape of an eel; only those
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with a similar body form, in which the surface area of the
head end is the same as that of the tail end, have anguilli-
form locomotion. Fish with fusiform bodies exhibit ca-
rangiform locomotion, in which only the posterior half
of the body flexes with the passage of contraction waves.
This arrangement of body form and locomotion appar-
ently is the most efficient one, for it occurs in the most
active and fastest of fish. The advantage of carangiform
locomotion appears to be related to the effectiveness of
the posterior half of the body as a propulsive unit and the
fact that the shape of the body and its small lateral dis-
placement create little water turbulence. In contrast to
ostraciiform locomotion, in which only the caudal fin
oscillates from side to side in a manner similar to moving
a boat with one oar, the length of the propulsive unit of
carangiform fish enables the unit to obtain maximum
oscillatory speed and inclination.

Whales also use undulatory body waves, but unlike any
of the fishes, the waves pass dorsoventrally (from top to
bottom) and not from side to side. In fact, many mam-
mals that swim mainly by limb movements tend to flex
their body in a dorsoventral plane. Whereas the body
musculature of fish and tail musculature of amphibians
and reptiles is highly segmental—that is, a muscle seg-
ment alternates with each vertebra—an arrangement that
permits the smooth passage of undulatory waves along
the body, mammals are unable to produce lateral undula-
tions because they do not have this arrangement. Nor
does the muscle arrangement of mammals permit true
dorsoventral undulations; however, with an elongated
caudal region, as in whales, they can attain a form of
carangiform locomotion as effective as that of any fish.

Stabilization and steering. To stabilize and steer, most
aquatic vertebrates have, in addition to the caudal fin, a
large dorsal fin and a pair of large anterolateral fins.
Although they may possess other fins, these are of less
importance. The balance of a swimming animal may be
maintained in several ways. Rolling, or rotation, along
the longitudinal axis of the body is reduced or controlled
by any fins that extend at right angles to the body. Pitch-
ing, or dorsoventral seesawing, movements are counter-
acted by the anterolateral fins, which are also the major
steering organs of fish, whales, and seals. Yawing, or
lateral seesawing, is prevented by the dorsal fin and, if
present, a ventral fin; for these fins to be effective, how-
ever, most of their exposed surface area should be behind
the fish’s centre of gravity. Because fins of the above type
are not common in most invertebrates that swim by un-
dulation, their locomotion is less stable.

Tetrapodal vertebrates, Many of the various types of
undulatory locomotion described above are also widely
used by aquatic tetrapods (those with walking append-
ages). Larval frogs, crocodilians, aquatic salamanders,
and lizards, for example, have long muscular tails that
propel them by undulatory motion. Most aquatic tetra-
pods, however, move by appendicular locomotion, for
which the major propulsive units are the hindlegs. The
exceptions are sea turtles, auks, penguins, and fur seals; in
these, the hindfeet are webbed and are used as rudders.
For propulsion, these animals use their forelegs, which
have become bladelike flippers in which the forearm and
hand region are dorsoventrally compressed to form a
single, inflexible unit. The movements of such flippers are
analogous to the aerial flight of birds; by moving syn-
chronously, they provide lift and thrust in the water.
Unlike aerial flight, however, the upper arms do not pro-
duce lift or thrust; instead, they serve only as a pivotal or
leverage point for driving the flippers.

Swimming movements in sea turtles, penguins, and auks
are accomplished by the rotation of the flippers or wings
through a figure-eight configuration. In the birds, how-
ever, the stroke is relatively faster than in sea turtles,
because the entire cycle appears to be proportionately
smaller in amplitude. Moreover, because the birds’ bodies
are more streamlined, they can attain greater speeds than
the turtles. Penguins may attain speeds of 25 miles (40
kilometres) per hour in water and have sufficient speed
and thrust to enable them to leap six or more feet above
the water. The wings of penguins are so highly modified,

however, that they have lost the ability to fly. The auks,
on the other hand, are able to use their wings for both
aerial and aquatic locomotion.

Some of the other aquatic birds, such as ducks and water
ouzels, are said to propel themselves underwater through
wing movements, but the evidence for such propulsion is
incomplete and still open to question. The wing move-
ments of ducks may be for steering and hydroplaning
(skimming through the water) rather than for actual
propulsion. The wings of the water ouzels, or dippers,
were once thought to function as hydroplanes, but inves-
tigations have revealed that, although the wings are
flapped underwater, the ability of dippers to bottom walk
or fly underwater depends upon the velocity of the water
flowing past the wings rather than the movement of the
wings themselves.

Most aquatic birds are propelled by their webbed hind-
feet, which tend to move alternately in surface swimming
and in unison when the bird is submerged. Of all the
swimming birds that use their hindfeet, the loons show
the most extreme adaptations: the body, head, and neck
are elongated and streamlined; the hindlegs are at the
very posterior end of the body; the lower legs are com-
pressed and bladelike; and the feet are strongly webbed.
The webbing increases the surface area exposed to the
water during limb retraction and also permits the folding
of the foot, thereby reducing water resistance during pro-
traction.

In frogs and freshwater turtles, the hindlegs are elongat-
ed and the feet enlarged and strongly webbed. But,
whereas the hindlegs of frogs move synchronously, ex-
cept occasionally in slow swimming, when they alternate,
the limb movements always alternate in freshwater tur-
tles. Some aquatic turtles, however, such as snapping,
mud, and musk turtles, are very poor swimmers and will
swim only under extreme conditions. These turtles are
bottom walkers, and their limb movements in water are
identical to those on land except that they can move
faster in water than on land.

The swimming movements of many mammals are also
identical with their terrestrial limb movements. Hippo-
potamuses spend much of their time in the water, yet they
bottom walk rather than swim. Most of the aquatic mam-
mals—e.g., otters, hair seals, aquatic marsupials, insecti-
vores, and rodents—use their hindlegs and frequently
their tails for swimming. The feet are webbed and usually
move alternately; the tail tends to be flattened. Fur
seals, polar bears, and platypuses swim mainly with fore-
limbs; only in the seals, however, are the movements of
the forelimbs similar to those of sea turtles and penguins.

FOSSORIAL LOCOMOTION

The speed, manner, and ease with which animals move
depends directly upon the compactness of the material
and its cohesiveness. Many aquatic animals can swim
through semisolid mud or muck suspensions, which lack
compactness. Some lizards and snakes that live in an arid
environment can swim through friable sand, which is
compact but lacks strong cohesiveness. Although these
swimming movements can be considered a form of fos-
sorial locomotion, the following discussion considers
only locomotor patterns in which most of the activity of
the animals involved is confined to tunnels that they leave
behind.

Fossorial invertebrates. Burrowing or boring inverte-
brates have evolved a number of different locomotor pat-
terns to penetrate soil, wood, and stone, of which soil or
mud is the easiest to penetrate. The soft-bodied inverte-
brates, such as worms and sea cucumbers, burrow either
by peristaltic locomotion or by the contract-anchor—
extend method. Their hydrostatic, or fluid, skeleton,
combined with their circular and longitudinal muscu-
lature, permits controlled deformation of their shape,
which allows them to squeeze into narrow spaces and
then enlarge the spaces, thus creating a burrow or tunnel.
Worms with a protrusible proboscis (a tubular extension
of the oral region) generally burrow by the contract—
anchor-extend method. Contraction of the circular mus-
cles in the posterior half of the body drives the body
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fluids forward, causing the proboscis to evert (turn out-
ward) and forcing it into the soil. When the proboscis
is fully everted, the part of the body (collar) directly
behind it dilates and anchors the proboscis in the soil.
The entire body is then pulled forward by the longitudi-
nal muscles and reanchored. This pattern produces the
very jerky and slow forward progression typical of most
fossorial locomotion.

Peristaltic locomotion (see Figure 2), which is gener-
ated by the alternation of longitudinal- and circular-mus-
cle-contraction waves flowing from the head to the tail, is
similar to the above pattern. Forward progression is

From J. Gray, Animal Locomotion: Weidenfeld & Nicolson Limited
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Figure 2: Peristaltic locomotion in worms.

Segments move forward except when they are longitudinally
contracted (shown as wide areas with large dots). Individual
points on the worm’'s body and their movements relative to
each other are shown by the oblique lines.

more continuous, however, because of the contraction
waves. The sites of longitudinal contraction are the an-
chor points; body extension is by circular contraction.
The pattern of movement is initiated by anchoring the
anterior end. As the longitudinal contraction wave moves
posteriorly, it is slowly replaced by the circular contrac-
tion wave. The anterior end slowly and forcefully elon-
gates, driving the tip farther into the surface as the circu-
lar contraction wave moves down the body. The tip then
begins to dilate and anchor the anterior end as another
longitudinal contraction wave develops. This sequence is
repeated continuously, and the worm moves slowly for-
ward. Reversing the direction of the contraction waves
enables the worm to back up.

Burrowing bivalve mollusks, such as clams, use the con-
tract-anchor—extend locomotor mode. Such bivalves
have a large muscular foot that contains longitudinal and
transverse muscles as well as a hemocoel (blood cavity).
The digging cycle begins with the extension of the foot by
contraction of the transverse muscles. The siphons (tubu-
lar-shaped organs that carry water to and from the gills)
are closed, and the adductor muscle of the shell contracts,
thereby forcing blood into the tip of the foot and causing
it to dilate. With the tip acting as an anchor, the longitu-
dinal muscles then contract, pulling the body down to the
anchored foot. Frequently, the longitudinal muscles con-
tract in short steps and alternate between the left and
right sides; this causes the shell to wobble and penetrate
deeper as it is pulled down.

Some invertebrates are able to bore through rock. Most
of the rock borers are mollusks; they bore either mechan-
ically by scraping or chemically by the secretion of acid.
The piddock, or angel’s wing, bivalves, for example, at-
tach themselves to a rock with a sucker-like foot. The two
valves, held against the rock, grind back and forth by the
alternate contraction of two adductor muscles; the grind-
ing slowly produces a tunnel.

Fossorial vertebrates. The fossorial vertebrates are
found in three classes: amphibians, reptiles, and mam-
mals. Although some fishes and birds dig or bore shallow
burrows, they can hardly be considered truly fossorial, as
are moles or earthworms. Locomotion of fossorial am-
phibians and reptiles tends to be axial; it is appendicular
only in mammals. Fossorial mammals have strong fore-
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legs with a tendency toward flattening; their hands and
particularly the claws are enlarged. Forelegs show the
greatest modification in such species as moles and go-
phers, whose entire lives are spent in burrows. These
animals tend to dig with a breast stroke, either synchro-
nously or alternately, by extending the foreleg straight
forward in front of the snout and then retracting it in a
lateral arc. The loosened soil is compacted against the
side walls of the burrow. In those fossorial species that
dig burrows as nests but forage above the ground—many
rodents, such as prairie-dogs, ground squirrels, and
groundhogs—the digging movements tend to be dorso-
ventral with alternating limb movement. The forelegs
are extended forward and then retracted downward and
backward; the loosened soil passes beneath the body and
is frequently pushed to the surface.

Fossorial reptiles and amphibians are usually legless, or
the legs are so reduced that they serve no locomotor
function; in most species, the head is flattened dorsoven-
trally, and the snout extends beyond and somewhat over
the mouth. Burrowing is accomplished by one of three
patterns analogous to the contract-anchor—extend loco-
motion of invertebrates. In the most common of these,
the snout is driven straight forward along the bottom of
the tunnel, the head is then raised, and the soil is com-
pacted to the roof. The head tends to be laterally com-
pressed in animals that use the other two patterns. In one
of these patterns, the snout is shoved forward and then
swung from side to side; in the other, the snout is rotated
as it swings from side to side and seems to shave the walls
of the tunnel.

- TERRESTRIAL LOCOMOTION

Walking and running. Only arthropods (e.g., insects,
spiders, and crustaceans) and vertebrates have developed
a means of rapid surface locomotion. In both groups, the
body is raised above the ground and moved forward by
means of a series of jointed appendages, the legs. Because
the legs provide support as well as propulsion, the se-
quences of their movements must be adjusted to maintain
the body’s centre of gravity within a zone of support; if
the centre of gravity is outside this zoneé, the animal loses
its balance and falls. It is the necessity to maintain stabili-
ty that determines the functional sequences of limb move-
ments, which are similar in vertebrates and arthropods.
The apparent differences in the walking and in slow run-
ning gaits of these two groups are caused by differences in
the tetrapodal (four-legged) sequences of vertebrates and
in the hexapodal (six-legged) or more sequences of ar-
thropods. Although many legs increase stability during
locomotion, they also appear to reduce the maximum
speed of locomotion. Whereas the fastest vertebrate gaits
are asymmetrical, arthropods cannot have asymmetrical
gaits, because the movements of the legs would interfere
with each other.

Cycle of limb movements. The cycle of limb move-
ments is the same in both arthropods and vertebrates.
During the propulsive, or retractive, stage, which begins
with footfall and ends with foot liftoff, the foot and leg
remain stationary as the body pivots forward over the
leg. During the recovery, or protractive, stage, which
begins with foot liftoff and ends with footfall, the body
remains stationary as the leg moves forward. The ad-
vance of one leg is a step; a stride is composed of as many
steps as there are legs. During a stride, each leg passes
through one complete cycle of retraction and protraction,
and the distance the body travels is equal to the longest
step in the stride. The speed of locomotion is the product
of stride length and duration of stride. Stride duration is
directly related to retraction: the longer the propulsive
stage, the more time required to complete a stride and the
slower the gait. A gait is the sequence of leg movements
for a single stride. For walking and slow running, gaits
are usually symmetrical—i.e., the footfalls are regularly
spaced in time. The gaits of fast-running vertebrates,
however, tend to be asymmetrical—i.e., the footfalls are
irregularly spaced in time.

The different gaits of insects are based on the synchrony
of leg movements on the left (L) and right (R) sides of
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the animal. The wave of limb movement for each side
passes anteriorly; the posterior leg protracts first, then the
middle leg, and finally the anterior leg, producing the
sequence Ry Ry R, or Ly L, L,. There is no limb interfer-
ence, because the legs of one side do not have footfalls
along the same longitudinal axis. The slowest walking
gait of insects is the sequence R;R,R, followed by the
sequence LgL,L,. As the rate of protraction increases,
the protractive waves of the right and left sides begin to
overlap. Eventually, the top speed is reached when the
posterior and anterior legs of one side move synchro-
nously. This gait occurs because the protraction times for
all legs are constant, the intervals between posterior and
middle legs and between middle and anterior legs are
constant, and the interval between posterior and anterior
legs decreases with faster movements. Other gaits are
possible in addition to those indicated above by altering
the synchrony between left and right sides.

The limb movements of centipedes and millipedes fol-
low the same general rules as those of insects. The pro-
traction waves usually pass from posterior to anterior.
Because each leg is slightly ahead of its anteriorly adja-
cent leg during the locomotory cycle, one leg touches
down or lifts off slightly before its anteriorly adjacent
one. This coordination .of limb movement produces me-
tachronal waves, the frequency of which equals the dura-
tion of the complete protractive and retractive cycle. The
length of the wave is directly proportional to the phase
lag between adjacent legs.

Whereas the millipedes must synchronize leg move-
ments to eliminate interference, the tetrapodal verte-
brates must synchronize leg movements to obtain maxi-
mum stability. Four legs are the minimum requirement
for symmetrical terrestrial gaits. Although bipedal (two-
legged) gaits require extensive structural modifications of
the body and legs, they still retain the leg-movement
sequence of tetrapodal gaits (see Figure 3). The basic

From A. Howell, Speed in Animals, © 1944; University of Chicago Press
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Figure 3: Walking sequence of a five-gaited horse.
LH and RH refer to left and right hindlegs; LF and RF refer to
left and right forelegs.

walking pattern of all tetrapodal vertebrates is left hind-
leg (LH), left foreleg (LF), right hindleg (RH), right
foreleg (RF), and then a cyclic repetition of this se-
quence, which is equivalent to the slow walking gait of
insects but with the middle legs removed. Unlike the
insects, however, vertebrates can begin to walk with any

of the four legs and not just the posterior pair. The faster.

symmetrical gaits of vertebrates are obtained by overlap-
ping the leg-movement sequences of the left and right
sides in the same manner as insects; for example, an
animal can convert a walk to a trot by moving diagonally
contralateral legs (those on opposite sides) simultaneous-
ly, or to a pace by moving the ipselateral legs (those on
the same side) simultaneously. Many other symmetrical
gaits occur between the walk and the pace and the trot,
which are extreme modifications of the walk.

Cursorial vertebrates. Cursorial (running) vertebrates
are characterized by short, muscular upper legs and thin,
elongated lower legs. This adaptation decreases the dura-
tion of the retractive—protractive cycle, thereby increas-
ing the animal’s speed. Because the leg’s cycle is analo-
gous to the swing of a pendulum, reduction of weight at
the end of the leg increases its speed of oscillation. Cur-
sorial mammals commonly use either the pace or the trot
for steady, slow running. The highest running speeds,

such as the gallop, are obtained with asymmetrical gaits.
When galloping, the animal is never supported by more
than two legs and occasionally is supported by none. The
fastest runners, such as cheetahs or greyhounds, have an
additional no-contact phase following hindfoot contact.

In cursorial birds and lizards, both of which are bipedal,
the feet are enlarged to increase support, and the body
axis is held perpendicular to the ground, so that the
centre of gravity falls between the feet or within the
foot-support zone. The running gait is, of course, a simple
alternation of left and right legs. In lizards, however,
bipedal running must begin with quadrupedal (four-foot-
ed) locomotion. As the lizard runs on all four legs, it
gradually builds up sufficient speed so that its head end
tilts up and back, after which it then runs on only its two
hindlegs.

Saltation. The locomotor pattern of saltation (hop-
ping) is confined mainly to kangaroos, anurans (tailless
amphibians), rabbits, and some groups of rodents in the
vertebrates and to a number of insect-families in the
arthropods. All saltatory animals have hindlegs that are
approximately twice as long as the anteriormost legs.
Although all segments of the hindleg are elongated, two
of them—the tibial (between upper segment and ankle)
and tarsal (ankle) segments—are the most elongated.

There are at least four different saltatory patterns, but
all are similar in that the simultaneous retraction or ex-
tension of the hindlegs is followed by an aerial phase of
movement. The aerial phase in all patterns is governed by
the physical principles of ballistics (the flight characteris-
tics of an object) : the height and the length of the jumps
are functions of the takeoff velocity and angle. The long-
est jumps are attained when the takeoff angle is 45°.

Before jumping, the femur (upper segment of the hind-
leg) of the flea is held perpendicular to the ground, the
tibia extends obliquely posterior, and the remainder of
the hindleg extends posteriorly along the ground. Just
prior to the jump, the middle legs flex and tilt the body
upward; then the femur of the hindlegs swings sharply
backward simultaneously with the extension of the tibia.
This retraction forces the animal upward and forward at
an angle of 50°. As the flea approaches touchdown, the
front legs are swung forward and downward, the middle
legs are held perpendicular to the body axis, and the
hindlegs project obliquely posterior. The anterior two
pairs of legs thus act to absorb the landing shock.

The frog jump (Figure 4) is initiated with three simulta-
neous movements: the forelegs flex, and the back arches
to tilt the entire body upward; the tarsus of the hindleg
swings to a vertical position and locks; and the femur,
extending anteriorly along thé body, swings in a horizon-
tal plane. When the femur is perpendicular to the body,
the knee joint snaps open, and the frog jumps forward at
a 30° to 45° angle. As the frog begins to land, the fore-
legs are protracted and held downward in front of the
chest. The forefeet touch down first, the forelegs acting as
shock absorbers. Simultaneously, the hindlegs are pro-
tracted so that they can be in jumping posture by the
completion of landing.

The positions and movements of the hindlegs in rabbits
and kangaroos are similar to those of the frog. The major
difference is that rabbits, kangaroos, and all other mam-
mals move their legs in a vertical plane instead of a

Figure 4: (Left) Jumping and (right) landing sequences of frogs.
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horizontal plane, as do the frogs; because the femur and
tibia move vertically, the tarsus need not be elevated to
prevent the hindleg from hitting the ground. The salta-
torial gait of rabbits is quadrupedal, whereas that of kan-
garoos is bipedal. A jumping rabbit stretches forward and
lands on its forefeet; generally, both forefeet do not touch
ground simultaneously, however. As the forefeet touch,
the back flexes, and the hind end rotates forward and
downward. The hindfeet touch down lateral to the fore-
feet, and, as the back extends, a new jump begins. In
contrast, the kangaroo lands on its hindfeet, and the back
is held fairly straight through all phases of the jump,
although the body inclines forward at takeoff and poste-
riorly when landing.

Crawling. Invertebrates crawl either by peristaltic lo-
comotion or by contract-anchor-extend locomotion, both
of which have been described previously (see above Fos-
sorial locomotion). Limbless vertebrates, however, crawl
in one of four patterns: serpentine, rectilinear, concer-
tina, and sidewinding. The most common pattern, serpen-
tine locomotion, is used by snakes, legless lizards, am-
phisbaenids (worm lizards), and caecilians (wormlike
amphibians). Rectilinear locomotion is used by the giant
snakes and almost exclusively by fossorial vertebrates
when burrowing. Concertina and sidewinding locomotion
are largely confined to snakes.

Serpentine locomotion. In serpentine locomotion, in
which the body is thrown into a series of sinuous curves,
the movements appear identical to those of anguilliform
swimming, but the similarity is more apparent than real.
Unlike anguilliform swimming, when a snake starts to
move, the entire body moves, and all parts follow the
same path as the head. When the snake stops moving, the
entire body stops simultaneously. Propulsion is not by
contraction waves undulating the body but by a simulta-
neous lateral thrust in all segments of the body in contact
with solid projections (raised surfaces). The muscular
thrust against the projection is perpendicular to the axis of
the pushing segment. To go forward, therefore, it is nec-
essary for the strongest thrust to act against the side of
the projection facing in the direction of movement. Be-
cause of this, thrust tends to occur at the anterior end of
the concave (inward-curving) side of the loop of the
snake’s body.

Concertina locomotion. Concertina locomotion is used
when there is not enough frictional resistance along
the locomotor surface for serpentine locomotion. After
the body is thrown into a series of tight, sinuous loops,
forming a frictional anchor, the head slowly extends for-
ward until the body is nearly straight or begins to slide.
The anterior end forms a small series of loops and, with
this anchor, pulls the posterior regions forward, after
which the sequence of movements is repeated. This crawl-
ing pattern is analogous to the contract-anchor—extend
locomotion of invertebrates, but, because snakes lack the
body flexibility provided by a hydrostatic skeleton, they
must depend upon the body loops.

Sidewinding. Sidewinding, which is also used when the
locomotor surface fails to provide a rigid frictional base,
is a specific adaptation for crawling over friable sandy
soils. Like serpentine locomotion but unlike concertina
locomotion, the entire body moves forward continuously
in sidewinding locomotion (see Figure 5). Although the
body moves through a series of sinuous curves, the track
made by the snake is a set of parallel lines that are
roughly perpendicular to the axis of movement. This is
because only two parts of the body touch the ground at
any instant; the remainder of the body is held off the
ground. To begin sidewinding, the snake arches the ante-
rior part of the body forward and forms an elevated loop
with only the head and the middle of the body in contact
with the ground. Because each part of the body touches
the ground only briefly before it begins to arch forward
again, the snake seems to roll forward like a short, coiled
spring. In a continuously repeating cycle, as a segment
arches forward, the posteriorly adjacent segment touches
down.

Rectilinear locomotion. Unlike the three preceding
patterns of movement, in which the body is thrown into a
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Figure 5: Two modes of locomotion in the snake.
From J. Gray, Animal Locomotion, Weidenfeld & Nicolson Ltd.

series of curves, in rectilinear locomotion in snakes the
body is held relatively straight and glides forward in a
manner analogous to the pedal locomotion of snails. The
ventral (belly) surface of snakes is covered by scales
elongated crosswise that overlap like roof shingles, with
the opening of the overlap facing toward the posterior.
Each ventral scale is moved by two pairs of muscles, both
of which are attached to ribs but not to ribs of the same
segment as the scale. One pair of muscles is inclined
posterior at an angle (obliquely); the other is inclined
anterior at an angle. As contraction waves move rear-
ward from the head simultaneously on both sides, the
anterior oblique muscles of a scale contract first and lift
the scale upward and forward. When the posterior oblique
muscles contract, the scale is pulled rearward, but its
edge anchors it, and the body is pulled forward. This
sequence is repeated by all segments as the contraction
wave passes posteriorly, and, as a series of contraction
waves follow one another, the body slowly inches for-
ward.

ARBOREAL AND AERIAL LOCOMOTION

Climbing. The adaptation for climbing is unique for
each group of arboreal animals. All climbers must have
strong grasping abilities, and they must keep their centre
of gravity as close as possible to the object being climbed.
Because arthropods are generally small and, thus, not
greatly affected by the pull of gravity, they show little
specific structural adaptation for climbing. In contrast,
the larger and heavier bodied vertebrates have many
climbing specializations. In both arthropods and verte-
brates, however, no leg is moved until the others are
firmly anchored.

Arboreal amphibians and reptiles. Arboreal frogs are
slender-bodied anurans with tapering legs and feet. The
tips of the toes (digits) are expanded into large, circular
disks that may function as suction cups, although such an
action has not yet been definitely demonstrated. The
disks, however, do increase the contact area, thereby im-
proving grasping ability. The leg-movement sequence
during climbing is that of a walking gait.

Arboreal lizards have the same type of climbing gait as
arboreal frogs, and their climbing specializations are also
similar to those of anurans. They have a different type of
climbing foot, however, because of the presence of claws
and scales on the digits. Moreover, the entire digits, rath-
er than just their tips, may be expanded. On the bottom of
each of these spatula-shaped expansions are one or two
rows of transversely elongated scales. Although not visi-
ble to the naked eye, the surface of these scales is covered
with fine projections that increase their ability to adhere
to a surface. Because of this strong adherence, the toes
roll off and on the surface on which the animal is walk-
ing. Unlike other arboreal lizards, chameleons possess a
prehensile (grasping) tail and zygodactylous feet—i.e.,
the toes are fused into two opposable units. Although

Surface
adherence



22 Locomotion

Use of
prehensile
fingers

or claws

these adaptations are inferior for vertical climbing, they
are superior for locomotion on vertical or inclined, slen-
der branches. Arboreal snakes tend to have either prehen-
sile tails or extremely elongated bodies.

Climbing birds and mammals. Although the strong,
clawed feet of birds permit many of them to climb occa-
sionally, most truly scansorial (climbing) birds cling
with their strong feet and brace themselves with stiffened
tail feathers. Birds such as woodpeckers and tree creepers
usually climb vertically upward, usually with both feet
moving simultaneously in short, vertical hops. This mode
of locomotion, however, prevents vertical descent. Only
the nuthatch can descend as easily as it can ascend; it
climbs obliquely, using the upper foot for clinging and
the lower foot as a brace. Parrots have developed zygo-
dactylous feet as an aid to climbing; in addition, they
frequently use their bills when climbing vertically.

Several locomotor patterns for climbing are used by
arboreal mammals, the grasping ability of which has
been enhanced by the presence of either strong claws or
prehensile fingers. Many monkeys use a climbing gait
similar to the leg sequence of walking. Occasionally,
however, they use a leg sequence equivalent to that of a
trot. Small-bodied climbers with sharp claws, such as
squirrels, climb by the alternate use of forelegs and hind-
legs; essentially, they hop up a tree. Prehensile-fingered
climbers descend backward and generally with a walking
type of leg sequence. Sharp-clawed species descend with a
similar gait sequence but with the head downward.

Leaping. The mechanics of arboreal leaping do not
differ from those of terrestrial saltation; the upward
thrust in both is produced by the rapid, simultaneous
extension of the hindlegs. Because of the narrowness of
the arboreal landing site, however, landing behaviour
does differ. Arboreal leaping also tends to be a discontin-
uous locomotor behaviour that is used only to cross wide
gaps in the locomotor surface. Leaping from limb to
limb, although occasionally employed by most climbers,
appears to occur most frequently in animals with opposa-
ble or at least prehensile forefeet, particularly tree frogs
Such forefeet enable the animal to grasp
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and primates.

and hold onto the landing site.

Brachiation. True brachiation (using the arms to
swing from one place to another) is confined to a few
species of primates, such as gibbons and spider monkeys.
Because the body is suspended from a branch by the
arms, brachiation is strictly foreleg locomotion. When
the animal moves, it relaxes the grip of one hand, and the
body pivots on the shoulder of the opposite arm and
swings forward; then the free arm reaches forward at the
end of the body’s swing and grabs a branch. The sequence
is then repeated for the other arm. This locomotor pat-
tern produces a relatively rapid and continuous forward
movement but is restricted to areas with thick canopies of
trees. Brachiators have arms that may be. as long or
longer than the body and a very motile shoulder joint.

Gliding. There are two functionally distinct forms of
gliding, gravitational gliding and soaring: the former is
used by gliding amphibians, reptiles, and mammals; the
latter is restricted to birds. All gliders are able to increase
the relative width of their bodies, thereby increasing the
surface area exposed to wind resistance. The few gliding
frogs flatten their bodies dorsoventrally and spread their
limbs outward. Gliding snakes not only flatten their
bodies but also draw in the ventral scales, thereby creat-
ing a trough. The best adapted gliding lizards have elon-
gated ribs that open laterally like a fan.

Gliding mammals, such as the African flying squirrel
and the colugo, usually have, on each side of the
body, a fold of skin (the patagium) that extends from
their wrist or forearm backward along the body to the
shank of the hindleg or the ankle. When gliding, they
assume a spread-eagle posture, and the patagia unfold.

Gravitational gliding. Gravitational gliding is equiva-
lent to parachuting. Because the expanded lateral surface
of the body increases the wind resistance against the
body, the speed of falling is reduced. The directions of
gliding can be controlled by adjusting the surface area—
to curve to the right, the right patagium is relaxed. Glid-

ers can land on vertical surfaces by suddenly turning the
anterior end of the body up as it reaches the surface.
Mechanically, this stalls the flight—i.e., the horizontal
component of flight is eliminated.

Soaring. Gravitational gliding is one of the basic
mechanisms of soaring, which is restricted to birds, al-
though birds must obtain their initial elevation by means
of flapping flight. The second basic mechanism of soaring
involves wind or air currents. Soaring requires that air
currents meet one of two conditions: either the air must
have a vertical velocity exceeding the rate of descent in
gravitational gliding, or it must have a horizontal velocity
that is nonuniform in time and space. Whereas static
soaring depends upon vertical air currents, dynamic soar-
ing depends upon horizontal air currents. Both types of
soaring are described below.

Vertical air currents for static soaring are produced
when wind strikes an obstruction and is deflected upward.
The sites of deflection are very local and discontinuous
and seldom extend more than 100 feet above the obstruc-
tion. The height of deflection and the vertical velocity of
the air are a function of the angle of deflection and the
velocity of the wind. If the vertical velocity of the air
equals the descent speed of the bird, the bird remains
stationary in height relative to the ground. If, however,
the vertical velocity is greater, the bird rises, and, if less,
the bird falls at a speed equal to the gravitational descent
speed minus the air’s vertical ascent speed. The horizontal
velocity of the air determines the bird’s movements rela-
tive to the ground in the same manner as that of the
vertical velocity.

The soaring flights of vultures and hawks depend upon
vertical hot-air currents called thermals. Such currents
are not continuous updrafts or downdrafts originating
from a specific spot; instead, as a local region of the
ground is heated, a vertical, hot-air updraft is created. At
the top of the column, a thermal bubble is formed by the
hot air curving outward, downward, and then around the
bubble. It is then pinched off by cool air flowing into the
column and floats upward. The free-floating thermal bub-
ble is donghnut shaped, with the air rising in the centre
and cycling outward and downward. Soaring birds spiral
downward in the updraft; however, because the bubble
rises faster than birds descend, soaring birds are carried
upward, but at a speed less than that of the bubble. When
a bird reaches the bottom of the bubble, it begins a
straight gravitational glide until it reaches the next ther-
mal bubble. Thus, static soaring in a thermal bubble can
be recognized by its alternating flight pattern of circling
and straight gliding.

Unlike static soaring, which is done at relatively high
altitudes over land, dynamic soaring is done at low levels
and is usually restricted to oceanic areas. Dynamic soar-
ing depends upon a steady horizontal sea wind, which is
laminated into layers of different velocities because of the
frictional interaction between the water and the air; the
lower layers have the lowest velocity. The flight path of a
bird performing dynamic soaring tends to be a series of
inclined loops that are perpendicular to the direction of
the wind. A soaring albatross, for example, will begin its
gravitational glide approximately 50 feet (15 metres)
above the sea. Because it glides downwind, its velocity is
increased both by descent and by the wind at its tail. As
the bird nears the sea, it makes a turn into the wind, and
the forward flight velocity derived from the downwind
glide and the tailwind combine to lift the albatross slowly
back to its initial gliding height, but with a loss of hori-
zontal velocity. The bird therefore turns downwind again
and begins to repeat the soaring cycle.

Because it depends upon the presence of a horizontal air
current, the flight of flying fish is more akin to soaring

" than to true flying. As a flying fish approaches the water

surface, its pectoral and pelvic fins, which are analogous
to the forelimbs and hindlimbs of quadrupeds, are pressed
along the side of the body. The greatly enlarged, winglike
pectoral fins then spread out as the fish leaves the water.
The wind against the fins provides lift to raise the body
above the water, and the tail continues to undulate to
provide additional thrust. When the entire body is out of
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the water, the enlarged pelvic fins extend, and the fish
glides for a short distance until its forward velocity is
lost. Occasionally, as a fish drops back into the water, it
will undulate its tail to initiate another short flight.

True flight. Three animal groups have developed true
flight: insects, birds, and mammals. All generate forward
thrust by flapping lateral appendages, and all are free of
any dependence on gravitational descent or air currents.
It should be noted at the outset, however, that, although
the aerodynamics of flight are identical in all three, the
following cycles of wing movements described for the
different animal groups are generalizations; each species
in a group has a distinctive flight pattern and, therefore, a
distinctive pattern of wing movement.

Flight is produced by the simultaneous rotation of the
left and right wings in a circle or in a figure eight. This
rotation produces the upward thrust, or lift, necessary to
overcome gravity and  the forward thrust required to
overcome drag. As the downward and backward phase of
rotation forces the air backward and the body forward,
lift is produced by the unequal velocities of the air across
the upper and lower wing surfaces.

Wings of insects. 1In flies with one pair of wings, the ro-
tation of the tip inscribes a posterior inclined oval. At the
top of the wing cycle, the tip lies above the junction of the
thorax and abdomen. The wing then beats downward and
forward so that the tip ends anterior and below the head.
To insure maximum thrust, the broad surface of the wing
lies parallel to the horizontal body plane during the
downstroke. During the path of the upstroke, which is the
reverse of the downstroke, the wing is feathered (turned)
by inclining it perpendicular to the body plane. Although
the rotational cycle of those insects with two pairs of
wings follows a similar path, the upward and downward
strokes of the anterior and posterior wings are not simul-
taneous; the anterior pair usually lags behind the poste-
rior pair.

The wings of insects are rotated by pulsation of the
thorax, not by a set of muscles. Basically, the thorax is a
rigid box to which the wings are attached by a pair of
longitudinal lateral hinges that enable the thorax to move
dorsoventrally. Four sets of muscles control the major
movements. Contraction of a perpendicular set, which
extends from the centre of the floor of the thorax to its
roof, depresses the thorax and, because of a reverse link-
age between wing and thorax, raises the wing. Contrac-
tion of a diagonal set, which extends from the anterior
roof of the thorax to its posterior floor, elevates the tho-
rax and lowers the wing. Two diagonal sets of muscles
extend laterally from the floor to the wall of the thorax
and are responsible for maintaining a relatively constant
width in the thorax.

Wings of birds and bats. Unlike insect wings, the wings
of birds and bats are linked structures, the lateral ex-
tent and regional inclination of which are altered in-
trinsically by muscular and bony segments. The up-and-
down strokes of a bird’s wing are produced by large chest
(pectoral) muscles that extend from the sternum (breast-
bone) to the lower surface of the humerus (a bone in the
upper arm). When these muscles contract, the wing is
lowered; it is raised by the contraction of a small anterior
pectoral muscle that is attached to the upper surface of
the humerus by a long tendon.

Birds exhibit two major flight patterns, hovering flight
and propulsive flight. Hovering flight is of fairly re-
stricted use and is observed most frequently in the hum-
mingbirds. The path of the wings inscribes a horizontal
figure eight whose centre is perpendicular to the shoulder
joint. The downward stroke of the wings is actually a
slightly inclined anterior stroke, and, because the longitu-
dinal body axis is nearly perpendicular to the ground, the
upward stroke is a horizontal posterior stroke. Both
strokes are power strokes that produce lift: on the down-
stroke the dorsal wing surface is the top of the airfoil
surface; on the upstroke the ventral surface is the top of
the airfoil surface.

Most birds and bats, however, utilize propulsive flight.
Because the body is not stationary, as it is in hovering
flight, the wing always moves forward relative to the air,
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and its tip generally inscribes an oval or figure-eight path.
In a pigeon, for example, the downstroke begins with the
wing fully extended and perpendicular to the back (Fig-
ure 6). As the wing moves downward and anterior, it

Figure 6: Wing movements of a pigeon.
(A) View from right side; (B) View from behind; (C) View
from above.

draws level with the body, at which point the upper arm
section stops while the distal part completes the down-
ward path. At the bottom of the downstroke, the distal
part turns outward and is elevated rapidly by the com-
bined protraction of the humerus and the extension of the
distal section. ’

DIRECTIONAL CONTROL

Although an animal’s locomotor pattern may be con-
trolled by its nervous system, directional control is im-
possible without sensory input. Two factors are involved
in directional control: orientation, the ability of an ani-
mal to determine and to alter its position in the environ-
ment; and steering, the mechanical alteration of the
locomotor pattern through which the animal adjusts its
position.

Orientation. Orientation of locomotor behaviour is
usually categorized as either kinesis or taxis. In kinesis, an
animal’s body is not oriented in relation to a sensory
stimulus; rather, the stimulus causes an alteration in
speed or direction of movement. In wood lice, for exam-
ple, the kinetic response alters only the rate of movement.
Because wood lice tend to aggregate in moist areas, their
ambulatory activity increases or decreases as the relative
humidity decreases or increases, respectively. In the pla-
narian (an aquatic, ciliated flatworm), on the other hand,
the kinetic response affects only the rate at which the
planarian changes its direction. Because planaria tend to
stay in or return to darker areas, an increase in light
intensity causes an increase in their turning responses.
Generally, however, animals tend to alter both direction
and speed as a single kinetic response.

In taxis, an animal orients itself in a specific spatial
relationship to a stimulus. The orientation may be simply
an alteration of body position or it may be an alteration
of locomotor direction so that the animal moves toward,
away from, or at a fixed angle to the source of the stimu-
lus. Sources that elicit a taxis response, which may cause
a modification of speed, direction, or both, seem to en-
compass the entire range of environmental stimuli, such
as gravity (geotaxis), temperature (thermotaxis), light
(phototaxis), or chemicals (chemotaxis). If the response
is negative, the animal moves away from the source; if it
is positive, the animal moves toward the source.

The control of the response to a taxis is of two types. In
open-system control, the initial response to a stimulus has
no effect on subsequent responses to the same stimulus. A
male firefly, for example, locates a female by the latter’s
brief flashes of light. When a male sees a female’s flash,
the male turns in the direction of the female, even though
the source is no longer visible. If another female flashes,
however, the male responds to the second flash in exactly
the same manner as it did to the first. In close-system
control, on the other hand, the response is progressively
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altered by feedback so that all subsequent responses are
adjusted to the initial response. A bat chasing a flying
insect will alter its flight path to intercept that of the
insect. The bat’s initial change in direction is only a gen-
eral alteration of its course, but, as it approaches the
insect, the bat constantly modifies its course to obtain an
accurate interception.

Steering. Animals obtain accurate directional response
(steering) by changing their propulsive response. Be-
cause steering relies heavily on continuous feedback (the
communication cycle in which the motor output, or be-
haviour, is constantly being modified by the sensory in-
put, or stimulus), it requires a precise integration of the
central and peripheral nervous systems. (The central
nervous system—in vertebrates, the brain and spinal
cord—is that part of the nervous system that receives
sensory impulses and sends out motor impulses; the pe-
ripheral nervous system consists of all the nerves that
carry impulses between the central nervous system and
other parts of the body.) Exteroceptive stimuli (those
that originate outside the body) received by the peripher-
al nervous system establish the animal’s spatial position
in the environment; proprioceptive stimuli (those that
originate inside the body), also received by the peripheral
nervous system, establish the relative position of the body
units to each other (see further SENSORY RECEPTION).
Through integration of these two sets of stimuli, the cen-
tral nervous system continuously adjusts the contraction
of the motor units (e.g., muscles) in order to obtain the
desired orientation.

During locomotion, steering is a continual process. The
direction of movements must be constantly adjusted to
counteract environmentally produced deviations of direc-
tion. The apparently simple act of a bird flying from a
tree to the ground illustrates the complexity of directional
control. As the bird flies to the ground, it must be con-
stantly aware of its height above the ground, the orienta-
tion of its body axis relative to the ground, deviations in
flight direction resulting from air currents, and its speed
of fall. All these parameters are determined primarily by
exteroceptive stimuli received through the eyes and inner
ears. The downward flight is constantly adjusted in re-
sponse to these exteroceptive stimuli, and the fine control
necessary for these adjustments is obtained by proprioc-
ceptive feedback.

BIBLIOGRAPHY. R.B. CLARK, Dynamics in Metazoan Evolu-
tion (1964), locomotor patterns of invertebrates with hydro-
static skeletons; J. GRAY, Animal Locomotion (1968), a
synthesis of most aspects of invertebrate and vertebrate loco-
motion; H. HERTEL, Struktur, Form Bewegung (1963; Struc-
ture, Form and Movement, 1966), mechanics of flight and
undulatory swimming; A.B. HOWELL, Speed in Animals (1944;
reprinted facsimile 1965), anatomical modification of mam-
mals for fast terrestrial gaits; E. MUYBRIDGE, Animals in Mo-
tion (1899, reprinted 1957), a classic work, the atlas of photo-
graphs of vertebrate terrestrial gaits is still useful; rR.A.R. and
B.J.K. TRICKER, The Science of Movement (1966), an intro-
duction to the physics of locomotion; M. WILLIAMS and H.R.
LISSNER, Biomechanics of Human Motion (1962).
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Loess

True loess is a pale-yellow sedimentary deposit composed
largely of silt-size grains that are loosely cemented by
calcium carbonate. It is usually homogeneous, unstrati-
fied, highly porous, and is traversed by vertical capillaries
that permit the sediment to fracture and form vertical
bluffs. The word loess, with connotations of origin by
eolian (wind-deposited) accumulation, is of German ori-
gin and means loose. It was first applied to Rhine Valley
loess about 1821.

Thick loess blankets are composed of loess packets one
to five metres thick, each of which contains intercalated
strata of loessial and loess-like sediments, paleosols (an-
cient soils), sand layers, and similar material. The totali-
ty of these constitutes the loess complex. There are sever-
al regional variants of loess that, together with true loess,
constitute a loess series, including loessial sand, sandy
loess, loess loam, and clayey loess. The individual ele-
ments of the loess series are hard to distinguish, and the

several sediment types composing it are interpreted dif-
ferently by workers in different regions or countries.

Most widespread in today’s temperate zones and in the
marginal semi-arid zones of the deserts, loess covers about
10 percent of the land surface of the earth. Loess usually
exhibits a surficial cover of fertile soil that is conducive
to intensive agriculture and consequently, has always had
a concentrating influence on population. In densely popu-
lated loess regions, as in China, farming populations used
to dig cellar-like dwellings in steep bluffs. In semi-arid
regions people such as the Pueblo Indians made houses
and fortress-like closed edifices from loess-based adobe.
The present importance of loess for building construction,
soil conservation and improvement, and soil engineering
is enhanced by its erodibility, peculiar strength, and
chemical properties.

This article is concerned with the physical and chemical
properties of loess, its occurrence and distribution, and
the several theories of loess formation. For further infor-
mation on the transportation of silt by wind and water,
see WIND ACTION and FLUVIAL PROCESSES, respectively.
See also PLEISTOCENE EPOCH, for a discussion of the cli-
matic significance of eolian deposits, and SEDIMENTARY
ROCKS, for the relation of fine-grained rocks in general
to others of sedimentary origin.

Physical and chemical properties. The dominant
grain-size fraction of loess, called the loess fraction,
ranges from 0.02 to 0.05 millimetre and includes grains
of coarse and medium-grained dust. Grain-size analyses
by various methods indicate that the abundance of this
fraction is about 50 weight percent. Clay-size particles
(less than 0.005 millimetre) make up another five to 10
percent. In some loess regions, the grain-size distribution
shifts toward finer grains with increasing distance from
the source of dust (e.g., eastward from Sand Hills, Ne-
braska). The relative abundances of the dust, clay, and
sand fractions may vary vertically, as well as horizontal-
ly, from one loess packet to another.

Loess typically exhibits a low moisture content of 10 to
15 percent that increases as porosity decreases. Its porosi-
iy is 50 to 55 percent, decreasing slightly downward {0 a
depth of about 10 metres (33 feet). Below this depth,
porosity varies as a function of the grain-size distribution.
If the loess is enriched in clay, then the porosity may
decrease to 34 to 45 percent. The porosity of sandy loess
is about 60 percent. The bulk density of sandy loess is 1.5
grams per cubic centimetre and its specific gravity is 2.7
on the average.

With respect to mineralogical composition, loess con-
tains 60 to 70 percent quartz with extremes of 40 and 80
percent. Feldspars and micas make up 10 to 20 percent
and carbonates five to 35 percent. About two to five
percent of the silt is composed of such heavy minerals as
amphiboles, apatite, biotite, chlorite, disthene (cyanite),
epidote, garnet, glauconite, pyroxenes, rutile, sillimanite,
staurolite, tourmaline, and zircon. Grains are typically
slightly weathered. In the finest grain-size fractions (be-
low 0.002 millimetres), such clay minerals as montmoril-
lonite, illite, and kaolinite predominate over the detrital
(fragmental) constituents. Clay minerals may be formed
by various colloidal and physicochemical processes dur-
ing and after the accumulation of loess.

The mineralogical composition of loess is fairly uni-
form, but there are some local deviations due to dif-
ferences in grain size and area of origin. The area of
origin of the dust fraction is revealed by the heavy miner-
al assemblage and research has shown that the dust
sources may be local, neighbouring, or distant.

The chemical composition of loess most often falls with-
in the following percentage ranges: silica, SiO;, 50 to 60;
alumina, Al.Os, eight to 12; iron oxide as Fe:0;, two to
four; iron oxide as FeO, 0.8 to 1.1; titanium dioxide,
TiO., and manganese oxide, MnO, about 0.5; lime, CaO,
four to 16; and magnesium oxide, MgO, two to six.

The characteristic carbonate content of loess depends on
the nature of the dust source, on geochemical and biolog-
ical processes that occur during and after deposition, and
on precipitation and leaching by groundwater. Carbon-
ates are present in loess in a variety of forms, primarily as
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Figure 1: Chemical, mineralogical, and size analyses of loess profile from Wu-ch’eng, Shansi
Province. Data show the variation of chemical and physical properties with depth.
From Report of the VIth International Congress on Quaternary, vol. 4, Symposium on Loess (1964); Panstwowe
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incrustations on quartz grains and clay-particle aggre-
gates and as small granules and shell fragments. Second-
ary concentrations include concretions of nodules (Loess-
doll) and layers of lime accumulation (caliche). Lime
forms frequent tubular incrustations along decayed plant
roots, fissure fillings, and similar avenues.

Loess is a rather ill-consolidated sediment of low com-
pressive strength ranging from 0.5 to 1.5 kilograms per
square centimetre (7 to 21 pounds per square inch). It is
stable, however, as long as it remains dry. Parting sur-
faces are vertical because capillary incrustations of lime,
developed around the roots of a grassy plant cover, lend a
vertical texture to loess. This is why the coefficient of
permeability (a measure of ease of fluid penetration) is
two to four times higher in the vertical than in the hori-
zontal sense. This also is the cause of the cliff-forming
ability of loess.

Soaked and loaded loess, however, is liable to collapse
and slumping. Wetting decreases cohesion between grains
by two-thirds, and the angle of internal friction also de-
creases (e.g., from 32 to 20°). Groundwater flow in loess
will carry away fine, insoluble mineral particles and this
mechanical separation in loess can be accompanied by
solution of mineral particles. This process gives rise to
depressions, sinkholes, loess wells, and collapse ravines
and is much accelerated by gully erosion.

Loess is generally pale yellow or buff in colour, but
brownish-yellow and grayish-yellow varieties also occur.
Variations in colour largely depend on the finely dis-
persed limonite (iron oxide) content, which is higher in
the hotter, semi-arid regions than in the cooler areas of
loess formation. Loess that is richer in limonite tends to
be a darker yellow with a pink tint.

Distribution and classification. The world’s largest
loess-covered areas lie between latitude 55° and 24° N: in
China on the banks of the Huang Ho; on the margins of
the continental deserts of Inner Asia; in Central Asia in
Kazakhstan, Uzbekistan, in the foreland of the Tien
Shan, and east of the Caspian Sea; in Siberia along Lake
Baikal and the Lena River, and in vast regions in the
southern parts of the catchment areas of the Ob and
Yenisey rivers. In Europe there is an extensive, uninter-
rupted loess cover in the South Russian Plain, large spots
and belts in the Danube Basin, along the Rhine, along the
margin of the former inland ice cap in the German-Polish

plain, and in the Paris Basin. In North America loess
covers the plains of the Platte, Missouri, Mississippi, and
Ohio rivers and the Columbia Plateau. In the Southern
Hemisphere, between latitude 30° and 40° S, the most
significant loess regions include the “pampas loesses” of
Uruguay and Argentina and parts of New Zealand.
Loess blankets may cover a variety of relief forms; they
occur most often in plains, on river valley slopes, flats,
and rises, and on pediments in the forelands of moun-
tains, and on alluvial fans. On mountain slopes and inter-
montane basins, loess occurs to a maximum elevation of
400 to 600 metres (1,300 to 2,000 feet) in Europe, 1,000
to 2,000 metres (3,300 to 6,600 feet) in Inner Asia, and
up to 4,000 metres (13,000 feet) in China. Slope loesses
tend to thicken downslope. The thickest loess blanket
known occurs on mountain slopes in Shensi Province and
the- Canton area in China (up to 175 metres). The North
China Plain is covered with 10 to 30 metres (30 to 100
feet) of redeposited loess and loam. In the southern zone
of Asian loesses, the yellow loess is underlain by a thick
complex of up to 100 metres (330 feet) of pink, so-called
petrified loess. In the South Russian Plain, in the Danube
Basin, and in Nebraska and Iowa loess attains thicknesses
as great as 60 metres (200 feet). On floodplains, on allu-
vial fans, and on the margins of loess zones, however,
typical thicknesses range from one to ten metres. Al-
though adjacent loess and windblown sand covers often
may represent the same deposit, they may also alternate
in a vertical profile. In the marginal zone of the Pleisto-
cene ice sheet, for example in Illinois, loess may overlie
tills (glacial deposits) or may be interfingered with them.
The lithological classification of loess is based on physi-
cal and chemical properties, and the conditions of origin
are partly or entirely neglected. In addition to typical
loess, loessial deposits also are quite frequent in occur-

" rence. The proportions of silt and other fractions and

constituents (clay, sand, lime), as well as colour, porosi-
ty, strength, and plasticity of loessial deposits differ
significantly from comparable properties of typical loess.
This group of deposits includes sandy loess, loessial sand,
loess loam, clayey loess, and loess that is altered pedogen-
ically—i.e., during soil-forming processes. Loess-like de-
posits, on the other hand, include sediments that resemble
typical loess only in certain features (mineralogical com-
position, dominant dust fraction, colour, etc.). These de-
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Figure 2: World distribution of loess and loess-like deposits.

posits also are terrestrial, occur within or on the. margins
of loess regions, and are most often mixed with other
types of sediment. The group of loess-like deposits is not
rigidly circumscribed; it usually is understood to include
loess loam, loess mud, loess-containing rock debris, and
stratified loess.

Genetic classifications of loess, in contrast to this lithol-
ogical classification, are based on the origin of the silt and
on the processes that have brought about its accumula-
tion. This requires knowledge of the circumstances of
loess formation, which involves many complications and,
in all its ramifications, is termed the loess problem.

Environmental conditions in the areas of loess forma-
tion are revealed by bones, animal burrows, snail shells,
pollen, bits of charcoal, and in many instances by the
implements and habitats of Paleolithic man. The more
frequent mammalian remains include mammoth, bison,
musk ox, lemming, marmot, Siberian mouse, polar fox,
cave bear, deer, elk, and reindeer. These lived in the
Arctic tundra in cold, wooded steppes. Snail assemblages
in loess indicate a cyclic alternation of species, reflecting
both cold and humid climates and cold and dry climates;
extremely dry conditions also may be indicated for re-
stricted areas. The snails present in the loamy paleosols
(ancient soils) that. are intercalated between loess packets
usually are indicative of a warmer climate. The cyclic
alternation of forest and steppe snails shows that the
climatic conditions during loess formation could not be
exclusively cold and dry; such is the evidence of con-
tained animal remains.

Pollen analysis reveals only the broad outlines of an-
cient plant ecology but pollen assemblages also indicate
that cool grasslands, steppes, wooded steppes, and wood-
ed tundras and tundras were among the preferred envi-
ronments of loess deposition. These climatic zones lay
south of the margins of the extensive Pleistocene ice
sheets, significantly displaced from their normal (non-Ice
Age) position, together with the zone of westerly winds.
The dominant westerly winds were influenced and de-
flected by the high-pressure anticyclonic system that de-
veloped over the ice sheet and by high mountain chains.

Boundary of continental ice sheet during the last glaciation

The semi-arid zones on the margins of such continental
deserts as those in Inner and Central Asia, however, were
more humid during the period of Pleistocene loess for-
mation than they are today. This is also indicated by the
pollen spectra of Central Asian loesses.

Origin and age. For over a century a number of partly
conflicting and partly complementary hypotheses have
been put forward to explain the origin of the silt fraction
of loess. The mineral constituents of loess, quartz and
feldspar, for example, are reduced to minute particles by
weathering (g.v.) action, principally in semi-arid and arid
regions. But the source of dust may also be a silty, sandy
unconsolidated sediment of Tertiary Age (from 65,000,000
to 2,500,000 years ago), as for instance, the Ogallala
Group of the United States. The sand and silt may have
been size sorted by the wind, which then transported
and deposited the silt. Dust storms derived from such
rock units are frequent even today in the continental
deserts of Asia; the silt content of “continental loesses”
is derived in this manner.

Another significant source of dust may have been the
marginal zone of the Pleistocene ice sheet over Europe
and North America. During the several ice advances, or
glaciations, huge amounts of glacial till, rich in silt, could
accumulate in the zone. The silt fraction, accumulating in
the outwash plains, could then be carried away by the
westerly winds and deposited on the lee side of some
relief feature; this is sometimes called the theory of gla-
cial loess.

Silt may also be removed from its site of origin of first
deposition and be sorted by fluvial processes. Abundant
silt is borne by rivers and deposited in times of flood in
basins and on alluvial fans that border mountain regions.
Some of the silt is then removed from broad floodplains
by winds; this results in a double sorting, once by water
and once by wind, and hence a more sharply defined
typical grain size. In this case loess accumulation is not
necessarily connected with a glaciation; indeed, most of
the alluvial loesses do not date back to a glaciation.

The arguments made in support of wind transport as the
origin of loess constitute the eolian theory and include
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the following points: (1) loess forms a blanket over a
variety of relief forms; (2) the mean grain size of silt
varies inversely with the distance from the dust source,
and so does the thickness of loess; (3) the zones of loess
and windblown sand are so arranged that they bear an
obvious relation to the prevailing wind; (4) the mineral-
ogical composition of loess is independent of the underly-
ing rock formations; and (5) in some places there are
interbedded layers of volcanic ash (a wind-derived depos-
it) between packets of loess.

The arguments supporting the fluvial theory, that the silt

" fraction of loess is transported and deposited by water,

include these points: (1) detailed studies of mineral con-
tent in loess and in neighbouring rock formations have
proved that the loess deposits covering vast areas of
floodplains and alluvial fans are of flood-laid, alluvial
origin; (2) rivers carry a great deal of suspended sedi-
ment in the silt-size range, particularly in semi-arid steppe
and wooded steppe regions; (3) in stratified loessial or
loess-like deposits, there are local significant enrichments
of clay or sand; and (4) even existing divide areas could
acquire fluvial silt deposits under appropriate circum-
stances of river damming.

Still another theory is invoked for loess deposits that
occur on hillslopes because it would seem likely that the
downhill movement of earth materials is involved. Loess
and loess-like deposits on hillslopes often exhibit a rhyth-
mic stratification parallel to the slope and the strata often
alternate with rock debris and thin beds of reworked
soils. The lithological character and field relations of
such sediments indicate deposition from sheetwash or
flash floods, but redeposition could occur because of soil
movements over permafrost, downslope creep, or from
similar processes.

The reason for conflicting opinions on loess formation is
that the silt fraction may have been deposited or re-
worked by any of the various processes; and, depending
on environment and other circumstances, the dominant
process may change through time.

There is a consensus that the accumulated dust fraction
must have undergone diagenesis (physical and chemical
changes after deposition) in order to turn into loess.
Diagenesis includes the weathering of fine grains of lime,
aluminum silicates, and other substances by hydration in
arid climates. In near-surface silt the finest clay particles
are cemented by migrating solutions of calcium carbon-
ate and iron oxides and colloidal iron compounds; the
quartz grains acquire crusts or coatings of lime or iron
and adjacent grains are cemented together. As a result of
these processes, some of the finer particles also attain
loess fraction size of 0.01 to 0.05 millimetre. It has been
proved that a grain size of about 0.05 millimetre is the
most favourable for thriving grassy vegetation. Essential-
ly, diagenesis turns sediment deposited in the form of
dust into a loosely cemented siltstone.

The peculiar features of loess are thus developed during
a process of loess genesis that is akin to that of soil
formation. This circumstance served as a basis for the
pedogenic (soil origin) theory of loess formation, which
basically held that loess is a product of weathering and
pedogenesis under semi-arid conditions in grasslands and
wooded steppes. It would be difficult to explain the for-
mation of a thick loess blanket subdivided by several
horizons of paleosols in this way, however. More reason-
able would be a polygenetic origin, in which dust can
accumulate as the result of any process alternating in
time and space, with loess formation resulting from pedo-
genetic processes acting under favourable climatic condi-
tions.

These pedogenic processes may take place in three
different ways. Epigenesis is an accumulation of a miner-
al mass without loess properties, perhaps with a high silt
and lime content, which under weathering and soil for-
mation acquires loess properties and is transformed into
loess. In syngenesis, the accumulation of a mineral mass
that is mainly of eolian origin and the acquisition of all
loess properties occurs simultaneously, under the in-
fluence of soil formation. In protogenesis the accumulat-
ed mineral matter already has all the main loess proper-

Loess complex on the right bank of the Danube River in the
Great Hungarian Plain, showing the vertical fracturing that is
typical in loess deposits.

By courtesy of Marton Pecsi, Geographical Research
Institute, Hungarian Academy of Sciences, Budapest

ties because transport occurred after weathering and soil
formation. '

The optimum conditions of loess formation are thought
to have existed along the border of the continental ice
sheet, including the cold steppes, wooded steppes, loess
tundras, and in the steppes bordering the continental
deserts. Under conditions other than optimum, the accu-
mulated dust would likely turn into a loess-like deposit
differing from typical loess, namely loess loam, limeless
loess, brown earth, or reddish loam, or, alternatively, into
a soil.

The formation of loess packets is correlated with the
cold, dry climatic phases of the Pleistocene glaciations in
regions marginal to the ice. The climatic phases, and the
occasions of loess formation, recurred three to five times
as within the last glaciation. The sediment of a single
loess packet can be subdivided; in the lower and upper
third of each packet, finely stratified loesses tend to pre-
dominate, whereas the central third is composed largely of
typical loess that is not stratified.

Within the loess series, the various paleosols, clay-rich
sands, and water-laid sands, hiatuses (interruptions of the
sedimentary record) due to erosion in Europe and North
America usually represent warmer Pleistocene climatic
stages—interglacial time intervals—or the more humid
episodes of such climatic changes. The hiatuses in the
accumulation of loess material in China and in Middle
Asia are correlative with moist episodes. A more detailed
subdivision must be restricted to the upper part of the
loess series because in the lower portions the original
texture of the loess layers underwent significant altera-
tion.

A loess chronology can be based upon subdivision of the
loess series, relating individual loess packets to geological
formations or landforms such as river terraces, glacial
moraines, etc., as well as to the paleontological and ar-
chaeological finds in the loess proper. Some of the youn-
ger loesses have been dated by the radiocarbon method.
The loess chronology established in this way has revealed
that upper Pleistocene “young loesses” are the most wide-
spread in Eurasia and North America. These are subdi-
vided by two to four paleosol horizons into three to five
loess packets. The unconsolidated “young loess” de-
veloped in a full profile usually overlies a well-developed
forest soil or a wooded-steppe-type soil complex of the
last interglacial episode.

Loess tended to decay rather rapidly during periods of
more abundant precipitation—e.g., during the intergla-
cials. Consequently, the “older loesses” formed during
the middle and lower Pleistocene, subdivided by closely
spaced paleosols and lime concretion Loess-doll hori-
zons, were preserved largely in the areas that are driest
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today: Columbia Plateau, Danube Basin, South Russian
Plain, Central Asia and parts of China, and elsewhere.
Although these older loess series tend to be incomplete,
they may represent almost complete Pleistocene se-
quences in restricted areas. The deeper, older levels of the
exposures usually consist of pink silt deposits alternating
with red-earth paleosols.

BIBLIOGRAPHY. There are few if any books devoted en-
tirely to loess. One of the best short summaries of the world
distribution and inferred climatic significance of loess de-
posits is ‘contained in R.F. FLINT, Glacial and Quaternary
Geology (1971). Details of some deposits in eastern Eu-
rope, together with many references to the specialized litera-
ture, are given in M. PECsI, Ten Years of Physico Geographic
Research in Hungary (Eng. trans., 1964); and by E. LITEANU,
“Contributions to the Study of Loess-Like Deposits in the
Wallach Depression, Rumania,” Spec. Pap. Geol. Soc. Am.,
no. 84 (1965). Also of interest is A.L. LUGN, The Origin and
Sources of Loess (1962).

(Ma.P.)

Logic, Applied

The general discipline of logic embraces the principles by
which concepts and propositions are related to one anoth-
er and, consequently, the techniques of thought by which
these relationships can be explored and valid inferences
made about them. This discipline can be divided into pure
and applied logic, a distinction that parallels that between
pure and applied mathematics: pure logic develops a
body of strictly abstract machinery—e.g., the syllo-
gism—that displays only the skeletal form of the argu-
ment without regard to its content (example: “No s is
m; some p are m; therefore, some p are not s.”); in
applied logic one adapts this machinery for deployment
over concrete issues of a certain range of special subject
matter—such as beliefs, commands, or duties. Such ar-
guments often are not governed only by strictly formal
issues (which alone are relevant in pure logic); they in-
volve also certain subject-matter considerations of a par-
ticular area, generally called the material aspects. Applied
logic, to be sure, has its formal aspects, as well, and so
cannot be equated with material logic as such; nor can it
be equated with practical logic (analysis of statements of
the form “I choose . .. .”; “Iprefer....”; “Ido....”),
which is only one of its branches.

The applications envisaged in applied logic cover a vast
range, relating to reasoning in the sciences and in philoso-
phy, as well as in everyday discourse. They include: (1)
the various sorts of reasoning affecting the conduct of
ordinary discourse as well as the theory of the logical
relations that exist within special realms of discourse—
between two commands, for example, or between one
question and another; (2) special forms of logic designed
for scientific applications, such as temporal logic (of
what “was” or “will be” the case), or mereology (the
logic of parts and wholes); and (3) special forms for
concepts bearing upon philosophical issues, such as logics
that deal with statements of the form “I know that....”;
“I believe that . .. .”; “It is permitted to . . . .”; “It is
obligatory to....”; or “Itis prohibited to....”

The critique of forms of reasoning
CORRECT AND DEFECTIVE ARGUMENT FORMS

An argument (in logic) is a body of discourse that pre-
sents evidence—or purported evidence—in support of
some thesis. Correspondingly, an argument has two com-
ponents: a conclusion, the thesis argued for; and certain
premises, the considerations adduced on behalf of the
conclusion. (The conclusion is said to be drawn, or in-
ferred, from the premises.) An argument is deductively
valid when its premises provide conclusive evidence for
the conclusion—i.e., if the conclusion must be true when-
ever the premises are true. An argument that fails to be
conclusively deduced is invalid; it is also said to be falla-
cious (unless reclassified as a nondeductive argument and
reinstated by appeal to material or substantive consider-
ations beyond its merely formal aspects).

An argument may be fallacious in three ways: in its
material content, through a misstatement of the facts; in
its wording, through an incorrect use of terms; or in its

structure (or form), through the use of an improper
process of inference. As shown in the diagram below,
fallacies are correspondingly classified as (1) material,
(2) verbal, and (3) formal. Groups (2) and (3) are
called logical fallacies, or fallacies “in discourse,” in
contrast to the substantive, or material, fallacies of group
(1), called fallacies “in matter”; and groups (1) and
(2) are called informal fallacies, in contrast to group

(3).
)] ) 3

MATERIAL VERBAL FORMAL
(“in matter’’)
LOGICAL

INFORMAL (“in discourse™)

KINDS OF FALLACIES

Material fallacies. The material fallacies are also
known as fallacies of presumption, because the premises
“presume” too much—they either covertly assume the
conclusion or avoid the issue in view.

The classification that is still widely used is that of
Aristotle’s Sophistical Refutations: (1) The fallacy of
accident is committed by an argument that applies a gen-
eral rule to a particular case in which some special cir-
cumstance (“accident”) makes the rule inapplicable. The
truth that “men are capable of seeing” is no basis for the
conclusion that “blind men are capable of seeing.” This is
a special case of the fallacy of secundum quid (more
fully: a dicto simpliciter ad dictum secundum quid, which
means “from a saying [taken too] simply to a saying
according to what [it really is]”; i.e., according to its
truth as holding only under special provisos). This
fallacy is committed when a general proposition is used
as the premise for an argument without attention to the
(tacit) restrictions and qualifications that govern it and
invalidate its application in the manner at issue. (2) The
converse fallacy of accident argues improperly from a
special case to a general rule. The fact that a certain
drug is beneficial to some sick persons does not imply
that it is beneficial to all men. (3) Thus, the fallacy of
irrelevant conclusion is committed when the conclusion
changes the point that is at issue in the premises.
Special cases of irrelevant conclusion are presented by
the so-called fallacies of relevance. These include: (a)
the argument ad hominem (speaking “against the man”
rather than to the issue), in which the premises may only
make a personal attack on a person who holds some
thesis, instead of offering grounds showing why what he
says is false; (b) the argument ad populum (an appeal
“to the people”), which, instead of offering logical rea-
sons, appeals to such popular attitudes as the dislike of
injustice; (c¢) the argument ad misericordiam (an appeal
“to pity”), as when a trial lawyer, rather than arguing for
his client’s innocence, tries to move the jury to sympathy
for him; (d) the argument ad verecundiam (an appeal
“to awe”), which seeks to secure acceptance of the con-
clusion on the grounds of its endorsement by persons
whose views are held in general respect; (¢) the argument
ad ignorantiam (an appeal “to ignorance”), which argues
that something (e.g., extrasensory perception) is so since
no one has shown that it is not so; and (f) the argument
ad baculum (an appeal “to force”), which rests on a
threatened or implied use of force to induce acceptance
of its conclusion. (4) The fallacy of circular argument,
known as petitio principii (“begging the question”), oc-
curs when the premises presume, openly or covertly, the
very conclusion that is to be demonstrated (example:
“Gregory always votes wisely.” “But how do you know?”
“Because he always votes Libertarian.”). A special form
of this fallacy, called a vicious circle, or circulus in pro-
bando (“arguing in a circle”), occurs in a course of rea-
soning typified by the complex argument in which a prem-
ise p: is used to prove p.; p. is used to prove ps;; and
o0 on, until p, is used to prove p.; then p, is subsequent-
ly used in a proof of ps;, and the whole series py, ps, ...,
pn is taken as established. (Example: “McKinley Col-
lege’s baseball team is the best in the Association [p. =
ps); they are the best because of their strong batting po-
tential [p.]; they have this potential because of the ability
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of Jones, Crawford, and Randolph at the bat [pi].” “But
how do you know that Jones, Crawford, and Randolph
are such good batters?” “Well, after all, these men are the
backbone of the best team in the Association [ps
again].”) Strictly speaking, petitio principii is not a falla-
cy of reasoning but an ineptitude in argumentation: thus
the argument from p as a premise to p as conclusion is
not deductively invalid but lacks any power of convic-
tion, since no one who questioned the conclusion could
concede the premise. (5) The fallacy of false cause (non
causa pro causa) mislocates the cause of one phenome-
non in another that is only seemingly related. The most
common version of this fallacy, called post hoc ergo
propter hoc (“after which hence by which”), mistakes
temporal sequence for causal connection—as when a mis-
fortune is attributed to a “malign event,” like the drop-
ping of a mirror. Another, more sophisticated, and purely
logical version of this fallacy occurs, however, in a com-
plex form of the reductio ad absurdum—an argument
that, in its simple form, declares that an assumption is
false if a contradiction can be drawn from it. In the
present case, a contradiction drawn jointly from several
premises—say, pi, D2, Ps, and p—is taken to establish
the falsity of one of them—say, p-—when another—say,
ps—is really the source of the difficulty. Thus, the prem-
ises p: through p, may be those, for example, of the
following two syllogisms:
p,: “All statesmen are political figures

who act in the public interest.”
p.: “Jones is a statesman.”
C,: Therefore, “Jones is a political figure

who is acting in the public interest.”
and
ps:  “Anyone who shamelessly campaigns for re-election is

not acting in the public interest.”
ps: “Jones is shamelessly campaigning for re-election.”
C,: Therefore, “Jones is not acting in the public interest.”
But conclusions C; and C. are contradictory. A critic
might therefore argue that p- is false and that Jones is not
a statesman. But he could be wrong, for the trouble could
lie in p,: far from acting at variance with the public in-
terest, a man might campaign in the belief that he cannot
accomplish his legislative program, which he believes to
be in the public interest, unless he wins another term in
office. His campaigning may, thus, be in the public inter-
est; and he may be a statesman after all. (6) The fallacy
of many questions (plurimum interrogationum) consists
in demanding or giving a single answer to a question when
this answer could either be divided (example: “Do you
like the twins?” “Neither yes nor no; but Ann yes and
Mary no.”) or refused altogether, because a mistaken
presupposition is involved (example: “Have you stopped
beating your wife?”). (7) The fallacy of non sequitur
(“it does not follow”), still more drastic than the preced-
ing, occurs when there is not even a deceptively plausible
appearance of valid reasoning, because there is a virtually
complete lack of connection between the given premises
and the conclusion drawn from them. Some authors,
however, identify non sequitur with the fallacy of the
consequent (see below Formal fallacies).

Verbal fallacies. These fallacies, called fallacies of
ambiguity, arise when the conclusion is achieved through
an improper use of words.

The principal instances are as follows: (1) Equiv-
ocation occurs when a word or phrase is used in one sense
in one premise and another sense in some other needed
premise or in the conclusion (example: “The loss made
Jones mad [= angry]; mad [= insane] people should be
institutionalized; so Jones should be institutionalized.”).
The figure-of-speech fallacy is the special case arising
from confusion between the ordinary sense of a word and
its metaphorical, figurative, or technical employment
(example: “For the past week Joan has been living on the
heights of ecstasy.” “And what is her address there?”).
(2) Amphiboly occurs when the grammar of a statement

is such that several distinct meanings can obtain (exam--

ple: “The king hopes you the enemy will slay. So he
wishes you well.”). (3) Accent is a counterpart of amphi-
boly arising when a statement can bear distinct meanings
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depending upon which word is stressed (example: “Men
are considered equal.” “Men are considered equal.”). (4)
Composition occurs when the premise that the parts of
a whole are of a certain nature is improperly used to in-
fer that the whole itself must also be of this nature (ex-
ample: a story made up of good paragraphs is thus said
to be a good story). (5) Division—the reverse of compo-
sition—occurs when the premise that a collective whole
has a certain nature is improperly used to infer that a
part of this whole must also be of this nature (example:
in a speech that is long winded it is presumed that every
sentence is long). But this fallacy and its predecessor can
be viewed as versions of equivocation, in which the dis-
tributive use of a term—i.e., its application to the ele-
ments of an aggregate (example: “the crowd,” viewed
as individuals)—is equivocally confused with its collec-
tive use (“the crowd,” as a unitary whole)—compare
“The crowd were filing through the turnstile” with “The
crowd was compressed into the space of a city block.”

Formal fallacies. Strictly logical, or formal, fallacies
arise not from the specific matter of the argument but
from a structural pattern of reasoning that is generically
incorrect.

A classic case is Aristotle’s fallacy of the consequent,
relating to reasoning from premises of the form: “If p;,
then p..” The fallacy has two forms: (1) denial of the an-
tecedent, in which one mistakenly argues from the prem-
ises “If pi, then p.” and “not-p,” (symbolized ~p,), to the
conclusion “not-p.” (example: “If George is a man of
good faith, he can be entrusted with this office; but
George is not a man of good faith; therefore, George
cannot be entrusted with this office”); and (2)
affirmation of the consequent, in which one mistakenly
argues from the premises “If p,, then p.” and “p.,” to the
conclusion “p,” (example: “If Amos was a prophet, then
he had a social conscience; he had a social conscience;
hence, Amos was a prophet”). Most of the traditionally
considered formal fallacies, however, relate to the syllo-
gism (see SYLLOGISTIC). One example may be cited, that
of the fallacy of illicit major (or minor) premise, which
violates the rules for “distribution.” (A term is said to be
distributed when reference is made to all members of the
class. Example: in “Some crows are not friendly,” refer-
ence is made to all friendly things, but not to all crows.)
The fallacy arises when a major (or minor) term that is
undistributed in the premise is distributed in the conclu-
sion (example: “All tubers are high-starch foods [undis-
tributed]; no squashes are tubers; therefore, no squashes
are high-starch foods [distributed]”).

Epistemic logic

Epistemic logic deals with the logical issues arising within
the gamut of such epistemological concepts as knowl-
edge, belief, assertion, doubt, question-and-answer, or the
like. Instead of dealing with the essentially factual issues
of alethic logic (Greek alétheia, “truth”)—i.e., with
what is actually or must necessarily or can possibly be the
case—it relates to what people know or believe or main-
tain or doubt to be the case.

THE LOGIC OF BELIEF

From the logical standpoint, a belief is generally ana-
lyzed as a relationship obtaining between the person who
accepts some thesis on the one hand, and the thesis that
he accepts, on the other. Correspondingly, given a person
x, it is convenient to consider the set B, of x’s beliefs and
represent the statement “x believes that p” as p € By.

(The symbol € represents membership in a set, ¢ its
denial.)

Alternative ways of construing belief. Before the for-
mulation of any logical theory of belief can get under
way, however, it is essential to specify the precise sense
at issue when a person is said to believe something. It
is necessary to choose between three alternative con-
structions of “x believes that p”:

1. The disposition-to-explicit-assent construction, accord-
ing to which “x believes that p” obtains if he overtly professes
to do so (and is candid) or would overtly so profess (if can-
did) once the matter is duly explained to him. That is, x is
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simply asked if he believes p, and the matter is settled by his
response, if there is no reason to suspect disingenuousness.

2. The commitment-to-assent construction, according to
which “x believes that p” if he either (a) explicitly assents to
p in the preceding manner or (b) is logically committed to
giving assent, because p follows logically from propositions to
which he does give assent.

3. The behavioristic construction, according to which “x
believes that p” if x acts as though p were the case.

The behavioristic construction has serious shortcomings
insofar as it strays from the ordinary, presystematic con-
cept at issue in ordinary discourse about beliefs. Fiji Is-
landers may well act as though Julius Caesar had never
existed but cannot be said to have beliefs in the matter.
The other two approaches also have shortcomings. The
commitment-to-assent construction gives rise, for exam-
ple, to the entailment principle (EP): “If p is one of the
beliefs held by x, and if g follows deductively from p,
then q is one of the beliefs held by x”’; or, symbolically:

(EP)

in which the symbol | signifies that the proposition on
the right side follows as a deductively valid consequence
from those on the left. Example: “That there are more
people in Kobe than the number of hairs that any human
head can hold (p)” is a member of () the set of Joe’s
beliefs (Bsoo). It can be deduced from p, however, that
“there are at least two people in Kobe having the same
number of hairs in their head (g).” The conclusion can
be seen by supposing that one person is found (so far as
possible) for each number of hairs, from a man with one
hair to one with the maximum possible number. If these
people are then seated in an amphitheatre in order by
their number of hairs, there will still be people left un-
seated—each a contender for a seat already filled. Hence,
Joe believes g, that “there are at least two people in Kobe
(viz., those pairs contending for seats) having the same
number of hairs in their head,” whether he realizes it or
not. But while a person is certainly committed to accept-
ing the consequences of his beliefs, it is implausible to say
that he believes them; very possibly Joe may disavow that
there are two such people in Kobe. It is only in some
strange and artificial sense of the term that one’s belief in
certain axioms can be held to entail belief in some ex-
tremely remote consequence thereof.

On the other hand, with the preparedness-for-explicit-
assent construction, it seems impossible to build up any
sort of logic whatsoever. On this construction, it may well
be that:

1. “p is among the beliefs of x and not-p is among the be-
liefs of x’; i.e., p € Bx and ~p € Bx (example: “x believes
that he can jump the chasm”; “x believes that he cannot
jump the chasm”);
or that

2. A man may assent to (believe in) each of two statements,
p and g, taken separately—i.e., both p € By and q € By—but
fail to assent to their conjunction—(p - q) ¢ By in which
the centred dot means ‘“and.” For example, someone might
assent to each of the statements “God is benevolent” and
“There is evil in the world” but fail to assent to (or, perhaps,
eveni deny) their conjunction; i.e., “God is benevolent but
there is evil in the world.”

Clearly, one may fail to develop a logic of belief when the
beliefs at issue turn out to be highly illogical—as well
they may.

Theory of belief. To articulate a viable logic of belief,
it is, at the very least, essential to postulate certain mini-
mal conditions of rationality regarding the parties whose
beliefs are at issue:

1. Consistency: “If x believes that p, then x does not believe
that not-p”’; i.e., .

If pe B, and p - ¢, then g € By,

If pe By, then ~p ¢ B,
“If not-p, then x does not believe that p”; i.e.,
If — ~p,thenp ¢ By,

Example: If “Jesus was a Zealot” (p) is among (&) the be-
liefs of Ralph (Bg,;,n), then “Jesus was not a Zealot” (~p)
is not among (¢) Ralph’s beliefs. It is an accepted thesis
() that “Jesus was not a Zealot.” Hence, “Jesus was a
Zealot” is not among Ralph’s beliefs. (Note that the symbol
-, in cases where it appears as an isolated prefix, represents

“thesis-hood”; i.e., a deductive consequence—as it were—
from no premises.)

2. Conjunctive composition and division: “If x believes that
py, and x believes that p,, etc., to x believes that p,, then x
believes that p, and p,, etc., and p,”; i.e.,

If (pyeByx, p2eBy,, ..., pa) By
then (py - P2+ ... - pa) € By,
and conversely. Example: If “cats are affectionate” (p,), “cats
are clean” (p,), etc., to “cats are furry” (p,) are among (&)
Bob’s beliefs (Bg,,), then “cats are affectionate and clean,
etc., and furry” (p; + p2 + ... - p,) is also a belief of Bob’s.
3. Minimal inferential capacity: “If x believes that p, and
q is an obvious consequence of p, then x believes that q”; i.e.,

IfpeByandp =g, thenqg e B .

Example: “If x believes that his cat is on the mat, and his
cat’s being on the mat has an obvious consequence that some-
thing is on the mat, then x believes that something is on the
mat.”
Here item 3 is a form of the entailment principle, but
with = representing entailment of the simplest sort, desig-
nating obvious consequence—say, deducibility by fewer
than two (or n) inferential steps, employing only those
primitive rules of inference that have been classified as
obvious. (In arguments about beliefs, however, all repe-
titions of the application of this version of the entailment
principle must be avoided.) These principles endow the
theory with such rules as:

1. “If x believes that not-p, then he does not believe that p”;
le.,

If ~peBy, thenp ¢ B

2. “If x believes that p, and x believes that g, then x be-
lieves that both p and g taken together”; i.e.,

IfpeByandge By, thenp - ge By,

3. “If x believes that p, then x believes that either p or g”;
ie.,

If pe By, thenp \/ g € By,

given “p - p \/ ¢ as an “obvious” rule of inference (where
\/ means “either—or”).

One key question of the logical theory of belief relates
to the area of iterative beliefs (example: “Andrews be-
lieves that I believe that he believes me to be untrustwor-
thy”). Clearly, one would not want to have such theses
as:

1. “If y believes that x believes that p, then x believes that
p’sie.,

If(peBx)eBythenpeBy (ys£x)

nor
2. “If y believes that x believes that p, then y believes that
p’iie.,
If (peBx) eBythenpeB), (¥y£x).

But when the iteration is subject-uniform rather than
subject-diverse, it might be advantageous to postulate cer-
tain special theses, such as:

If p € By, then (p e By) € By,

which in effect limits the beliefs at issue to conscious
beliefs. The plausibility of this thesis also implicates its
converse; viz., whether there are circumstances under
which someone’s believing that he believes something
would necessarily vouch for his believing of it—i.e.,
whether it is legitimate to argue that “If x believes that he
believes that p, then he believes that p”; i.e.,

If (peBy) €B,, thenpe B,

According to this thesis, the belief set B, is to have the
feature of second-order—as opposed to direct—applica-
bility. From q € By, it is not, in general, permissible to
infer g, but one is entitled to do so when g takes the
special form p € B,; i.e., when the belief at issue is one
about the subject’s own beliefs.

A theory of belief along these lines is a halfway house
between the commitment-to-assent conception of belief,
which is too inclusive and the explicit-assent approach,
which is too restrictive. The theory is predicated on the
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view that belief is subject to logical compulsion but that
the range of this compulsion is limited since men are not
logically omniscient. Belief here is like sight: man has a
limited range of logical vision; he can see clearly in the
immediate logical neighbourhood of his beliefs but only
dimly afar.

THE LOGIC OF KNOWING

The propositional sense of knowing (i.e., knowing that
something or other is the case), rather than the opera-
tional sense of knowing (i.e., knowing how something or
other is done), is generally taken as the starting point for
a logical theory of knowing. Accordingly, the logician
may begin with a person x and consider a set of proposi-
tions K to represent his “body of knowledge.” The aim
of the theory then is to clarify and to characterize the
relationship “x knows that p” or “p is among the items
known to x,” which is here represented as: p € Ky.

There can be false knowledge only in the sense that “he
thought he knew that p, but he was mistaken.” When the
falsity of purported knowledge becomes manifest, the
claim to knowledge must be withdrawn. “I know that p,
but it may be false that p” is a contradiction in terms.
When something is asserted or admitted as known, it
follows that this must be claimed to be true. But what sort
of inferential step is at issue in the thesis that “x knows p”
leads to “p is true”? Is the link deductive, inductive,
presuppositional, or somehow “pragmatic”? Each view
has its supporters: on the deductive approach, p € Ky
logically implies (deductively entails) p; on the inductive
approach, p € K, renders p extremely probable, though
not necessarily certain; on the presuppositional approach,
p € K, is improper (nonsensical) whenever p is not true;
and on the pragmatic approach, the assertion of p e Kx
carries with it a rational commitment to the assertion of p
(in a manner, however, that does not amount to deduc-
tive entailment). From the standpoint of a logic of know-
ing, the most usual practice is to assume the deductive
approach and to lay it down as a rule that if p € K, then
p is true. This approach construes knowledge in a very
strong sense.

According to a common formula, knowledge is “true,
justified belief.” This formulation, however, seems defec-
tive. Let the expression Jxp be defined as meaning “x has
justification for accepting p.” then:

peKy=p- -Jxp-peB,.

Example: The proposition “Jane knows that (Kyan.) the
gown is priceless (p)” means (=) “The gown is price-
less, and Jane has justification for accepting that it is
priceless (Jrane p) and Jane believes that it is priceless
(p € Byane).” One cannot but assume that the concep-
tual nature of J is such as to underwrite the rule: “If x is
justified in accepting p, then he is justified in accepting
‘Either p or ¢’ ”; i.e.,

(¢)] If Jxp, then Jx (p V q),

in which g can be any other proposition whatsoever. The
components p, g, and x may be such that all of the
following obtain:

1. not-p

2. q

3. x believes that p; i.e., p € By

4. x does not believe that g; i.e., q ¢ Bx and, indeed, x be-
lieves that not-q; i.e., ~q € By

5. xis justified in accepting q; i.e., Jxq

6. x believes that either p or gq; ie., p \/ q € By.
Clearly, on any reasonable interpretation of B and J, this
combination of six premises is possible. But the following
consequences would then obtain:

7. rVa by item 2 above

8. Ix(p \/ q) by item 5 above and by J

9. (V) eKy by items 6, 7, and 8.
However the conclusion 9 is wrong: x cannot properly
be said to know that either p or ¢ when p \/ q is true
solely because of the truth of g (which x rejects), but
p V q is believed by x solely because he accepts p (which
is false ). This example shows that the proposed definition
of knowledge as “true, justified belief” cannot be made to
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work; and the best plan, therefore, seems to be to treat the
logic of knowing directly, rather than through the media-
tion of acceptance (belief) and justification.

Since Aristotle’s day, stress has been placed on the dis-
tinction between actual, overt knowledge that requires
an explicit, consciously occurring awareness of what is
known and potential, tacit knowledge that requires only
implicit dispositional awareness. Unless p € K is con-
strued in the tacit sense, the following principles will not
hold:

If peKyxand p - q, then g e K.

If pe K and g e K;, then (p - q) e K.
These two rules, if accepted, however, suffice to guaran-
tee the principle: .

fp,ps...,pn g, thenpse Ky, p.eK,, ...
~ g eKy.

Similar considerations regarding the potential construc-
tion of knowledge govern the answer to the question of
whether, when something is known, this fact itself is
known: if p € Ky, then (p € Kx) € K. This principle is
eminently plausible, provided that the membership of K
is construed in the implicit (tacit) rather than in the
explicit (overt) sense.

,meKy

THE LOGIC OF QUESTIONS

Whether a given grouping of words is functioning as a
question may hinge upon intonation, accentuation, or
even upon context, rather than upon overt form: at bot-
tom, questions represent a functional rather than a purely
grammatical category. The very concept of a question is
correlative with that of an answer; and every question
correspondingly delimits a range of possible answers.
One way of classifying questions is in terms of the surface
characteristics of this range. On this basis, the logician
can distinguish (among others):

1. Yes/no questions (example: “Is today Tuesday?”);

2. Item-specification questions (example: “What is an
instance of a prime number?”’);

3. Instruction-seeking questions (example: “How does
one bake an apple pie?”); etc.

From the logical standpoint, however, a more compre-
hensive policy and one leading to greater precision is to
treat every answer as given in a complete proposition
(“Today is not Tuesday”; “Three is an example of a
prime number’; etc.). From this standpoint, questions
can be classed in terms of the nature of the answers.
There would then be factual questions (example: “What
day is today?”’) and normative questions (example:
“What ought to be done in these circumstances?”’).

The advantage of the propositional approach to answers
is that it captures the intrinsically close relationship be-
tween question and answer. The possible answers to (1)
“What is the population of A-ville?” and (2) “What is
the population of B-burgh?” are seemingly the same;
namely, numbers of the series 0, 1, 2, . . . . But once
complete propositions are taken to be at issue, then an
answer to (1), such as “The population of A-ville is
5,238,” no longer counts as an answer to (2), since the
latter must mention B-burgh. This approach has the dis-
advantage, on the other hand, of obscuring similarities in
similar questions. One can now no longer say of two
brothers that the questions “Who is Tom’s father?” and
“Who is John’s father?” have the same answer.

With every question Q can be correlated the set of prop-
ositions A(Q) of possible answers to Q. Thus, “What
day of the week is today?” has seven conceivable an-
swers, of the form “The day of the week today is Mon-
day,” and the like. A possible answer to a question must
be a possibly true statement. Accordingly, the question
“What is an example of a prime number?” does not have
“The Washington Monument is an example of a prime
number” among its possible answers.

A question can be said to be true if it has a true answer;
ie., if (3p) [p - p € A(Q)]—which (taking the exis-
tential quantifier 3 to mean “there exists . . .”) can be
read “There exists a proposition p such that p is true
and p is among the answers of Q”; otherwise it is false;
i.e., when all of its answers are false. If he never came at
all, the question “On what day of the week did he come?”
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is a false question in the sense that it lacks any true
answer.

A true question can be called contingent if it admits of
possible answers that are false, as in “Where did Jones
put his pen?” In logic and mathematics there are, pre-
sumably, no contingent questions.

Questions can have presuppositions, as in “Why does
Smith dislike Jones?” Any possible answer here must
take the form “Smith dislikes Jones because . . .” and so
commits one to the claim that “Smith dislikes Jones.”
Every such question with a false presupposition must be a
false question: all of its possible answers (if any) are
false.

Besides falsity, questions can exhibit an even more dras-
tic sort of “impropriety.” They can be illegitimate in that
they have no possible answers whatsoever. (Example:
“What is an example of an even prime number different
from two?”) The logic of questions is correspondingly
three valued: a question can be true (i.e., have a true
answer); illegitimate (i.e., have no possible answer at
all); or false (i.e., have possible answers but no true
ones).

One question, Qs, will entail another, Q,, if every possi-
ble answer to the first deductively yields a possible answer
to the second, and every true answer to the first deduc-
tively yields a true answer to the second. In this sense the
question “What are the dimensions of that box?” entails
the question “What is the height of that box?”

Practical logic

The theory of reasoning with concepts of practice—of
analyzing the logical relations obtaining among state-
ments about actions and their accompaniments in choos-
ing, planning, commanding, permitting, etc.—comprises
the domain of practical logic.

THE LOGIC OF PREFERENCE

The logic of preference—also called the logic of choice,
or prohairetic logic (Greek proairesis, “a choosing”)—
seeks to systematize the formal rules that govern the
conception “x is preferred to y.” A diversity of things can
be at issue here: (1) Is x preferred to y by some individ-
ual (or group), or is x preferable to y in terms of some
impersonal criterion? (2) Is on-balance preferability at
issue or preferability in point of some particular factor
(such as economy or safety or durability)? The resolu-
tion of these questions, though vital for interpretation,
does not affect the formal structure of the preference
relationships.

Symbolization and approach taken in prohairetic logic.
The fundamental tools of the logic of preference are as
follows: (1) (strong) preference: x is preferable to y,
symbolically x > y; (2) indifference: x and y are indif-
ferent, x = y, defined as “neither x > y nor y > x”;
(3) weak preference: x is no less preferred than y, x>y,
defined as “either x > y or x == y.” Since preference
comprises a relationship, its three types can be classed in
terms of certain distinctions commonly drawn in the logic
of relations: that of reflexivity (whether holding of itself:
“John supports himself”), of symmetry (whether holding
when its terms are interchanged: “Peter is the cousin of
Paul”; “Paul is the cousin of Peter”), and of transitivity
(whether transferable: “a > b”; “b > c”; therefore, “a
> ¢”). Once it is established that the (strong) preference
relation (>) is an ordering (i.e., is irreflexive, asymmet-
ric, and transitive), it then follows that weak preference
(>) is reflexive, nonsymmetric, and transitive and that
indifference (=) is an equivalence relation (i.e., re-
flexive, symmetric, and transitive).

One common approach to establishing a preference re-
lation is to begin with a “measure of merit” to evaluate
the relative desirability of the items x, y, z, . . . , that are
at issue. Thus for any item x, a real-number quantity is
obtained, symbolized # (x). (Such a measure is called a
utility measure, the units are called utiles, and the com-
parisons or computations involved comprise a preference
calculus.) In terms of such a measure, a preference or-
dering is readily introduced by the definitions that: (1) x
> y is to be construed as # (x) >#(y); (2) x >y as

#(x) > #(y);and (3) x =y as #(x) = #(y), in
which > means “is greater than or equal to.” Given these
definitions, the relationships enumerated above must all
obtain. Thus, the step from a utility measure to a pref-
erence ordering is simple.

Construction of a logic of preference. In constructing
a logic of preference, it is assumed that the items at issue
are propositions p, g, r, . . . and that the logician is to
introduce a preferential ordering among them, with
p > q to mean “p’s being the case is preferred to g’s be-
ing the case.” The problem is to systematize the logical
relationships among such statements in order to permit
a determination of whether, for example, it is acceptable
to argue that: If either p is preferable to g or p is pref-
erable to r, then p is preferable to either g or r,

(p>»>qVp>nrDlp>@@Vn

(in which D means “implies” or “if . .. then”), or to argue
similarly that

p>»q-r>q Dlp-N>4ql

Example: “If eating pears (p) is preferable to eating
quinces (g) and eating rhubarb (r) is preferable to eating
quinces, then eating both pears and rhubarb is preferable
to eating quinces.” The task is one of erecting a founda-
tion for the systematization of the formal rules governing
such a propositional preference relation—a foundation
that can be either axiomatic or linguistic (i.e., in terms
of a semantical criterion of acceptability).

One procedure—adapted from the ideas of the well-
known contemporary Finnish philosopher, Georg Hen-
rik von Wright (born 1916), a prolific contributor to
applied logic—is as follows: beginning with a basic set of
possible worlds (or states of affairs) wi, ws, . . ., wa, all
of the propositions to be dealt with are first defined with
respect to these by the usual logical connectives (\/, -,
D, etc.). Given two elementary propositions p and g,
there are just the following possibilities: both are true,
p is true and g is false, p is false and g is true, or both
are false. Corresponding to each of these possibilities is
a possibie worid; thus,

Wi=p-q
We=p- ~q
Ws=~p*q

Wi= ~p * ~q.

The truth of p then amounts to the statement that one of
the worlds ws, w: obtains, so that p is equivalent to wy \/
ws. Moreover, a given basic preference/indifference order-
ing among the w; is assumed. On this basis the following
general characterization of propositional preference is
stipulated: If delta (8) is taken to represent any (and
thus every) proposition independent of p and g, then p is
preferable to g, p > gq, if for every such § it is the case
that every possible world in which p and not-q and § are
the case, p-- ~q - 8 is w-preferable to every possible
world in which not-p and g and § is the case, ~p - g * §;
i.e., when p - ~q is always preferable to ~p - g pro-
vided that everything else is equal. It is readily shown
that through this approach such general rules as the fol-
lowing are obtained:

1. If p is preferable to g, then g is not preferable to p; i.e.,

p>qt ~@>p).
2. If p is preferable to g, and g is preferable to r, then p is
preferable to r; i.e.,
(P>q-g>nkE(@>n.
3. If p is preferable to g, then not-q is preferable to not-p;
ie.,
p>qb ~q> ~p.
4. If p is preferable to g, then having p and not-q is prefer-
able to having not-p and g; i.e.,
p>qk(p-~q9>(~p-9.
The preceding construction of preference requires only
a preference ordering of the possible worlds. If, however,

a measure for both probability and desirability (utility)
of possible worlds is given, then one can define the corre-
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sponding # -value (see below) of an arbitrary proposition
p as the probabilistically weighed utility value of all of
the possible worlds in which the proposition obtains. As
an example, p may be the statement, “The Franklin Club
caters chiefly to business people” and g the statement,
“The Franklin Club is sports oriented.” It may then be
supposed as given that the following values hold:

World Probability Desirability
wi=p-q . 1/6 =2
Wy = p - ~q 2/6 +1
Wy = ~p-q 3/6 -1
Wy = ~p - ~q 1/6 +3.

The # -value of a proposition is determined by first multi-
plying the probability times the desirability of each world
in which the proposition is true, and then taking the sum
of these. For example, the # -value of p is determined as
follows: p is true in each of w; and w. (and only these);
the probability times the desirability of ws is 16 X (—2)
and of w. is 26 X (41); thus #-(p) is ¥ X (=2) +
% X (41) = 0. (The #-value corresponds to the de-
cision theorists’ notion of expected value.) By this pro-
cedure it can easily be determined that -

#(p)=0 #(~p) =%
#(q) =— (%) #(~q) =%

Since both # (p) > #(q) and # (~q) > # (~p), one
correspondingly obtains both p > g and ~g > ~p in the
example at issue; i.e., “That the Franklin Club should
cater chiefly to business people is preferable to its being
sports oriented” and “Its not being sports oriented is pref-
erable to its not catering chiefly to business people.” (The
result is, of course, relative to the given desirability sched-
ule specified for the various possible-world combinations
in the above tabulation.)

A more complex mode of preference results, however, if
—when some basic utility measure, # (x), is given—in-
stead of having p > g correspond to the condition that
#(p) > #(q), it is taken to correspond to # (p) —
#(~p) > #(q) — #(~q). This mode of preference
will be governed by characteristic rules, specifically in-
cluding all of those that were listed above.

THE LOGIC OF COMMANDS

Some scholars have maintained that there cannot be a
logic of commands (instructions, orders), inasmuch as
there can be no logic in which validity of inference can-
not be defined. Validity, however, requires that the con-
cept of truth be applicable (an argument being valid
when its conclusion must be true if its premises are true).
But since commands—and, for that matter, also instruc-
tions, requests, etc.—are neither true nor false, it is ar-
gued that the concept of validity cannot be applied; so
there can be no valid inference in this sphere. This line of
thought, however, runs counter to clear intuitions that
arise in specific cases, in which one unhesitatingly reasons
from commands and sets of commands. If an examina-
tion has the instructions “Answer no fewer than three
questions! Answer no more than four questions!” one
would not hesitate to say that this implies the (tacitly
contained) instruction, “Answer three or four ques-
tions!”

This seeming impasse can be broken, in effect, by im-
porting truth into the sphere of commands through the
back door: with any command one can associate its
termination statement, which, with future-tense refer-
ence, asserts it as a fact that what the command orders
will be done. Thus, the command “Shut all of the win-
dows in the building!” has the termination statement
“All of the windows in the building will be shut.” In case
of a pure command argument—i.e., one that infers a
command conclusion from premises that are all com-
mands—validity can be assessed in the light of the validi-
ty of the purely assertoric syllogism composed of the
corresponding termination statements. Thus the validity
of the command argument given above is a derivative
from the (orthodox) validity of the inference, from the
premises “No fewer than three questions will be an-
swered; no more than four questions will be answered” to
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the conclusion “Three or four questions will be an-
swered.”

The logical issues of pure command inference can be
handled in this manner. But what of the mixed cases in
which some statement—premise or conclusion—is not a
command? :

Special case 1. One mixed case is that in which the
premises nontrivially include noncommands, but the in-
ferred conclusion is a command. Some writers have en-
dorsed the rule that there is no validity unless the com-
mand conclusion is forthcoming from the command prem-
ises alone. This, however, invalidates such seemingly
acceptable arguments as “Remove all cats from the area;
the shed is in the.area; so, remove all cats from the shed.”
It is more plausible, however, to stipulate the weak-
er condition that an inference to a command conclusion
cannot count as valid unless there is at least one com-
mand premise that is essential to the argument. Subject
to this restriction, a straightforward application of the
above-stated characterization of validity can again be
made. This approach validates the above-mentioned com-
mand inference via the validity of the assertion inference:
“All cats will be removed from the area; the shed is in the
area; so, all cats will be removed from the shed.” (The
rule under consideration suffices to block the unacceptable
argument from the factual premise “All the doors will be
shut” to the command conclusion “Shut all the doors.”)

Special case 2. Another mixed case is that in which the
premises nontrivially include commands, but the inferred
conclusion is an ordinary statement of fact. Some author-
ities stipulate that no indicative conclusion can be validly
drawn from a set of premises which cannot validly be
drawn from the indicative among them alone. This rule
would seem to be acceptable, though subject to certain
significant provisos: (1) It must be restricted to categori-
cal rather than conditional commands. “If you want to see
the world’s tallest building, look at the Empire State
Building” conveys (inter alia) the information that “The
Empire State Building is the world’s tallest building.” (2)
Exception must be made for those commands that in-
clude in their formulation—explicitly or by way of tacit
presupposition—reference to a factual datum. “John, give
the book to Tom’s brother Jim” yields the fact that Jim
is Tom’s brother; and “John, drive your car home”
(= “John, you own a car: drive it home”) yields “John
owns a car.” With suitable provisos, however, the rule
can be maintained to resolve the issues of the special case
in view.

DEONTIC LOGIC

The propositional modalities relating to normative (or
valuational) classifications of actions and states of
affairs, such as the permitted, the obligatory, the forbid-
den, or the meritorious, are characterized as deontic
modalities (Greek deontos, “of that which is binding”)
and systematized in deontic logic. Though this subject
was first treated as a technical discipline in 1926, its cur-
rent active development dates from a paper published in
1951. As a highly abstracted branch of logical theory, it
leaves to substantive disciplines—such as ethics and law
—the concrete questions of what specific acts or states of
affairs are to be forbidden, permitted, or the like (just as
deductive logic does not meddle with what contingent

_issues are true but tells only what follows when certain

facts or assumptions about the truth are given). It seeks
to systematize the abstract, purely conceptual relations
between propositions in this sphere, such as the follow-
ing: if an act is obligatory, then its performance must be
permitted and its omission forbidden. In given circum-
stances, any act is either permitted itself or its omission is
permitted.

The systematization and relation to alethic modal logic.
In the systematization of deontic logic, the symbols p, g,
r, . . . may be taken to range over propositions dealing
both with impersonal states of affairs and with the human
acts involved in their realization. Certain special deontic
operations can then be introduced: P(p) for “It is permit-
ted that p be the case”; F(p) for “It is forbidden that p be
the case”; and O(p) for “It is obligatory that p be the
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case.” In a systematization of deontic logic, it is only
necessary to take one of these three operations as primi-
tive (i.e., as an irreducible given), because the others can
then be introduced in terms of it. For example, when P
alone is taken as primitive (as is done here), the follow-
ing can be introduced by definition: “It is obligatory that
p” means “It is not permitted that not-p”; and “It is
forbidden that p” means “It is not permitted that p”; i.e.,

O(p) = ~P(~p) and F(p) = ~P(p).

The logical grammar of P is presumably to be such that
one wants to insist upon the rule:

Whenever  p D g, then - P(p) D P(g).

Example: “Since one’s helping Jones who has been
robbed entails that one help someone who has been
robbed, being permitted to help Jones (who has been
robbed) entails that one be permitted to help someone
who has been robbed.” This yields such principles as: “If
both p and g are permitted, then p is permitted and ¢ is
permitted”; and “If p is permitted, then either p or q is
permitted”; i.e.,

—P(p-q) DIP(p) - P(@land - P(p) D P(p V g).

And, once it is postulated that “A p exists that is per-
mitted”~—i.e., — (Ip)P(p)—then the statement that
“It is not permitted that both p and not-p”—i.e., ~P(p -
~p)—is also yielded. Moreover, on any adequate the-
ory of P it is necessary to have such principles as “Either
p or not-p is permitted”; i.e., — P(p \/ ~p).

On the other hand, certain principles must be rejected,
such as that “If p is permitted and g is permitted, then
both p and g taken together is permitted”; i.e., 4 [P(p) -
P(q)] D P(p - q), in which — symbolizes the rejection
of a thesis, and that “If either p or g is permitted, then p
is permitted”; i.e., - P(p \/ g) D P(p).

The first of these, accepted unqualifiedly, would lead to
the untenable result that there can be no permission-indif-
ferent acts; i.e., no acts such that both they and their
omission are permitted—since this would then lead to
P(p - ~p). The second thesis would have the unaccept-
able result of asserting that, when at least one member of
a pair of acts is permitted, then both members are permit-
ted.

In all of the respects that so far have been considered,
deontic logic is wholly analogous to the already well
developed field of alethic modal logic, which deals with
statements of the form “It is possible that . . .” (symbol-
ized ¢), “It is necessary that . . .” (symbolized [7), etc.
(see LOGIC, FORMAL: IV. Other special systems of logic:
Traditional logic and its developments: Modal log-
ic), with P in the role of possibility () and O in that of
necessity ([J). This parallel, however, does not extend
throughout. In alethic logic, the principle that “necessity
implies actuality” obviously holds (i.e., — [Jp D p).
But its deontic analogue, that “obligation implies actuali-
ty” (i.e., — Op D p), must be rejected, or rather an
analogous thesis holds only in the weakened form that
“obligation implies permissibility” (i.e., — Op D Pp).
There is continuing controversy about the relation of
deontic to alethic modal logic, principally in the context
of Kant’s thesis that “ought implies can” (i.e., - Op D
Op), but also about the theses that “necessity implies
permissibility” (i.e., — [Jp D Pp) and Ad impossibile
nemo obligatur—“no one is obliged to [do] the impossi-
ble” (i.e., —~Op D ~Op). Although this thesis is
generally accepted, some scholars want to strengthen the
thesis to “necessity implies obligation” (i.e., — [Jp D
Op), or, equivalently, to “permissibility implies possibili-
ty” (i.e., —~<Op D ~Pp), with the result that only
what is possible can count as permitted, so that the im-
possible is forbidden. Some would deny that it is wrong
(i.e., impermissible) to act to realize the impossible, rath-
er than merely unwise or imprudent.

It has been proposed that deontic logic may perhaps be
reduced to alethic modal logic. This approach is based on
the idea of a normative code delimiting the range of the
permissible. In this context, what signalizes an action as
impermissible is that it involves a violation of the code:

the statement that the action has occurred entails that the
code has been violated and so leads to a “sanction.” This
line of thought leads to the definition of a modal operator
Fp = [O(p D o), “p necessarily implies a sanction,” in
which sigma (o) is the sanction produced by code viola-
tion. Correspondingly, one then obtains: “For p to be
permitted means that p does not imply by necessity a
sanction”—i.e., Pp = ~[](p DO ¢)—and “For p to be
obligatory means that not doing p implies by necessity a
sanction”—i.e., Op = [J(~p D ¢). Assuming a systema-
tization of the alethic modal operator [, these definitions
immediately produce a corresponding system of deontic
logic that—if [] is a normal modality—has many of the
features that are desirable in a modal operator. It also
yields, however—through the “paradoxes of strict impli-
cation” (see LOGIC, FORMAL: IV. Other special systems of
logic: Traditional logic and its developments: Modal
logic: Alternative systems of modal logic)—the disputed
principle that “The assumption that p is not possible im-
plies that p is not permissible”; i.e., - ~Op D ~Pp. This
and other similar consequences of the foregoing effort to
reduce deontic logic to modal logic have been transcended
by other scholars, who have resorted to a mode of implica-
tion (symbolized as —) that is stronger than strict im-
plication (as necessary material implication is called)
and then defining Fp as p — ¢ instead of as above.

Alternative deontic systems. Each of the three princi-
pal deontic systems- that have been studied to date is
analogous to one of the alethic modal systems that were
developed in the mid-20th century.

These foundational alethic systems differ by virtue
of the different axioms and rules adopted for such modal-
ities as necessity, possibility, and contingency. In the sys-
tem designated M, for example, developed by the afore-
mentioned Finnish logician G.H. von Wright, the adverb
“possibly,” symbolized M, is taken as the fundamental
undefined modality in terms of which the other modali-
ties are constructed. “Necessarily p,” symbolized Lp, for
example, is defined in the system M as “not possibly
not-p”; i.e., Lp = ~M~p. Alternatively, in an equivalent
system, T, “necessarily p” is taken as primitive, and “pos-
sibly p” is defined as “not necessarily not-p”; i.e., Mp =
~L~p. Several nonequivalent systems have been de-
veloped by the conceptual Pragmatist C.I. Lewis (1883-
1964), primary author of Symbolic Logic (1932), the
foundational work in this field. Of these systems, that
known as S4 includes all of the system M but adds also
the axiom that “ ‘Necessarily p’ implies ‘It is necessary
that necessarily p’”—i.e., Lp O LLp—whereas, that
known as S5 adds still another axiom, that “ ‘Possibly p’
implies ‘It is necessary that possibly p’ "—i.e., Mp O LMp
(see LOGIC, FORMAL: IV. Other special systems of logic:
Traditional logic and its developments: Modal logic:
Alternative systems of modal logic). The analogous
deontic systems are then as follows:

1. DM (the deontic analogue of the system M of von Wright
or of the system T). To a standard system of propositional
logic the following rule is added: “Any proposition, if true,
ought to be true”; i.e.,, If - p then - Op. Example: Given
that “To forgive is divine,” (p) then “To forgive ought to be
divine” (Op). Axioms:

(Al): “If p is obligatory, then not-p is not obligatory”;
i.E., Op > ~0~p.

(A2): “If p ought to imply g, then if p is obligatory g
is obligatory”; i.e., O(p D g) O (Op D Oq).

2. DS4 (the deontic analogue of Lewis’s system S4). To M
one adds the axiom:

(A3): “If p is obligatory, then p ought to be obligatory”;
ie., Op D OOp. Example: “If John ought to pay his debts,”
(Op) then it is obligatory that John ought to pay his debts”
(00p). .

3. DS5 (the deontic analogue of Lewis’s system S5). To M
one adds the axiom:

(A4): “If p is not obligatory, then p ought to be nonobli-
gatory”; ie, ~Op O O~Op.

A straightforward semantical systematization of sys-
tems of deontic logic can be provided as follows: given a
domain of complex propositions built up from atomic
propositions (p, g, r, . . .) with the use of propositional
connectives (~, +, \/, D) and O, a deontic model set
A for this domain can be characterized as any set chosen
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from these propositions that meets the following condi-
tions (in which “iff” means “if and only if”):

1. Not-p is in the set if and only if p is not in the set; i.e.,
~pE€EA iff DEA.

2. “Both p and q together” is in the set if and only if p
is in the set and ¢ is in the set; i.e., (p - g) e Aiff pe A and

qgeA.

3. “Either p or q” is in the set if and only if either p is in
the set or q is in the set; i.e., (p \/ q) e Aiff pe Aorge A

4. “That p implies q” is in the set if and only if either p is
not in the set or g is in the set; ie., (p D q) e Aiff p ¢ A or
qgeA.

5. “That p is obligatory” is in the set whenever p is posited;
ie., Op € A whenever | p.

6. “That not-p is not obligatory” is in the set whenever “p
is obligatory” is in the set; i.e., ~O ~p € A whenever
OpeA.

7. “That q is obligatory” is in the set whenever both “p is

obligatory” is in the set and “That p implies g is obligatory”
is in the set; i.e., Og € A whenever both Op e A and O(p D q)
€A.
A proposition can be characterized as a deontic thesis
(D-thesis) if it can be shown that, in virtue of these rules,
it must belong to every deontic model set. It can be
demonstrated that the D-thesis in this sense will coincide
exactly with the theorems of DM—No. 1 of the above
three systems. Furthermore, if one adds one of the addi-
tional rules:

8’. “That p ought to be obligatory” is in the set whenever “‘p
is obligatory” is in the set; i.e., O0p € A whenever Op € A.

8”. “That p ought to be non-obligatory” is in the set when-
ever “p is not obligatory” is in the set; i.e., O~Op € A when-
ever ~Op € A.
then the corresponding D’ or D” theses will coincide
exactly with the theorems of the deontic systems DS4 and
DSS5, respectively—Nos. 2 and 3 above.

Logics of physical application

Certain systems of logic are built up specifically with
particular physical applications in view. Within this range
lie temporal logic; spatial, or topological, logic; mereolo-
gy, or the logic of parts and wholes generally; as well as
the logic of circuit analysis.

Since the field of topological logic is new and relatively
undeveloped, the reader is referred to the bibliography
for a recent source that provides some materials and
references to the literature.

Of the physical applications of logic, the logic of circuit
analysis is perhaps the most important and certainly the
most extensively developed. Since the course of the analy-
sis in this case, however, soon veers off from logical into
mathematical considerations, this subject is not treated
here.

TEMPORAL LOGIC

The object of temporal logic—variously called chrono-
logical logic or tense logic—is to systematize reasoning
with time-related propositions. Such propositions gener-
ally do not involve the timeless “is” (or “are”) of the
mathematicians’ “three is a prime,” but rather envisage an
explicitly temporal condition (examples: “Bob is sitting,”
“Robert was present,” “Mary will have been informed”).
In this area, statements are employed in which some
essential reference to the before-after relationship or the
past-present-future relationship is at issue; and the ideas
of succession, change, and constancy enter in.

Classic historical treatments. Chronological logic orig-
inated with the Megarians of the 4th century BC, whose
school (not far from Athens) reflected the influence of
Socrates and of Eleaticism.

In the Megarian conception of modality, the actual is
that which is realized now, the possible is that which is
realized at some time or other, and the necessary is that
which is realized at all times. These Megarian ideas can
be found also in Aristotle, together with another tempo-
ralized sense of necessity according to which certain pos-
sibilities are possible prior to the event, actual then, and
necessary thereafter, so that their modal status is not
omnitemporal (as in the Megarian concept), but changes
in time. The Stoic conception of temporal modality is
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yet another cognate development, according to which the
possible is that which is realized at some time in the
present or future and the necessary that which is realized
at all such times. The Diodorean concept of implication
(named after the 4th-century Bc Megarian logician Dio-
dorus Cronus) holds, for example, that the conditional
“If the sun has risen, it is daytime” is to be given the
temporal construction “All times after the sun has risen
are times when it is daytime.” The Persian logician Avi-
cenna (980-1037), the foremost philosopher of medieval
Islam, treated this chronological conception of implica-
tion in the framework of a general theory of categorical
propositions (such as “All A is B,” etc.) of a temporal-
ized type and considerably advanced and developed the
Megarian-Stoic theory of temporal modalities.
Fundamental concepts and relations of temporal logic.
The statements “It sometimes rains in London,” “It al-
ways rains in London,” and “It is raining in London on
January 1, Ap 3000, is a fact” are all termed chronologi-
cally definite in that their truth or falsity is independent
of their time assertion. By contrast, the statements “It is
now raining in London,” “It rained in London yester-
day,” and “It will rain in London sometime next week”
are all chronologically indefinite, in that their truth or
falsity is not independent of their time of assertion. The
notation |t + p is here introduced to mean that the
proposition p, often in itself chronologically indefinite, is
represented as being asserted at the time . For example,
if p, is the statement “It is raining in London today,” and
4 is January 1, 1900, then “|t + p.” represents the
assertion made on January 1, 1900, that it is raining
today—an assertion that is true if and only if the state-
ment “It is raining in London on January 1, 1900, is a
fact” is true. If the statement p is chronologically definite,
then (by definition) the assertions “|¢t — p” and “|¢ + p”
are materially equivalent (i.e., have the same truth value)
for all values of ¢ and #. Otherwise p is chronologically
indefinite. The time may be measured, for example, in
units of days, so that the time variable is discretized. Then
(¢ + 1) will represent “the day after 7-day,” (+ — 1) will
represent “the day before 7-day,” and the like. And, fur-
ther, the statements p,, g:, and r, can then be as follows:

p1: “It rains in London today.”
g1: “It will rain in London tomorrow.”
ry: “It rained in London yesterday.”

The following assertions can now be made:

®@):|etp :
Q:|lt—1Faq
R)|le+1Fnr.

Clearly, for any value of # whatsoever, the assertions (P),
(Q), and (R) must (logically) be materially equivalent
(i.e., have the same truth value). This illustration estab-
lishes the basic point—that the theory of chronological
propositions must be prepared to exhibit the existence of
logical relationships among such propositions of such a
kind that the truth of the assertion of one statement at
one time may be bound up essentially with the truth (or
falsity) of the assertion of some very different statement
at another time.

A (genuine) date is a time specification that is chrono-
logically stable (such as “January 1, 3000,” or “the day
of Lincoln’s assassination”); a pseudodate is a time speci-
fication that is chronologically unstable (such as “today”
or “six weeks ago”). These lead to very different results
depending upon the nature of the fundamental reference
point—the “origin” in mathematical terms. If the origin
is a pseudodate—say, “today”—the style of dating will be
such that its chronological specifiers are pseudodates;
e.g., tomorrow, day before yesterday, four days ago, etc.
If, on the other hand, the origin is a genuine date, say that
of the founding of Rome, or the accession of Alexander,
the style of dating will be such that all of its dates are of
the type: two hundred and fifty years ab urbe condita
(“since the founding of the city”). Clearly, a chronology
of genuine dates will then be chronologically definite,
and one of pseudodates will be chronologically indefi-
nite.
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Let p be some chronologically indefinite statement.
Then, in general, another statement can be formed, as-
serting that p holds (obtains) at the time ¢. Correspond-
ingly, let the statement-forming operation R; be intro-
duced. The statement R:(p), which is to be read “p is
realized at the time #,” will then represent the statement
stating explicitly that p holds (obtains) specifically at the
time . Thus, if #; is 3 PM Greenwich time on January 1,
2000, and p; is the (chronologically indefinite) statement
“all men are (i.e., are now) playing Chess,” then “Ry
(p.)” is the statement “It is the case at 3 PM Greenwich
time on January 1, 2000, that all men are playing Chess.”

If ¢ is a proper date (not a pseudodate), then “R.(p)”
is always temporally definite. For example, if p, is the
temporally indefinite statement “It is raining in London
today,” and ¢, is as specified in the last paragraph, then
‘Ry,(p)” is the temporally definite statement “It is
raining in London at 3 PM Greenwich time on January 1,
2000.” On the other hand, if ¢ is a pseudodate, “R:(p)”
is temporally indefinite if p is indefinite. Thus, if f. is the
pseudodate tomorrow, then “Ri, (p:)” means “It is the
case tomorrow that it is raining in London today.” How
is the R-operation to be construed in a chronology based
on the indexical pseudodate “now” as origin? When two
's are involved, shall the second ¢ be measured from the
original now-point or from the now point newly estab-
lished by the first t? That is, should “Ry [R:(p)]” be
interpreted as:

1. It will be the case ¢ time units from now that it will be

the case ¢ time units from (the original) now that p—or,
equivalently, simply as “Ry(p)”; or as

2. It will be the case # time units from now that it will be
the case ¢ time units thence (i.e., from the new now) that p—
or, equivalently, as “Ry , 5 (p)”?

Since each of these represents a feasible alternative policy
for the construction of R, it is necessary in fact to deal
with the consequences of the adoption of either.

Systematization of temporal reasoning. On the basis
of these ideas, the logical theory of chronological propo-
sitions can be developed.in a systematic, formal way. It
may be postulated that the operator R is to be governed
by the following rules:

(T1) The negation of a statement p is realized at a given
time if and only if it is not the case that the statement is real-
ized at that time; i.e., R;(~p) = ~R,(p), in which = signi-
fies equivalence and means “holds if and only if.”

(T2) A conjunction of two statements is realized at a given
time if and only if each of these two statements is realized at
that time: R,(p -
and Jane will be at the railroad station at 10 AM—R;(p - ¢)—
if and only if John is at the station at 10 AM—R,(p)—and
Jane is at the station at 10 AM—R, (g).”

If a statement is realized universally—i.e., at any and
every time whatsoever—it can then be expressed more
simply as being true without any temporal qualifications;
hence, the rule:

(T3) If for every time ¢ the statement p is realized (R), then
p obtains unqualifiedly; ie., (v£)R;(p) D p, in which v is
the universal quantifier (meaning “for all . . .”).

If two times are involved, however (as in 1 and 2
above), then the left-hand term in rule T3 can be ex-
pressed within the second time frame as “It will be the
case ¢ from now that, for every time ¢ (vt), it will be
the case ¢ from the first now that p”; i.e., Ry[(V)R;
(p)]. It is an algebraic rule, however, that an R; opera-
tor can be moved to the right past an irrelevant quanti-
fier; hence,

Rr[(VORA(P)] = (VO{R[R«(P)]} ;

and, correspondingly, with the existential quantifier 3: “It
will be the case 7 from now that there exists a time 7 (37)
such that p will be realized at #” is equivalent to saying
“There exists a time ¢ such that it will be the case = from
now that p will be realized ¢ from the first now” (in
which = is a second time); i.e.,

(T4) RA@)RA(p)] = @){R-AR«(P)]}.
It is notable that the left-hand side of this equivalence is

q) = [R;(p) - R,(g)]. Example: “John ’

itself equivalent with (3¢)R.(p) since what follows the
initial R_is a chronologically definite statement.

Finally, there are—as shown above—two distinct ways
of construing iterations of the R; operator, which pro-
vides a choice between the rules:

(T5-D) R-R«(p)] = Rd(p)
(T5-1D) RARAP)] = Rr+«(p).

Taking these rules as a starting point, two alternative
axiomatic theories are generated for the logic of the oper-
ation of chronological realization.

Apart from strictly technical results establishing the for-
mal relationships of the various systems of chronological
logic to one another, the most interesting findings regard-
ing the systems of tense logic relate to the theory of
temporal modalities. The most striking finding here con-
cerns the logical structure of the system of modalities, be
it Megarian or Stoic:

Megarian possibly p:  (3)R«(p)
necessarily p: (VOR:«(p)
possibly p:  @EOIF() - R«(p)]
necessarily p: (VOIF(#) D R«(p)]

in which F(z) signifies “¢ is future.” It has been shown
that the forms, or structures, of both of these systems of
temporal modalities are given by the aforementioned sys-
tem S5 of C.I. Lewis (see further LOGIC, FORMAL: IV.
Other special systems of logic: A. Traditional logic and
its developments: 2. Modal logic: a. Alternative systems
of modal logic).

Stoic

MEREOLOGY

The founder of mereology (Greek meros, “part”) was a
Polish logician, Stanistaw Les$niewski (1886-1939), a
dominant figure in the Warsaw school of logic and author
of an original and elegant system of the philosophy of
mathematics. LeSniewski was much exercised about Rus-
sell’s paradox of the class of all classes not elements of
themselves, so called after Bertrand Russell (1872-1970),
an outstanding creative logician and polymath philoso-
pher—if this class is a member of itseif, then it is
not; and if it is not, then it is. (Example: “This barber
shaves everyone in town who does not shave himself.”
Does the barber then shave himself? If he does, he does
not; if he does not, he does.)

Basic concepts and definitions. The paradox results,
Lesniewski argued, from a failure to distinguish the dis-
tributive and the collective interpretations of class ex-
pressions. The statement “x is an element of the class of
X’s” is correspondingly equivocal. When its key terms
(element of, class of) are used distributively, it means
simply that x is an X. But if these terms are used collec-
tively, it means that x is a part (proper or improper) of
the whole consisting of the X’s; i.e., that x is a part of
the object that meets the following two conditions: (1)
that every x is a part of it; and" (2) that every part of it
has a common part with some x. On either construction
of class membership, one of the inferences essential to
the derivation of Russell’s paradox is blocked.

Lesniewski presented his theory of the collective inter-
pretation of class expressions in a paper published in
1916. Eschewing symbolization, he formulated his theo-
rems and their proofs in ordinary language. Later he
sought to formalize the theory by embedding it within a
broader body of logical theory. This theory comprised
two parts, viz., protothetic (Greek protos, “first”; tithémi,
“I set up”), a logic of propositions (not analyzed into
their parts); and ontology (Greek on, “being”), which
contains counterparts to the predicational logic (of sub-
jects and predicates), including the calculus of relations
and the theory of identity. On his own approach, mereol-
ogy was developed as an extension of ontology and
protothetic; but the practice of most later writers has
been to develop as a counterpart to mereology a theory of
parts and wholes that is simply an extension of the more
familiar machinery of quantificational logic employing
3 and v. This is the course adopted here.

An undefined relation Pt serves as the basis for an axi-
omatic theory of the part relation. This relation is opera-
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tive with respect to the items of some domain D, over
which the variables @, 8, v, . . . (alpha, beta, gamma,
etc.) are assumed to range. Thus, oPtB is to be read
“alpha is a part of beta”—with “part” taken in the wider
sense in which the whole counts as part of itself. Two
definitions are basic:

1. “q is disjoint from 8”; i.e., @ | 8 is defined as obtaining
when “there exists no item y such that y is a part of o and y
is a part of B8”; ie, ~(3y)(yPta - yPtB). Example:
“The transmission () is disjoint from the motor (g3) if there
exists no machine part (y) such that it is a part of the trans-
mission and also a part of the motor.”

2. “S has the sum of (or sums to) ¢”; i.e., SZa is defined
as obtaining when “for every v, this y is disjoint from ¢ if
and only if, for every 8, to be a member of S is to be disjoint
from y”; ie.,

VVlrvla = (vB)B € S D Bl

S>a thus obtains whenever everything disjoint from ¢ is dis-
joint from every S-element (8) as well, and conversely. Ex-
ample: “A given group of buildings (S) comprises (=) Oxford
University (a) when, for every room in the world (y)—of-
fice, classroom, etc.—this room is disjoint from the university
if and only if, in the case of each building (8), for it to be a
member (e) of the group that comprises the university (S) it
must not have this room as a part (g|y).”

Axiomatization of mereology. A comprehensive the-
ory of parts and wholes can now be built up from three
axioms:

The first axiom expresses the fact that “For every « and
every B, if ais a part of 8 and g is a part of e, then ¢ and
B must be one and the same item”; i.e.,

(Va)(VB)(PtB - BPta D o =
hence, the axiom:

(A1) Items that are parts of one another are identical. (This
is analogous to the principle in number theory that given
any pair of natural numbers n and m, if » is less than or equal
to m and m is less than or equal to n, then z is equal to m.)

The second axiom expresses the fact that “For every «
and every B, a is a part of B8 if and only if, for every v,
if this y is disjoint from g it is then disjoint from « as
well”; i.e.,

(Va)(VB)aPts = (¥2)(vI8 D Yel;
hence, the axiom:

(A2) One item is part of another only if every item disjoint
from the second is also disjoint from the first. (Example:
“This grain of sand () is a part of this pile of sand (8)
just in case whatever is disjoint from the pile is disjoint
from the grain.”)

The third axiom expresses the fact that “If there exists
an « that is a member of a nonempty set of items S,
then there also exists a 8 that is the sum of this set”; i.e.,

@) e S) D@ER) SZ B;
hence, the axiom:

(A3) Every nonempty set has a sum. (If one considers the
set of grains of sand in a given pile of sand, since such a set is
nonempty, it will have a sum—namely, the pile of sand
itself.)

Several theorems follow from these axioms:

The first states that “For every a, e is a part of «”; i.c.,

(V @) aPta;

B);

hence, the theorem:

(T1) Every item is part of itself. (Example: “Not only are
tt)he pages parts of a book [«], but the book is a part of the
00k.”)

The second theorem states that “For every a, for every
B, and for every v, if « is a part of 8, and B is a part of
v, then « is a part of ¥”; i.e.,

(va)(VBIVY)(ePtB - BPty) D aPty];
hence, the theorem:

(T2) The Pt-relation is transitive.

The third theorem states that “For every «, for every g,
and for every v, if v is a part of « only when it is also a
part of B then « is identical with g8”; i.e.,

Va)(vB)(VVI(YPte = YPtB) D a = BJ;
hence, the theorem:
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(T3) Any item is completely determined by its parts; items
are identical when they have the same parts in common.

The fourth theorem states that “For every a and every
B, there exists a y that is the sum of « and 8”; i.e.,

V) (VB3 7V){e, BYZY);
hence, the theorem:
(T4) Any two items whatsoever may be summed up.

In this form as a formal theory of the part relation, the
history of mereology can be dated from some drafts and
essays of the classic early modern Rationalist G.W. Lieb-
niz prepared in the late 1690s.

Hypothetical reasoning
and counterfactual conditionals
A simply conditional, or “if,” statement asserts a strictly
formal relationship between antecedent (“if” clause) and
consequent (“then” clause) (“If p, then g”), without any
reference to the status of the antecedent. The knowledge
status of this antecedent, however, may be problematic
(unknown), or known-to-be-true, or known-to-be-false.
In these three cases, one obtains, respectively, the proble-
matic conditional (“Should it be the case that p—which
it may or may not be—then g”); the factual conditional
(“Since p, then g”); and the counterfactual conditional
(“If it were the case that p—which it is not—then g”).
Counterfactual conditionals have a special importance in
the area of thought experiments in history as well as else-
where.
Material implication p O g, construed simply as the
truth-functional “either not-p or g,” is clearly not suited
to represent counterfactual conditionals because any ma-
terial implication with a false antecedent is true: when p
is false, then p O q and p D ~q are both true, regardless
of what one may choose to put in place of g. But even
when a stronger mode of implication is invoked, such as
strict implication or its cognates, the problem of aux-
iliary hypotheses (soon to be explained) would still re-
main.
It seems most natural to view a counterfactual condi-
tional in the light of an inference to be drawn from the
contrary-to-fact thesis represented by its antecedent.
Thus, “If this rubber band were made of copper, then it
would conduct electricity” would be construed as an in-
complete presentation of the argument resulting from its
expansion into:
Assumption: “This rubber band is made of copper”;
Known fact: “Everything made of copper conducts
electricity”;
Conclusion: “This rubber band conducts electricity.”
On the analysis, the conclusion (= the consequent of the
counterfactual) appears as a deductive consequence of
the assumption (= the antecedent of the counterfactual).
This truncated-argument analysis of counterfactuals is a
contribution, in essence, of a Polish linguistic theorist,
Henry Hiz (born 1917). On Hiz’s analysis, counter-
factual conditionals are properly to be understood as
metalinguistic; i.e., as making statements about state-
ments. Specifically, “If 4 were so, then B would be so”
is to be construed in the context of a given system of
statements S, saying that when A4 is adjoined as a sup-
plemental premise to S, then B follows. This approach
has been endorsed by Roderick Chisholm of Brown
University, an important writer in applied logic, and
has been put forward in one form or another by many
recent writers, most of whom incline to take S, as above,
to include all or part of the corpus of scientific laws.
The approach warrants a closer scrutiny. On fuller anal-
ysis, the following situation, with a considerably enlarged
group of auxiliary hypotheses, comes into focus:
Known facts: 1. “This band is made of rubber”;

2. “This band is not made of copper”’;

3. “This band does not conduct electricity’’;

4. “Things made of rubber do not conduct
electricity”’;

5. “Things made of copper do conduct elec-
tricity.”

Not-(2); ie., “This band is made of cop-

per.”
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When this assumption is introduced within the frame-
work of known facts, a contradiction obviously ensues.
How can this situation be repaired? Clearly, the logician
must begin by dropping items 1 and 2 and replacing
them with their negations—the assumption itself so in-
structs him. But a contradiction still remains. The follow-
ing alternatives are open:

Alternative 1: Retain: 3, 4.
Reject: 1,2, 5.
Alternative 2: Retain: 4, 5.

Reject: 1, 2, 3.

That is, the analyst actually has a choice between reject-
ing 3 in favour of 5 or 5 in favour of 3, resulting in the
following conditionals:

1. “If this rubber band were made of copper, then it would
conduct electricity” (since copper conducts electricity), or

2. “If this rubber band were made of copper, then copper
would not (always) conduct electricity” (since this band does
not conduct electricity).

If the first conditional seems more natural than the sec-
ond, this is owing to the fact that, in the face of the
counterfactual hypothesis at issue, the first invites the
sacrifice of a particular fact (viz., that the band does not
conduct electricity) in favour of a general law (viz., that
copper conducts electricity), whereas the second counter-
factual would have sacrificed a law to a purely hypotheti-
cal fact. On this view, there is a fundamental epistemo-
logical difference between actual and hypothetical situa-
tions: in actual cases one makes laws give way to facts,
but in hypothetical cases one makes the facts yield to
laws.

In more complex cases, however the fact/law dis-
tinction may not help matters. For example, assume a
group of three laws L., L., L,, where ~L, is inconsistent
with the conjunction of L. and L.. If asked to hypothe-
size the denial of L,—so that the “fact” that one is oppos-
ing is itself a law—then what remains is a choice between
laws; the distinction between facts and laws does not re-
solve the issue, and some more sophisticated mechanism
for a preferential choice among laws is necessary.
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Logic, Formal

The discipline known as formal logic takes as its main
subject matter propositions (or statements, or assertively
used sentences) and deductive arguments, and it ab-
stracts from their content the structures or logical forms
that they embody. The logician customarily uses a symbol-
ic notation to express these structures clearly and unam-
biguously and to enable manipulations and tests of valid-
ity to be more easily applied. Although this article freely
employs the technical notation of modern symbolic logic,
its symbols are introduced gradually and with accompany-
ing explanations so that the serious and attentive general
reader should be able to follow the development of ideas.

Formal logic is an a priori, and not an empirical, study.
In this respect it contrasts with the natural sciences and
with all other disciplines that depend on observation for
their data. Its nearest analogy is with pure mathematics;
indeed, many logicians and pure mathematicians would
regard their respective subjects as indistinguishable, or as
merely two stages of the same unified discipline. Formal
logic, therefore, is not to be confused with the empirical
study of the processes of reasoning, which belongs to psy-
chology. It must also be distinguished from the art of cor-
rect reasoning, which is the practical skill of applying
logical principles to particular cases; and, even more
sharply, it must be distinguished from the art of persua-
sion, in which invalid arguments are sometimes more ef-
fective than valid ones. )

The main divisions of the article are as follows:

I. Introduction
II. The propositional calculus

General features of PC
Formation rules for PC
Validity in PC
Interdefinability of operators
Axiomatization of PC

Special systems of PC
Partial systems of PC
Nonstandard versions of PC

Natural deduction method in PC

III. The predicate calculus

The lower predicate calculus
Validity in LPC
Logical manipulations in LPC
Classification of dyadic relations
Axiomatization of LPC
Special systems of LPC

Higher-order predicate calculi

IV. Other special systems of logic

Syllogistic logic

Modal logic
Alternative systems of modal logic
Validity in modal logic

Set theory

Logical foundations of mathematics
Axiomatization of arithmetic
Scope and limitations of axiomatized arithmetic

Applied logic

V. Varieties of notation in symbolic logic

For discussions of formal logic considered as a disci-
pline, of its foundational philosophical issues, and of its
relations to (and applications in) other disciplines, see
LOGIC, PHILOSOPHY OF; and LOGIC, HISTORY OF.
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L. Introduction

Probably the most natural approach to formal logic is
through the idea of the soundness or validity of an argu-
ment of the kind known as deductive. A deductive argu-
ment can be roughly characterized as one in which the
claim is made that some proposition (the conclusion) fol-
lows with strict necessity from some other proposition or
propositions (the premises)—i.e., that it would be incon-
sistent or self-contradictory to assert the premises but
deny the conclusion. Not all arguments are of this type.
Some involve only the weaker claim that the premises
lend a certain degree of probability to the conclusion or
that acceptance of the premises would make acceptance
of the conclusion more reasonable than not. Such argu-
ments, which are known as inductive, are dealt with in
the articles SCIENCE, PHILOSOPHY OF; and PROBABILITY,
THEORY OF, and will not be considered here.

If a deductive argument is to succeed in establishing the
truth of its conclusion, two quite distinct conditions must
be met: first, the conclusion must in fact follow from the
premises—i.e., the deduction of the conclusion from the
premises must be logically sound; and, second, the prem-
ises themselves must be true. Of these two conditions, the
logician as such is concerned only with the first; the sec-
ond, the determination of the truth or falsity of the prem-
ises, is the task of some special discipline or of common
observation, etc., appropriate to the subject matter of the
argument. When the conclusion of an argument is cor-
rectly deducible from its premises, the inference from
the premises to the conclusion is said to be (deduc-
tively) valid, irrespective of whether the premises
are true or false. Other ways of expressing the fact that an
inference is deductively valid are to say that the truth of
the premises gives (or would give) an absolute guarantee
of the truth of the conclusion or that it would involve a
logical inconsistency (as distinct from a mere mistake of
fact) to suppose that the premises were true but the con-
clusion false.

The deductive inferences with which formal logic is con-
cerned are, as the name suggests, those for which validity
depends not on any features of their subject matter but
on their form or structure. Thus the two inferences

(A) “Every dog is a mammal”; “Some quadrupeds are
dogs”’; therefore, “Some quadrupeds are mammals”

and

(B) “Every anarchist is a believer in free love”’; “Some mem-
bers of the Government party are anarchists”; therefore,
“Some members of the Government party are believers in free
love”

differ in subject matter and hence require different pro-
cedures to check the truth or falsity of their premises. But
their validity is ensured by what they have in common,
viz., that the argument in each is of the form:

(C) “Every X isa Y”; “Some Z’s are X’s”; therefore “Some
Z’sare Y'’s.”

Line (C) above may be called an inference form, and
(A) and (B) are then instances of that inference form.
The letters—X, Y, and Z—in (C) mark the places into
which expressions of a certain type may be inserted. Sym-
bols used for this purpose are known as variables; their
use is analogous to that of the x in algebra, which marks
the place into which a numeral can be inserted. An in-
stance of an inference form is produced by replacing all
of the variables in it by appropriate expressions—i.e., ones
that make sense in the context—and by doing so uniform-
ly—i.e., by substituting the same (or some synonymous)
expression wherever the same variable recurs. The feature
of (C) that guarantees that every instance of it will be
valid is its construction in such a manner that every uni-
form way of replacing its variables to make the premises
true automatically makes the conclusion true, too; or in
other words that no instance of it can have true premises
but a false conclusion. In virtue of this feature, the form
(C) is called a valid inference form. In contrast,

(D) “Every X is a Y”; “Some Z’s are Y’s”; therefore,
“Some Z’s are X’s”

is not a valid inference form, for although instances of it
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can be produced in which premises and conclusion are all
true, instances of it can also be produced in which the
premises are true but the conclusion is false—e.g.,

(E) “Every dog is a mammal’’; “Some winged creatures are
mammals”; therefore, “Some winged creatures are dogs.”

Formal logic as a study is concerned with inference forms
rather than with particular instances of them; one of its
tasks is to discriminate between valid and invalid inference
forms and to explore and systematize the relations that hold
among valid ones.

Closely related to the idea of a valid inference form is
that of a valid proposition form. A proposition form is an
expression of which the instances (produced as before by
appropriate and uniform replacements for variables) are
not inferences from several propositions to a conclusion
but propositions taken individually; and a valid proposi-
tion form is one for which all of the instances are true
propositions. A simple example is

(F) “Nothing is both an X and a non-X.”

An invalid proposition form is one that has at least some
false instances. Formal logic is concerned with proposi-
tion forms as well as with inference forms. The study of
proposition forms can, in fact, be made to include that of
inference forms in the following way: let the premises of
any given inference form (taken together) be abbreviated
by alpha (a) and its conclusion by beta (8). Then the
condition stated above for the validity of the inference
form “e, therefore 8” amounts to saying that no instance
of the proposition form “a and not-8” is true—i.e., that
every instance of the proposition form

(G) “Not both: « and not-g”

is true—or that line (G), fully spelled out, of course—
is a valid proposition form. The study of proposition forms,
however, cannot be similarly: accommodated under the
study of inference forms, and so for reasons of compre-
hensiveness it is usual to regard formal logic as the study
of proposition forms. Because a logician’s handling of
proposition forms is in many ways analogous to a mathe-
matician’s handling of numerical formulas, the systems
he constructs are often called calculi.

Much of the work of a logician proceeds at a more
abstract level than that of the foregoing discussion. Even a
formula such as (C) above, though not referring to any
specific subject matter, contains expressions like “every”
and “is a,” which are thought of as having a definite
meaning; and the variables are intended to mark the
places for expressions of one particular kind (roughly,
common nouns or class names). It is possible, however—
and for some purposes it is essential—to study formulas
without attaching even this degree of meaningfulness to
them. The construction of a system of logic, in fact, in-
volves two distinguishable processes: one consists in set-
ting up a symbolic apparatus—a set of symbols, rules for
stringing these together into formulas, and rules for ma-
nipulating these formulas; the second consists in attaching
certain meanings to these symbols and formulas. If only
the former is done, the system is said to be uninterpreted,
or purely formal; if the latter is done as well, the system is
said to be interpreted. This distinction is important be-
cause systems of logic turn out to have certain properties
quite independently of any interpretations that may be
placed upon them. An axiomatic system of logic can be
taken as an example—i.e., a system in which certain un-
proved formulas, known as axioms, are taken as starting
points, and further formulas (theorems) are proved on
the strength of these. As will appear later (II. Ax-
iomatization of PC), the question whether a proof of a
given theorem in an axiomatic system is a sound one or
not depends solely on which formulas are taken as axioms
and on what the rules are for deriving theorems from
axioms, and not at all on what the theorems or axioms
mean. Moreover, a given uninterpreted system is in gen-
eral capable of being interpreted equally well in a number
of different ways; hence in studying an uninterpreted sys-
tem, one is studying the structure that is common to a va-
riety of interpreted systems. Normally a logician who con-
structs a purely formal system does have a particular in-
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terpretation in mind, and his motive for constructing it is
the belief that when this interpretation is given to it the
formulas of the system will be able to express sound or
true principles in some field of thought; but, for the above
reasons among others, he will usually take care to describe
the formulas and state the rules of the system without
reference to interpretation and to indicate as a separate
matter the interpretation that he has in mind.

Many of the ideas used in the exposition of formal logic,
including some that have already occurred above, raise
problems that belong to philosophy rather than to logic
itself (see the two articles PHILOSOPHY, HISTORY OF
WESTERN; and LOGIC, PHILOSOPHY OF). Examples are:
What is the correct analysis of the notion of truth? What
is a proposition, and how is it related to the sentence in
which it is expressed? Are there some kinds of sound rea-
soning that are neither deductive nor inductive? Fortu-
nately, it is possible to learn to do formal logic without
having ‘satisfactory answers to such questions, just as it is
possible to do mathematics without answering questions
belonging to the philosophy of mathematics such as: Are
numbers real objects or mental constructs?

IL The propositional calculus
GENERAL FEATURES OF PC

The simplest and most basic branch of logic is the propo-
sitional calculus, hereafter called PC, named from the
fact that it deals only with complete, unanalyzed prop-
ositions and certain combinations into which they enter.
Various notations for PC are used in the literature (see
below, V. Varieties of notation in symbolic logic). In that
used here the symbols employed in PC comprise first,
variables (for which the letters p, g, r, . . . are used,
with or without numerical subscripts); second, opera-
tors (for which the symbols ~, -, \/, D, = are employed);
and third, brackets or parentheses. The rules for con-
structing formulas are deferred to II. Formation rules for
PC; and the intended interpretations—i.e., the meanings
to be given to these symbols—are indicated here immedi-
ately: The variables are to be viewed as representing un-
specified propositions, or as marking the places in formu-
las into which propositions, and only propositions, may
be inserted. (This is sometimes expressed by saying that
they range over propositions, or that they take proposi-
tions as their values.) Hence they are often called prop-
ositional variables. It is assumed that every proposition is
either true or false and that no proposition is both true
and false. Truth and falsity are said to be the truth values
of propositions. The function of an operator is to form a
new proposition from one or more given propositions,
called the arguments of the operator. The operators ~,
» V, D, and = correspond respectively to the English
expressions “not,” “and,” “or,” “if . .. then” (or “im-
plies”), and “is equivalent to,” when these are used in the
following senses:

(i) Given a proposition p, then ~p (“not p”) is to count
as false when p is true and true when p is false; ~ (when
thus interpreted) is known as the negation sign and ~p as
the negation of p.

(ii) Given any two propositions, p and g, then p - ¢ (“p and
q”’) is to count as true when p and g are both true and as
false in all other cases (viz., when p is true and q false, when p
is false and g true, and when p and q are both false); p - g is
said to be the conjunction of p and g; - is known as the
conjunction sign and its arguments (p, q) as conjuncts.

(iii) p \/ q (“p or @) is to count as false when p and g are
both false and true in all other cases; thus it represents the as-
sertion that at least one of p and q is true. p \/ q is known as
the disjunction of p and gq; \/ is the disjunction sign and its
arguments (p, q) are known as disjuncts.

(iv) pD q (‘“if p [then] @” or “p [materially] implies g”°) is to
count as false when p is true and q is false, and as true in all
other cases; hence it has the same meaning as “either not-p
or g,” or as “not both; p and not-q.” The symbol D is
known as the (material) implication sign, the first argument
as the antecedent, and the second as the consequent; q O p
is known as the converse of p D q.

(v) Finally, p = g (“p is [materially] equivalent to g’ or “p

if and only if g”) is to count as true when p and g have the .

same truth value (i.e., either when both are true or when both
are false), and false when they have different truth values;

the arguments of = (the [material]l equivalence sign) are
called equivalents.

Brackets are used to indicate grouping; they make it possi-
ble to distinguish, for example, between p - (¢ \V r)
(“Both p and either-g-or-r”) and (p - q) \/ r (“Either
both-p-and-q or r”). Precise rules for bracketing are given
below.

The above account is meant solely as an explanation of
the meaning to be attached to the PC operators in logic; it
is not intended as an explanation or theory of the meaning
in everyday speech of the English expressions by which
they have here been roughly translated. Reading p D g as
“If p, g,” for example, is made convenient by the fact that
“if” is often used in English in a “material-implication”
sense (someone who asserted “If it isn’t raining, it’s snow-
ing” would usually be held to have spoken truly unless the
antecedent were true but the consequent false; i.e., unless
it was neither raining nor snowing) ; but no claim is there-
by being made that this is the only standard use of “if.”
Other uses of “if” have in fact led to the construction of
various other systems of logic (see below, IV. Alternative
systems of modal logic and also Applied logic) and
have also raised important questions in the philosophy
of logic; but these are irrelevant to the understanding
of the relation expressed by D in PC, which is one of
fundamental importance for logic.

All PC operators take propositions as their arguments,
and the result of applying them is also in each case a
proposition. For this reason they are sometimes called
proposition-forming operators on propositions, or more
briefly propositional connectives. An operator that, like
~, requires only a single argument is known as a mon-
adic operator; operators that, like all the others listed,
require two arguments are known as dyadic.

All PC operators also have the following important
characteristic: given the truth values of the arguments, the
truth value of the proposition formed by them and the
operator is determined in every case. An operator that has
this characteristic is known as a truth-functional operator,
and a proposition formed by such an operator is called a
truth function of the operator’s argument(s). The truth
functionality of the PC operators is clearly brought out
by summarizing the above account of them in Table 1. In

Table 1: Truth Table for Most Common
Operators

monadic operator dyadic operators

P ~p a p'a pVa pDg p=gq
1 0 11 1 1 1 1
0 1 10 0 1 0 0
01 0 1 1 0
00 0 0 1 |

" it, “true” is abbreviated by “1” and “false” by “0,” and to

the left of the vertical line are tabulated all possible com-
binations of truth values of the operators’ arguments. The
columns of 1s and Os under the various truth functions
indicate their truth values for each of the cases; these
columns are known as the truth tables of the relevant
operators. It should be noted that any column of four 1s
and/or Os or both will specify a dyadic truth-functional
operator. Because there are precisely 24 (i.e., 16) ways of
forming a string of four symbols each of which is to be
either 1 or 0 (1111, 1110, 1101, .. ., 0000), there are
16 such operators in all; the four that are listed here are
only the four most generally useful ones.

Formation rules for PC. In any system of logic it is
necessary to specify which sequences of symbols are to
count as acceptable formulas—or, as they are usually
called, well-formed formulas (wff’s). Rules that specify
this are called formation rules. From an intuitive point of
view it is desirable that the wff’s of PC be just those
sequences of PC symbols that, in terms of the interpreta-
tion given above, make sense and are unambiguous; and
this can be ensured by stipulating that the wff’s of PC are
to be all of those expressions constructed in accordance
with the following PC formation rules, and only these:

Truth
function-
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FRI1. A variable standing alone is a wff
FR2. If aisawff,sois ~ a
FR3. If « and B are wff’s, (a - B), (¢ \VV B), (e D B),
and (e = B) are wff’s.

(In these rules @ and B are variables representing arbi-
trary formulas of PC. They are not themselves symbols of
PC but are used in discoursing about PC. Such variables
are known as metalogical variables. For further explana-
tion, see METALOGIC.) It should be noted that the rules,
though designed to ensure unambiguous sense for the
wff’s of PC under the intended interpretation, are them-
selves stated without any reference to interpretation and in
such a way that there is an effective procedure for deter-
mining, again without any reference to interpretation,
whether any arbitrary string of symbols is a wff or not.
(An effective procedure is one that is “mechanical” in
nature and can always be relied on to give a definite re-
sult in a finite number of steps. The notion of effective-
ness plays an important role in formal logic.)

Examples of wff’s are: p; ~ q; ~ (p * q), “not both p
and g”; [~p V (g = p)], “Either not p or else q is equiva-
lent to p.”

For greater ease in writing or reading formulas the
formation rules are often relaxed in various ways. The
following relaxations are common:

(a) Brackets enclosing a complete formula may be
omitted

(b) The typographical style of brackets may be varied
within a formula, to make the pairing of brackets more
evident to the eye

(c) Conjunctions and disjunctions may be allowed to
have more than two arguments; e.g., p - (@ D r) + ~r
may be written instead of [p - (¢ D r)] - ~r. (The con-
junction p - g - r is then interpreted to mean that p, q,
and r are all true, p \/ ¢ \/ r to mean that at least one of
D, q, and r is true, and so forth.)

Validity in PC. Given the standard interpretation, a
wff of PC becomes a proposition, true or false, when all
of its variables are replaced by actual propositions. Such a
wif is therefore a proposition form in the sense explained
in the Introduction and hence is valid if and only if all its
instances are true propositions. A wff of which all in-
stances are false is said to be unsatisfiable or inconsis-
tent; and one with some true and some false instances is
said to be contingent.

An important problem for any logical system is the deci-
sion problem for the class of valid wff’s of that system
(sometimes simply called the decision problem for the
system). This is the problem of finding an effective pro-
cedure, in the sense explained in II. Formation rules
for PC, for testing the validity of any wff whatsoever of
the system. Such a procedure is called a decision pro-
cedure. For some systems a decision procedure can be
found; the decision problem for that system is then said to
be solvable, and the system is said to be a decidable one.
For other systems it can be proved that no decision pro-
cedure is possible; the decision problem for that system is
then said to be unsolvable, and the system is said to be an
undecidable one.

PC is a decidable system. In fact, several decision pro-
cedures for it are known. Of these the simplest and most
important theoretically (though not always the easiest to
apply in practice) is the method of truth tables, which will
now be explained briefly. Since all of the operators in a
wff of PC are truth-functional, in order to discover the
truth value of any instance of such a wff, it is unnecessary
to consider anything but the truth values of the proposi-
tions replacing the variables. In other words, the assign-
ment of a truth value to each of the variables in a wiff
uniquely determines a truth value for the whole wff.
Since there are only two truth values and each wff con-
tains only a finite number of variables, there are only a
finite number of truth-value assignments to the variables
to be considered (if there are n distinct variables in the
wff, there are 2" such assignments); these can easily
be systematically tabulated. For each of these assign-
ments the truth tables for the operators then enable
one to calculate the resulting truth value of the whole wff;
and if and only if this truth value is truth in each case,
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is the wff valid. As an example, [(p D q) - 1] D [(~r
P) D gl may be tested for validity. This formula states
that “If one proposition implies a second one, and a cer-
tain third proposition is true, then if either that third
proposition is false or the first is true, the second is true.”

The calculation is shown in Table 2. As before, 1 repre-

Table 2: Test for Validity by Truth
Table
pqr [ D@-r1DW(~rV p) Dal
111 1 1 1 0 1 1
110 1 0 1 11 1
1 01 0O 0 1 01 0
100 0o o0 1 1 1 0
011 1 1 1 00 1
010 1 0 1 11 1
001 1 1 1 00 1
000 1 01 11 0
M @6 W o

sents truth and O falsity. Since the wjff contains three
variables, there are 2° (i.e., 8) different assignments to the
variables to be considered, which therefore generate the
eight lines of the table. These assignments are tabulated
to the left of the vertical line. The numbers in parentheses
at the foot indicate the order in which the steps (from 1
through 6) are to be taken in determining the truth values
(1 or 0) to be entered in the table. Thus column (1),
falling under the symbol D, sets down the values of pD g
for each assignment, obtained from the columns under p
and ¢g by the truth table for O ; column (2), for (pDq) -7,
is then obtained by employing the values in column (1) to-
gether with those in the column under r by use of the truth
table for - ;.. . until finally column (6), which gives the
values for the whole wff, is obtained from columns (2)
and (5). This column is called the truth table of the whole
wif. Since it consists entirely of Is, it shows that the wif is
true for every assignment given to the variables and is
therefore valid. A wff for which the truth table consists
entirely of Os is inconsistent, and a wjf for which the truth
table contains at least one 1 and at least one 0 is con-
tingent. It follows from the formation rules and from the
fact that an initial truth table has been specified for each
operator that a truth table can be constructed for any giv-
en wff of PC.

Among the more important valid wff’s of PC are those
of Table 3:

Table 3: Some Valid Formulas of Propositional
Calculus .

law formula
Law of Identity p=p
Law of Double Negation = ~~p
Law of Excluded Middle pV ~p
Law of Noncontradiction ~(p * ~p)

De Morgan Laws Pq =~(~pV ~q)

PV q) = ~(~p-* ~q)
@Va=@Vp

(r*q) =@-p)
[ekvevVvrn=kVv @Vnl
[@q)-rI=[p-(@°N]

(» Dq) =(~q D ~p)
p@vNl=[@-adV @1
[pv@nDl=lpvae- vl
PDW@DONI=lgD>@EDN
@D D@D Dw@DOnl
[pD@DONIDWp-q) D1l
[9) D12 D@D

Commutative Laws
Associative Laws

Law of Transposition
Distributive Laws

Law of Permutation
Law of Syllogism

Law of Importation
Law of Exportation

All of the above wff’s can be shown to be valid by a
mechanical application of the truth-table method. They
can also be seen to express intuitively sound general prin-
ciples about propositions. For instance, because “not (. . .
or—)” can be rephrased as “neither . . . nor—,” the first
De Morgan law can be read as: “Both p and q if and
only if neither not-p nor not-¢”; thus it expresses the
principle that two propositions are jointly true if and only
if neither of them is false.

Whenever, as is the case in most of the examples given,
a wff of the form a = g is valid, the corresponding wff’s

Construc-
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a D B and B D « are also valid. For instance, because
(p - q) = ~(~p V ~q) is valid, so are (p - gq) D
~(~pV ~q) and ~(~p \/ ~q) D (p* q).

Moreover, although p D g does not mean that g can be
deduced from p, yet whenever a wff of the form « O B is
valid, the inference form “a, therefore B is likewise
valid. This fact is easily seen from the fact that « D B
means the same as “Not both: « and not-8”; for, as was
noted in the Introduction, whenever the latter is a valid
proposition form, “a, therefore B” is a valid inference
form.

Let « be any wff. If any variable in it is now uniformly
replaced by some wff, the resulting wff is called a sub-
stitution-instance of . Thus [p D (g \V ~r)] = [~(qV
~r) D ~p] is a substitution-instance of (pDgq) =
(~g>D ~p), obtained from it by replacing q uniformly by
(q V ~r). It is an important principle that whenever a
wif is valid so is every substitution-instance of it (the rule
of [uniform] substitution).

A further important principle is the rule of substitution
of equivalents. Two wif’s, « and B, are said to be equiva-
lents when « = B is valid. (The wff’s « and B8 are equiva-
lents if and only if they have identical truth tables.) The
rule states that if any part of a wff is replaced by an
equivalent of that part, the resulting wff and the original
are also equivalents. Such replacements need not be
uniform. The application of this rule is said to make an
equivalence transformation. .

Interdefinability of operators. The rules that have just
been stated would enable the first De Morgan law listed
in Table 3 to transform any wff containing any number
of occurrences of - into an equivalent wff in which -
does not appear at all but in place of it certain complexes
of ~ and \/ arise. Similarly, since ~p \/ g has the same
truth table as pD ¢, (pDq) = (~p V q) is valid, and any
wff containing O can therefore be transformed into an
equivalent wff containing ~ and \/ but not O. And since
=gq) =[Lp D q) (g O p)lis valid, any wff con-
taining = can be transformed into an equivalent con-
taining 3 and - but not = —and thus in turn by the
previous steps it can be further transformed into one
containing ~ and \/ but neither = nor D nor ‘. Thus for
every wif of PC there is an equivalent wff, expressing pre-
cisely the same truth function, in which the only oper-
ators are ~ and \/, though the meaning of this wff will
usually be much less clear than that of the original.

An alternative way of presenting PC, therefore, is to
begin with the operators ~ and \/ only and to define the
others in terms of these. The operators ~ and \/ are then
said to be primitive. If “=p.” is used to mean “is defined
as,” then the relevant definitions can be set down as fol-
lows:

(¢* B) =t ~(~aV ~B)
(@D B)=nt(~aVpB)
(e=p)=ocl(aDB) (8D a)]

in which « and 8 are any wff’s of PC. These definitions
are not themselves wff’s of PC, nor is —pr a symbol of
PC; they are metalogical statements about PC, used to
introduce the new symbols -, D, and = into the system.
If PC is regarded as a purely uninterpreted system, the
expression on the left in a definition is simply a convenient
abbreviation of the expression on the right. If, however,
PC is thought of as having its standard interpretation, the
meanings of ~ and \/ will first of all have been stipulated
by truth tables, and then the definitions will lay it down
that the expression on the left is to be understood as
having the same meaning (i.e., the same truth table) as
the expression on the right. It is easy to check that the
truth tables obtained in this way for -, D, and = are pre-
cisely the ones that were originally stipulated for them.

An alternative to taking ~ and \/ as primitive is to take
~ and - as primitive and to define (a \/ 8) as ~(~ea -
~B), to define (¢ D B) as ~(a - ~B), and to define
(@ = B) as before. Yet another possibility is to take
~ and D as primitive and to define (« \/ 8) as (~a D B),
(@ B) as ~(a D ~B), and (e = B) as before. In each
case, precisely the same wff’s that were valid in the orig-
inal presentation of the system are still valid.

Axiomatization of PC. The basic idea of constructing
an axiomatic system is that of choosing certain wff’s
(known as axioms) as starting points and giving rules for
deriving further wff’s (known as theorems) from them.
Such rules are called transformation rules. Sometimes the
word “theorem” is used to cover axioms as well as the-
orems; the word “thesis” is also used for this purpose.

An axiomatic basis consists of:

(1) A list of primitive symbols, together with any definitions
that may be thought convenient; .

(2) A set of formation rules, specifying which sequences of
symbols are to count as wif’s;

(3) Alist of wff’s selected as axioms;

(4) A set of (one or more) transformation rules, which en-
able new wff’s (theorems) to be obtained by performing cer-
tain specified operations on axioms or previously obtained
theorems.

Definitions, where they occur, can function as additional
transformation rules, to the effect that, if in any theorem
any expression of the form occurring on one side of a
definition is replaced by the corresponding expression of
the form occurring on the other side, the result is also to
count as a theorem. A proof or derivation of a wff « in
an axiomatic system S is a sequence of wff’s of which the
last is « itself and each wff in the sequence is either an
axiom of S or is derived from some axiom(s) or some
already-derived theorem(s) or both by one of the trans-
formation rules of S. A wff is a theorem of § if and only
if there is a proof of it in S.

Care is usually taken, in setting out an axiomatic basis, to
avoid all reference to interpretation. It must be possible to
tell purely from the construction of a wif whether it is an
axiom or not. Moreover, the transformation rules must be
so formulated that there is an effective way of telling
whether any purported application of them is a correct
application or not and hence whether a purported proof
of a theorem really is a proof or not. An axiomatic system
will then be a purely formal structure, on which any one
of a number of interpretations, or none at all, may be
imposed without affecting the question of which wffs
are theorems. Normally, however, an axiomatic system is
constructed with a certain interpretation in mind; the
transformation rules are so formulated that under that
interpretation they are validity-preserving (i.e., the re-
sults of applying them to valid wff’s are always them-
selves valid wff’s); and the chosen axioms either are valid
wff’s or are expressions of principles of which it is desired
to explore the consequences.

Probably the best known axiomatic system for PC is the
following one, which, since it is derived from Principia
Mathematica, by Alfred North Whitehead and Bertrand
Russell (published in 1910), is often called PM:

Primitive symbols: ~, \/, (, ), and an infinite set of
variables, p, g, r, . . . (with or without numerical sub-
scripts). Definitions of -, D, = as above (IL. Inter-
definability of operators). Formation rules as above
(II. Formation rules for PC), except that Rule 3 can
be abbreviated to “If « and B are wff’s, (a \/ B) is a wff,”
since -, D, and = are not primitive. Axioms:

M @Vvp)op; 3)(PVa)>D(qVp);
2)g>(pVae); 4)(@>rDI(PVae)Dd(pVnl

Axiom (4) can be read “If g implies r, then, if either p or
g, either p or r.” Transformation rules: (1) The result
of uniformly replacing any variable in a theorem by
any wff is a theorem (rule of substitution); and (2) if «
and (aDB) are theorems, then B is a theorem (rule of
detachment, or modus ponens).

Relative to a given criterion of validity, an axiomatic
system is sound if every theorem is valid, and it is com-
plete (or, more specifically, weakly complete) if every
valid wff is a theorem. The axiomatic system PM can be
shown to be both sound and complete relative to the
criterion of validity given in II. Validity in PC.

An axiomatic system is consistent if, whenever a wff o
is a theorem, ~a is not a theorem. (In terms of the stan-
dard interpretation, this means that no pair of theorems
can ever be derived one of which is the negation of the
other.) It'is strongly complete if the addition to it (as an
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extra axiom) of any wff whatever that is not already a
theorem would make the system inconsistent. Finally, an
axiom or transformation rule is independent (in a given
axiomatic system) if it cannot be derived from the re-
mainder of the basis (or—what comes to the same thing
—if its omission from the basis would make the deriva-
tion of certain theorems impossible). It can, moreover,
be shown that PM is consistent and strongly complete and
that each of its axioms and transformation rules is
independent.

A considerable number of other axiomatic bases for PC,
each having all of the above properties, are known. The
task of proving that they have these properties belongs to
metalogic (g.v.).

In some standard expositions of formal logic, the place
of axioms is taken by axiom schemata, which, instead of
presenting some particular wff as an axiom, lay it down
that any wjf of a certain form is an axiom. For example,
in place of Axiom (1) in PM one might have the axiom
schema “Every wif of the form (@ \/ @) D «is an axiom”;
and analogous schemata can be substituted for the other
axioms. The number of axioms would then become infinite;
but, on the other hand, the rule of substitution would no
longer be needed and modus ponens could be the only
transformation rule. This method makes no difference to
the theorems that can be derived; but in some branches of
logic (though not in PC), it is simpler to work with axiom
schemata rather than with particular axioms and substitu-
tion rules. Having an infinite number of axioms causes no
trouble provided that there is an effective way of telling
whether a wff is an axiom or not.

SPECIAL SYSTEMS OF PC*

Partial systems of PC. Various propositional calculi
have been devised to express a narrower range of truth
functions than those of PC as expounded above. Of these,
the one that has been most fully studied is the Pure Im-
plicational Calculus (PIC), in which the only operator
is D, and the wiff’s are precisely those wff’s of PC that
can be built up from variables, D, and brackets alone.
Formation rules 2 and 3 of II. Formation rules for
PC are therefore replaced by the rule that if « and B are
wif’s, (¢ D B) is a wff. As in ordinary PC, p D g is
interpreted as “p materially implies g”; i.e., as true except
when p is true but g false. The truth-table test of validity
can then be straightforwardly applied to wff’s of PIC.

The task of axiomatizing PIC is that of finding a set of
valid wff’s, preferably few in number and relatively simple
in structure, from which all other valid wff’s of the sys-
tem can be derived by straightforward transformation
rules. The best-known basis, which was formulated in
1930, has the transformation rules of substitution and
modus ponens (as in PM), and the axioms:

(1) pD> (@D p)
@2)p>g)DplDP
3) »>2q)D@g>r)D (D]

Axioms (1) and (3) are closely related to axioms (2)
and (4) of PM respectively (see above, II. Axiomatiza-
tion of PC). It can be shown that the basis is complete
and that each axiom is independent.

Under the standard interpretation the above axioms can
be thought of as expressing the following principles: (1)
“If a proposition p is true, then if some arbitrary proposi-
tion q is true, p is (still) true.” (2) “If the fact that a
certain proposition p implies some arbitrary proposition
q implies that p itself is true, then p is (indeed) true.” (3)
“If one proposition (p) implies a second (g), then if that
second proposition implies a third (r), the first implies
the third.” The completeness of the basis is, however, a
formal matter, not dependent on these or any other read-
ings of the formulas.

An even more economical complete basis for PIC con-
tains the same transformation rules but the sole axiom

[(pDg)D>rADIrop) D(Dp)l

It has been proved that this is the shortest possible single
axiom that will give a complete basis for PIC with these
transformation rules.
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Since PIC contains no negation sign, the previous ac-
count of consistency is not significantly applicable to it.
Alternative accounts of consistency have, however, been
proposed, according to which a system is consistent (a) if
no wiff consisting of a single variable is a theorem, or (b)
if not every wif is a theorem. The bases stated are con-
sistent in these senses.

Nonstandard versions of PC. Qualms have sometimes
been expressed about the intuitive soundness of some
formulas that are valid in “orthodox” PC, and these
qualms have led some logicians to construct a number of
propositional calculi that deviate in various ways from PC
as expounded above.

Underlying ordinary PC is the intuitive idea that every
proposition is either true or false, an idea that finds its
formal expression in the stipulation that variables shall
have two possible values only, viz., 1 and 0. (For this
reason the system is often called the two-valued proposi-
tional calculus.) This idea has been challenged on various
grounds. Following a suggestion made by Aristotle, some
logicians have maintained that propositions about those
events in the future that may or may not come to pass are
neither true nor false but “neuter” in truth value. Aristo-
tle’s own example, which has been discussed frequently
down to the present day, is “There will be a sea-battle
tomorrow.” It has also been maintained that for proposi-
tions with subjects that do not have anything actual corre-
sponding to them—such as “The present King of France
is wise” (assuming that France has no king) or “All
John’s children are asleep” (assuming that John has no
children)—the question of truth or falsity “does not
arise.” Yet another view is that a third truth value (say
“half-truth”) ought to be recognized intermediate be-
tween truth and falsity; thus it has been held that certain
familiar states of the weather make the proposition “It is
raining” neither definitely true nor definitely false but
something in between.

Three-valued logics. The issues raised by the above
examples no doubt differ significantly; but they all sug-
gest a threefold rather than a twofold division of prop-
ositions and hence the possibility of a logic in which the
variables may take any of three values (say 1, ¥2, and 0),
with a consequent revision of the standard PC account of
validity. Several such three-valued logics have been con-
structed and investigated; a brief account will be given
here of one of them, in which the most natural inter-
pretation of the additional value (1%2) is as “half-true,”
with 1 and O representing truth and falsity as before. The
formation rules are as they were for orthodox PC, but the
meaning of the operators is extended to cover cases in
which at least one argument has the value 12, by the
following five entries in Table 4. (Adopting one of the
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Table 4: Truth Values for Common Operators in a
Three-Valued Logic ’

negation conjunction disjunction implication equivalence
(~p) @9 @V a9 @®Da @ =9

q q q q
130 130 130 130
1 (] 130 111 130 130
p 3 3 340 133 113 313
0 1 600 130 111 0341

three values of the first argument, p, given in the leftmost
column [1, ¥2, or 0] and, for the dyadic operators, one
of the three values of the second, g, in the top row—
above the line—one then finds the value of the whole
formula by reading across for p and down for gq.) It
will be seen that these tables, which are from Yukasie-
wicz, are the same as the ordinary two-valued ones when
the arguments have the values 1 and 0. The other values
are intended to be intuitively plausible extensions of
the principles underlying the two-valued calculus to
cover the cases involving half-true arguments. Clearly,
these tables enable a person to calculate a determinate
value (1, ¥2, or 0) for any wff, given the values as-
signed to the variables in it; and a wff is valid in this
calculus if it has the value 1 for every assignment to



44 Logic, Formal

Validity
of wif’s
in
three-
valued
legic

Dubious
logical
principles

its variables. Since the values of formulas when the
variables are assigned only the values 1 and O are the same
as in ordinary PC, every wif that is valid in the present cal-
culus is also valid in PC. Some wff’s that are valid in PC
are, however, now no longer valid. An example is (p \/
~p), which, when p has the value V%, also has the value
V4. This reflects the idea that if one admits the possibility
of a proposition’s being half-true, he can no longer hold
of every proposition without restriction that either it or its
negation is true.

Given the above tables for the operators, it is possible
to take ~ and D as primitive and to define (a« \V B) as
[(e D B) D Bl—though not as (~a D B) as in ordinary
PC; (a- B)as ~(~aV/ ~B);and (e = B) as[(a D B)
- (B D a)]. With these definitions as given, all valid wff’s
constructed from variables and ~, +, \/, D, and = canbe
derived by substitution and modus ponens from the four
axioms:

(1) p> (@>p);

2) (p2g)Dl(g>r)> (DN
(3) [(»p> ~p) D pPID p;

4) (~p> ~q) > (g2 p)-

Other three-valued logics can easily be constructed. For
example, the above tables might be modified so that ~4,
15 D 0,% = 0, and 0 = 1% all have the value 0 instead
of 14 as before, leaving everything else unchanged. The
same definitions are then still possible, but the list of valid
formulas is different; e.g., ~~p D p, which was previ-
ously valid, now has the value ¥2 when p has the value 1%.
This system can also be successfully axiomatized. Other
calculi with more than three values can also be con-
structed along analogous lines.

Intuitionistic calculus. Other nonstandard calculi have
been constructed by beginning with an axiomatization in-
stead of a definition of validity. Of these the best known is
the intuitionistic calculus, devised by Arend Heyting, one
of the chief representatives of the Intuitionist school of
mathematicians, which denies the validity of certain types
of proof used in classical mathematics. At least in certain
contexts, members of this school regard the demon-
stration of the falsity of the negation of a proposition (a
proof by reductio ad absurdum) as insufficient to establish
the truth of the proposition in question. Thus they regard
~~p as an inadequate premise from which to deduce p
and hence do not accept the validity of the law of double
negation in the form ~~p D p. They do, however, re-
gard a demonstration that p is true as showing that the
negation of p is false and hence accept p O ~~p as valid.
For somewhat similar reasons, they also refuse to accept
the validity of arguments based on the law of excluded
middle ( p \/ ~p). The intuitionistic calculus aims at
presenting in axiomatic form those and only those prin-
ciples of propositional logic that are accepted as sound in
intuitionist mathematics. In this calculus, ~, -, \/, and D
are all primitive, the transformation rules as before are
substitution and modus ponens, and the axioms are the
following:

(1) po(p-p)

(2) p-a)>(q-p)

3) o) DI(p-r)>(q-n]

4 [(p2g) - (@>n)]>(@D1)

(5) P2 (@>p)

(6) [p- (> q)IDq

(7) P> (#Va)

8) (PVa)>D (@Vp)

9 [(pDr)-(@>n1>l(pVae)DT]

(10) ~pD (P2 q)
(11) [(p>¢q) - (D ~q)1D ~p

From this basis neither p \/ ~p nor ~~p D p can be de-
rived, though p O ~~p can. In this respect this calculus
resembles the second of the three-valued logics described
above. It is, however, not possible to give a truth table
account of validity—no matter how many values are used
—that will bring out as valid precisely those wif’s that are
theorems of the intuitionistic calculus and no others (see
also MATHEMATICS, FOUNDATIONS OF: The crisis in foun-
dations following 1900: Intuitionism).

NATURAL DEDUCTION METHOD IN PC

PC is often presented by what is known as the method of
natural deduction. Essentially this consists of a set of
rules for drawing conclusions from hypotheses (assump-
tions, premises) represented by wff’s of PC and thus for
constructing valid inference forms; but it also provides a
method of deriving from these inference forms valid prop-
osition forms, and in this way it is analogous to the der-
ivation of theorems in an axiomatic system. One such
set of rules is presented in Table 5 (and there are various
other sets that yield the same results) :

Propositional Calculus

Table 5: Sample Set of Rules for the Natural Deduction Method in

from «, and a
derivation of v from 8

a derivation of 8
from the hypothesis a
(perhaps with the help
of other hypotheses)

a derivation of g - ~8
from the hypothesis «
(perhaps with the help
of other hypotheses)

=

. Conditional proof

(if any)
9. Reductio ad absurdum

(if any)

rule given one may then conclude
1. Modus ponens aanda DB B8
2. Modus tollens ~Banda DB ~a
3. Double negation «a ~~a
~ o (-3
4, Conjunction introduction aand B a*p
5. Conjunction elimination a*B a and also 8
6. Disjunction introduction _either @ or 8 separately a« V 8
7. Disjunction elimination aV B, a derivation of y ¥

a D B as a conclusion
from these other
hypotheses

~a as a conclusion
from these other
hypotheses

A natural deduction proof is a sequence of wiff’s begin-
ning with one or more wff’s as hypotheses; fresh hy-
potheses may also be added at any point in the course of a
proof. The rules may be applied to any wff or group of
wif’s, ‘as appropriate, that have already occurred in the
sequence. In the case of rules 1-7, the conclusion is said to
depend on all of those hypotheses that have been used in
the series of applications of the rules that have led tc this
conclusion; i.e., it is claimed simply that the conclusion
follows from these hypotheses, not that it holds in its own
right. An application of rule 8 or rule 9, however, reduces
by one the number of hypotheses on which the conclusion
depends; and a hypothesis so eliminated is said to be a
discharged hypothesis. In this way a wff may be reached
that depends on no hypotheses at all. Such a wff is a
theorem. It can be shown that the theorems derivable by
the rules stated above—together with the definition of
a= Bas (a D B) - (B8 DO a)—are precisely the valid
wff’'s of PC. A set of natural deduction rules yielding as
theorems all of the valid wff’s of a system is complete
(with respect to that system) in a sense obviously analo-
gous to that in which an axiomatic basis was said to be
complete in II. Axiomatization of PC.

As an illustration, the formula [(p D ¢q) - (p D r)] D
[p D (q - r)] will be derived as a theorem by the natural
deduction method. (The sense of this formula is that, if a
proposition [p] implies each of two other propositions
[g,r], then it implies their conjunction.) Explanatory com-
ments follow the proof.

1 (1) (p2q)-(p>Dr) hypothesis
2 (2) p hypothesis
1 (@3) pdog 1, conjunction
elimination
1 @) pOr 1, conjunction
elimination
1,2 (5) ¢ 2,3, modus ponens
1,2 (6) r 2,4, modus ponens
12 (7) q-r 5,6, conjunction
introduction
1 () pd(g-n 2,7, conditional
proof
) [(pDgq):(pDr)]> 1,8, conditional
[p>(qg-n] proof

The figures in parentheses immediately preceding the
wif’s are simply for reference. To the right is indicated
either that the wff is a hypothesis or that it is derived

Rules of
inference
and

their
application

Sample
proof of a
theorem
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from the wff’s indicated by the rules stated. On the left are
noted the hypotheses on which the wff in question depends
(either the first or the second line of the derivation, or
both). Note that since (8) is derived by conditional proof
from hypothesis (2) and from (7), which is itself derived

from hypotheses (1) and (2); (8) depends only on hy- -

pothesis (1), and hypothesis (2) is discharged. Similarly
(9) depends on no hypotheses and is therefore a theorem.

By varying the above rules it is possible to obtain natural
deduction systems corresponding to other versions of PC.
For example, if the second part of the double negation
rule is omitted and the rule is added that, given ¢ * ~ «,
one may then conclude: B, it can be shown that the theo-
rems then derivable are precisely the theorems of the
Intuitionistic Calculus. Natural deduction rules have also
been formulated for some other branches of logic men-
tioned in this article—e.g., for the lower predicate cal-
culus (III.) and for various systems of modal logic (IV.
Alternative systems of modal logic).

III. The predicate calculus

Propositions may also be built up, not out of other prop-
ositions but out of elements that are not themselves
propositions. The simplest kind to be considered here are
propositions in which a certain object or individual (in a
wide sense) is said to possess a certain property or charac-
teristic; examples are: “Socrates is wise” and “The number
7 is prime.” Such a proposition contains two distinguish-
able parts: (1) an expression that names or designates an
individual and (2) an expression, called a predicate, that
stands for the property that the individual in question is
said to possess. If x, ¥, z, . . . are used as individual
variables (replaceable by names of individuals) and the
symbols ¢ (phi), ¢ (psi), x (chi), ... as predicate vari-
ables (replaceable by predicates), the formula ¢x is used
to express the form of the propositions in question. Here
x is said to be the argument of »; a predicate (or predi-
cate variable) with only a single argument is said to
be a monadic, or one-place, predicate (variable). Predi-
cates with two or more arguments stand not for properties
of single individuals but for relations between individuals.
Thus the proposition “Tom is a son of John” is analyz-
able into two names of individuals (“Tom” and “John™)
and a dyadic or two-place predicate (“is a son of”). of
which they are the arguments; and the proposition is thus
of the form ¢xy. Analogously, “. . . is between . . . and
...” is a three-place predicate, requiring three arguments,
and so on. In general, a predicate variable followed by
any number of individual variables is a wiff of the predi-
cate calculus. Such a wff is known as an atomic formula,
and the predicate variable in it is said to be of degree n,
if n is the number of individual variables following it.
The degree of a predicate variable is sometimes indicated
by a superscript—e.g., ¢xyz may be written as ¢3xyz;
¢3xy would then be regarded as not well formed. This
practice is theoretically more accurate, but the superscripts
are commonly omitted for ease of reading when no con-
fusion is likely to arise.

Atomic formulas may be combined with truth-func-
tional operators to give formulas such as ¢x \/ ¢y [Exam-
ple: “Either the customer (x) is friendly (¢) or else John
(y) is disappointed (¢)”]; pxy D ~yx [Example: “If the
road (x) is above (¢) the flood line (y), then the road
is not wet (~y)”]; and so on. Formulas so formed, how-
ever, are valid when and only when they are substitution-
instances of valid wff’s of PC and hence in a sense do not
transcend PC. More interesting formulas are formed by
the use, in addition, of quantifiers. There are two kinds
of quantifiers: universal quantifiers, written as “(V__)"
—or often simply as “(__)”—where the blank is filled
by a variable, which may be read “For all__"; and ex-
istential quantifiers, written as “(3__),” which may be
read “For some__,” or “There is a __ such that.”
(“Some” is to be understood as meaning “at least one.”)
Thus (Vx)¢x is to mean “For all x, x is ¢,” or more
simply, “Everything is ¢”; and (3x)¢x is to mean “For
some x, x is ¢,” or more simply, “Something is ¢,” or
“There is a ¢.” Slightly more complex examples are:
(Vx) (¢x D yx) for “Whatever is ¢ is ¢”; (3x) (gx + yx)
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for “Something is both ¢ and y”; (Vx)(3y)exy for
“Everything bears the relation ¢ to at least one thing”;
and (3x) (Vy)exy for “There is something that bears the
relation ¢ to everything.” To take a concrete case, if ¢xy
means “x loves y,” and the values of x and y are taken to
be human beings, then the last two formulas mean, re-
spectively, “Everybody loves somebody” and “Somebody
loves everybody.”

Intuitively, the notions expressed by the words “some”
and “every” are connected in the following way: to assert
that something has a certain property amounts to denying
that everything lacks that property (for example, to say
that something is white is to say that not everything is
nonwhite) ; and similarly, to assert that everything has a
certain property amounts to denying that there is some-
thing that lacks it. These intuitive connections are re-
flected in the usual practice of taking one of the quanti-

fiers as primitive and defining the other in terms of it..
Thus V may be taken as primitive, and 3 introduced by

the definition:
(Aa)a = pt ~(Va)~a

in which a is any variable and « is any wff; or alternative-
ly, 3 may be taken as primitive, and V introduced by the
definition:

(Va)a = pr ~(3a)~a

THE LOWER PREDICATE CALCULUS

A predicate calculus in which the only variables that oc-
cur in quantifiers are individual variables is known as a
lower (or first-order) predicate calculus. Various lower
predicate calculi have been constructed. In the most
straightforward of these, to which the most attention will
here be devoted and which will be referred to simply as
LPC, the wff’s can be specified as follows: Let the primi-
tive symbols be (a) x, y, . . . (individual variables); (b)
¢, ¥, . . . , each of some specified degree (predicate vari-
ables); and (c) the symbols ~, \/, V¥, (, and ). An in-
finite number of each type of variable can now be secured
as before by the use of numerical subscripts. The sym-
bols -, D, and = are defined as in PC and 3 as explained
above. The formation rules are:

1. An expression consisting of a predicate variable of degree
n followed by n individual variables is a wff.

2. If ¢is a wff, sois ~a.

3. If ¢ and B are wff’s, sois (a \/ B).

4. If ¢ is a wff and a is an individual variable, then (Va) ¢«
is a wff. (In such a wff, ¢ is said to be the scope of the quanti-
fier.)

If a is any individual variable and « is any wff, every
occurrence of a in « is said to be bound (by the quanti-
fiers) when occurring in the wff’s (V¥ a)a and (3a)a. Any
occurrence of a variable that is not bound is said to be
free. Thus in (Vx) (¢x \/ ¢y)—the x in ¢x is bound,
since it occurs within the scope of a quantifier containing
x, but y is free. In the wff’s of a lower predicate calculus,
every occurrence of a predicate variable (¢, ¥, x, - . .)
is free. A wff containing no free individual variables is
said to be a closed wff of LPC. If a wff of LPC is con-
sidered as a proposition form, instances of it are ob-
tained by replacing all free variables in it by predicates
or by names of individuals, as appropriate. A bound vari-
able, on the other hand, indicates not a point in the wff
where a replacement is needed but a point (so to speak) at
which the relevant quantifier applies.

For example, in ¢x, in which both variables are free,
each variable must be replaced appropriately if a prop-
osition of the form in question (such as “Socrates is
white”) is to be obtained; but in (Ix)e¢x, in which x is
bound, it is necessary only to replace ¢ by a predicate in
order to obtain a complete proposition (e.g., replacing ¢
by “is white” yields the proposition “Something is white”).

Validity in LPC. Intuitively, a wff of LPC is valid if
and only if all of its instances are true—i.e., if and only if
every result of replacing each of its free variables appro-
priately and uniformly is a true proposition. A formal
definition of validity in LPC to express this intuitive no-
tion more precisely can be given as follows: for any wff
of LPC any number of LPC models can be formed. An
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LPC model has two elements: One is a set, D, of objects,
known as a domain. D may contain as many or as few
objects as one chooses, but it must contain at least one,
and the objects may be of any kind. The other element,
V, is a system of value assignments satisfying the follow-
ing conditions. To each individual variable there is as-
signed some member of D (not necessarily a different one
in each case). Assignments are next made to the predicate
variables in the following way: if ¢ is monadic, there is
assigned to it some subset of D (possibly the whole of D);
intuitively this subset can be viewed as the set of all the ob-
jects in D that have the property ¢. If ¢ is dyadic, there is
assigned to it some set of ordered pairs (i.e., pairs of ob-
jects of which one is marked out as the first and the other
as the second) drawn from D; intuitively these can be
viewed as all of the pairs of objects in D in which the re-
lation ¢ holds between the first object in the pair and the
second. In general, if ¢ is of degree n, there is assigned to
it some set of ordered n-tuples (groups of n objects) of
members of D. It is then stipulated that an atomic for-
mula is to have the value 1 in the model if the members of
D assigned to its individual variables form, in that order,
one of the n-tuples assigned to the predicate variable in it;
otherwise, it is to have the value 0. Thus in the simplest
case, ¢x will have the value 1 if the object assigned to x is
one of the set of objects that was assigned to ¢; and if it is
not, then ¢x will have the value 0. The values of truth
functions are determined by the values of their arguments
as in PC. Finally, the value of (V x)« is to be 1 if both (a)
the value of « itself is 1 and (b) « would always still
have the value 1 if a different assignment were made to x
but all of the other assignments were left precisely as they
were; otherwise (Vx)a is to have the value 0. Since 3
can be defined in terms of V, these rules cover all of the
wif’s of LPC. A given wff may of course have the value 1
in some LPC models but the value 0 in others. But a valid
wiff of LPC may now be defined as one that has the value
1 in every LPC model. If 1 and O are viewed as repre-
senting truth and falsity, respectively, then validity is
defined as truth in every model.

Although the above definition of vaiidity in LPC is quiie
precise, it does not yield, as did the corresponding def-
inition of PC validity in terms of truth tables, an effec-
tive decision procedure. It can, indeed, be shown that no
generally applicable decision procedure for LPC is pos-
sible—i.e., that LPC is not a decidable system. This does
not mean that it is never possible to prove that a given
wif of LPC is valid—the validity of an unlimited number
of such wff’'s can in fact be demonstrated—but it does
mean that in the case of LPC, unlike that of PC, no ad-
vance assurance can be given that no matier what wiff
is produced it will always be possible to determine whether
it is valid or not (see also METALOGIC: Model theory).

Logical manipulations in LPC. The intuitive connec-
tions between some and every noted at the end of the
introduction to III. The predicate calculus are reflected
in the fact that the following equivalences are valid:

(Ix)¢px = ~(Vx)~ogx
(Vx)px = ~(Ix)~ox.

The former of these asserts that “Something is ¢” is
equivalent to “Not everything fails to be ¢”, and the lat-
ter that “Everything is ¢ is equivalent to “Nothing fails
to be ¢” (literally, “It is not the case that there is some-
thing which is not ¢”). These equivalences remain valid
when ¢x is replaced by any wff, however complex; i.e.,
for any wff a whatsoever, )

S (AX)a = ~(Vr)~a
and

(Vx)a= ~(3x)~a

are valid. Because the rule of substitution of equivalents
can be shown to hold in LPC, it follows that (3x) may
be replaced anywhere in a wff by ~(V x)~, or (Vx) by
~(3x)~, and the resulting wff will be equivalent to the
original. Similarly, because the law of double negation
permits the deletion of a pair of consecutive negation
signs, ~(3x) may be replaced by (Vx)~, and ~(V x)
by (3x)~.

These principles are easily extended to more complex
cases. To say that there is a pair of objects satisfying a
certain condition is equivalent to denying that every pair
of objects fails to satisfy that condition; and to say that
every pair of objects satisfies a certain condition is equiva-
lent to denying that there is any pair of objects that fails
to satisfy that condition. These equivalences are expressed
formally by the validity, again for any wff «, of:

(3x) (3y)a= ~(Vx) (Vy)~a
and
(Vx) (V¥)a = ~(3x) (3y)~a

—and by the resulting replaceability anywhere in a wff
of (3x) (3y) by ~(Vx) (Vy)~, or of (Vx) (Vy) by
~(3x) (Ay)~.

Analogously, (3x) (Vy) can be replaced by ~(vx)
(3y)~ [e.g., (Ax) (Vy) (x loves y)—*“There is someone
who loves everyone”—is equivalent to ~(Vx) (3y)~
(x loves y)—*“It is not true of everyone that there is some-
one whom he does not love”]; (V x) (3y) can be replaced
by ~(3x) (Vy)~; and in general the following rule, cov-
ering sequences of quantifiers of any length, holds:

(i) If a wff contains an unbroken sequence of quantifiers,
then the wff that results from replacing V by 3 and vice versa
throughout that sequence and inserting or deleting ~ at each
end of it is equivalent to the original wff.

This may be called the rule of quantifier transformation. 1t
reflects, in a generalized form, the intuitive connections be-
tween some and every that were noted at the end of the intro-
duction to II1. The predicate calculus.

The following are also valid, again where « is any wff:

(Vx)(Vy)e = (Yy)(Vx)a
(Ax)(3y)e = (Iy)(Ix)e
The extensions of these lead to the following rule:
(ii) If a wff contains an unbroken sequence either of uni-
versal or of existential quantifiers, these quantifiers may be re-
arranged in any order and the resulting wff will be equivalent

to the original wff.
This may be called the rule of quantifier rearrangement.

P L s

Two other importani ruies concern implications, not
equivalences:

(iii) If a wff B begins with an unbroken sequence of quan-
tifiers, and g’ is obtained from g by replacing V by 3 at one
or more places in the sequence, then g is stronger than g'—i
the sense that (8 D g’) is valid but (8’ D B) is in general
not valid.

(iv) If a wff B begins with an unbroken sequence of quan-
tifiers in which some existential quantifier Q, precedes some
universal quantifier Q,, and if g’ is obtained from g by mov-
ing Q, to the right of Q,, then g is stronger than g’.

As illustrations of these rules, the foilowing are valid
for any wff a:
(Vx) (Vy)a D (3x)(Vy)a Rule (iii)
(3x)(Vy)(Yz)a D (3x) (Yy) (Iz)a Rule (iii)
(3x)(Vy)a D (Vy)(Ix)a Rule (iv)
(3x)(3y)(Vz)e D (3Y)(Vz) (Ix)a Rule (iv)

In each case the converses are not valid (though they may
lge valid in particular cases in which « is of some special
orm).

Some of the uses of the above rules can be illustrated by
considering a wff « that contains precisely two free indi-
vidual variables. By prefixing to « two appropriate quan-
tifiers and possibly one or more negation signs, it is
possible to form a closed wff (called a closure of «) that
will express a determinate proposition when a meaning is
assigned to the predicate variables. The above rules can
be used to list exhaustively the nonequivalent closures of
« and the implication relations between them. The sim-
plest example is ¢xy, which for illustrative purposes can
be taken to mean “x loves y.” Application of Rules (i)
and (ii) will show that every closure of ¢xy is equivalent
to one or another of the following 12 wffs (none of
which is in fact equivalent to any of the others):

(a) (Vx)(Yy) ¢xy (“Everybody loves everybody”);

(b) (Ix)(Vy) ¢xy (“Somebody loves everybody™);

(¢) (3y)(Vx) ¢xy (“There is someone whom every-
one loves”);
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(d) (Vy)(3x) ¢xy (“Each person is loved by at least
one person”);

(e) (Vx)(3y) o¢xy (“Each person loves at least one
person”); :

(f) (3x)(3y) ¢xy (“Somebody loves somebody”);

(g-1) The respective negations of each of the above.

Rules (iii) and (iv) show that the following implications
among formulas (a)-(f) are valid:

(a) D (b); (d) D (£f); (c) D (e);
(b) D (d); (a) D (c); (e) D ().

The implications holding among the negations of (a)—(f)
follow from these by the law of transposition; e.g., since
(@) D (b) is valid, so is ~(b) D ~(a). The quantifica-
tion of wff’s containing three, four, etc., variables can be
dealt with by the same rules.

Intuitively, (Vx)¢x and (Vy)gy both “say the same
thing,” viz., that everything is ¢, and (3x)¢x and (3y) ¢y
both mean simply that something is ¢. Clearly, so long as
the same variable occurs both in the quantifier and as the
argument of ¢, it does not matter what letter is chosen for
this purpose. The procedure of replacing some variable in
a quantifier, together with every occurrence of that vari-
able in its scope, by some other variable that does not
occur elsewhere in its scope is known as relettering a
bound variable. If B is the result of relettering a bound
variable in a wff a, then a and B8 are said to be bound
alphabetical variants of each other; and bound alphabeti-
cal variants are always equivalent. The reason for restrict-
ing the replacement variable to one not occurring else-
where in the scope of the quantifier can be seen from an
example: If ¢xy is taken as before to mean “x loves y,”
the wiff (VY x)gxy expresses the proposition form “Everyone
loves y,” in which the identity of y is left unspecified, and
so does its bound alphabetical variant (V z)¢zy; but if x
were replaced by y, the closed wff (Vy)gyy would be
obtained, which expresses the proposition that everyone
loves himself and is clearly not equivalent to the original.

A wif in which all of the quantifiers occur in an unbro-
ken sequence at the beginning, with the scope of each
extending to the end of the wff, is said to be in prenex
normal form (PNF—Latin: pre, “in front”; and nectere,
“to bind”). W{fs that are in PNF are often more conve-
nient to work with than those that are not. For every wff
of LPC, however, there is an equivalent wff in PNF
(often simply called its PNF). One effective method for
finding the PNF of any given wff is the following:

1. Reletter bound variables as far as is necessary to ensure
(a) that each quantifier contains a distinct variable and (b)
that no variable in the wff occurs both bound and free.

2. Use definitions or PC equivalences to eliminate all op-
erators except ~, -, and \/.

3. Use the De Morgan laws and the rule of quantifier
transformation to eliminate all occurrences of ~ immediate-
ly before parentheses or quantifiers.

4. Gather all of the quantifiers into a sequence at the be-
ginning in the order in which they appear in the wff and take
the whole of what remains as their scope.

Example: (Vx){[gx - (3y)yxy] D (Iy)xxy} D
(32)(¢z D yzx).

Step 1 can be achieved by relettering the third and fourth
occurrences of y and every occurrence of x except the last
(which is free); thus:

Yw){lew - (Fy)ywyl O (Fu)xwu} D (Iz)(¢z 2
wzx)

Step 2 now yields:

~(YW){~[pw - (Fy)ywy]l V (Fu)xwu} V (32)

(~oz \V y2x)
By step 3 this becomes:
@Aw){lgw - (3y)ywy] - (Vu)~xwu} V (32)(~¢2
V vzx)

Finally, step 4 yields:

Aw)@Ay)(Vu) () {[(sw + ywy) - ~xwul V (~¢2
V yzx)}

which is in PNF.
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Classification of dyadic relations. Consider the closed

wif,
(Yx) (Vy) (¢xy D $¥X)

which means that, whenever the relation ¢ holds between
one object and a second, it also holds between that second
object and the first. This expression is not valid, since it is
true for some relations but false for others: A relation for
which it is true is called a symmetrical relation. (Exam-
ple: “is parallel to.”) If the relation ¢ is such that when-
ever it holds between one object and a second it fails to
hold between the second and the first; i.e., if ¢ is such
that

(Vx)(Vy)(¢xy D ~gyx)

then ¢ is said to be asymmetrical. (Example: “is greater
than.”) A relation that is neither symmetrical nor asym-
metrical is said to be nonsymmetrical. Thus ¢ is nonsym-
metrical if

(3x) (Ay) (¢xy - ¢yx) - (3x) (Iy) (pxy - ~gyx)

(Example: “loves.”)

Dyadic relations can also be characterized in terms of
another threefold division: A relation ¢ is said to be tran-
sitive if, whenever it holds between one object and a
second and also between that second object and a third, it
holds between the first and the third; i.e., if

(Vx)(Vy) (V2)[(pxy - ¢yz) D ¢xz]

(Example: “is greater than.”) An intransitive relation is
one that, whenever it holds between one object and a sec-
ond and also between that second and a third, fails to
hold between the first and the third; i.e., ¢ is intransitive if

(Vx)(Vy)(V2)[(gxy * ¢y2z) D ~¢xz]

(Example: “is father of.”) A relation that is neither transi-
tive nor intransitive is said to be nontransitive. Thus ¢
is nontransitive if

(3x) (3y) (32) (pxy - ¢pyz - ¢xz) -
(3x) (y) (Fz) (¢xy - ¢yz - ~¢x2)

(Example: “is a first cousin of.”)
A relation ¢ that always holds between any object and
itself is said to be reflexive; i.e., ¢ is reflexive if

(Vx) pxx

(Example: “is identical with.”) If ¢ never holds between
any object and itself—i.e., if

—then ¢ is said to be irreflexive (Example: “is greater
than.”) If ¢ is neither reflexive nor irreflexive—i.e., if

(Ax) pxx - (Ix)~pxx

—then ¢ is said to be nonreflexive (Example: “admires.”)

A relation such as “is of the same length as” is not strictly
reflexive, since some objects do not have a length at all
and therefore are not of the same length as anything, even
as themselves. Nevertheless, this relation is reflexive in
the weaker sense that whenever an object is of the same
length as anything it is of the same length as itself. Such
a relation is said to be quasi-reflexive. Thus ¢ is quasi-
reflexive if

(Vx)[(Ty)gxy D ¢xx].

A reflexive relation is of course also quasi-reflexive.

For the most part, these three classifications are inde-
pendent of each other; thus a symmetrical relation may be
transitive (like “is equal to”) or intransitive (like “is per-
pendicular to”) or nontransitive (like “is one mile distant
from”). There are, however, certain limiting principles, of
which the most important are:

1. Every relation that is symmetrical and transitive is at
least quasi-reflexive;

2. Every asymmetrical relation is irreflexive;

3. Every relation that is transitive and irreflexive is asym-
metrical.

A relation that is reflexive, symmetrical, and transitive is
called an equivalence relation.

Symmetry,
transitivity,
reflexivity
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Axiomatization of LPC. Rules of uniform  substitu-
tion for predicate calculi, though formulable, are mostly
very complicated; and, to avoid the necessity for these
rules, axioms for these systems are therefore usually given
by axiom schemata in the sense explained in II. Ax-
iomatization of PC. Given the formation rules and def-
initions stated in the introductory paragraph of III. The
lower predicate calculus, the following is presented as one
standard axiomatic basis for LPC:

Axiom schemata:

1. Any LPC substitution-instance of any valid wff of
PC is an axiom.

2. Any wff of the form (Va)a D B is an axiom, if 8
is either identical with « or differs from it only in that,
wherever « has a free occurrence of a, 8 has a free oc-
currence of some other individual variable b.

3. Any wff of the form (Va) (¢ D 8) D [a D (Va) B]
is an axiom, provided that « contains no free occurrence
of a.

Transformation rules:

1. Modus ponens (as given above, I1. Axiomatization of
PC).

2. If a is a theorem, so is (V a)a, where a is any in-
dividual variable (rule of universal generalization).

The axiom schemata call for some explanation and
comment. By an LPC substitution-instance of a wff of
PC is meant any result of uniformly replacing every prop-
ositional variable in that wff by a wff of LPC. Thus one
LPC substitution-instance of (p D ~g) D (¢ D ~p) is
[pxy D ~(Vx)yx] DO [(V x)yx O ~¢xyl. Axiom schema
1 makes available in LPC all manipulations such as com-
mutation, transposition, and distribution, which depend
only on PC principles. Examples of wff’s that are axioms
by axiom schema 2 are: (Vx)¢x D ¢x; (Vx)opx D ¢y;
(Vx) (3y)gxy D (Iy)e¢zy. To see why it is necessary
for the variable that replaces a to be free in B3, consider
the last example: Here a is x, a is (3y) ¢xy, in which x is
free, and B is (3y)¢zy, in which z is free and replaces x.
But had y, which would be bound by the quantifier (3y),
been chosen as a replacement, instead of z, the result
would have been (Vx)(3y)¢xy DO (3y)e¢yy, the invalid-
ity of which can be seen intuitively by taking ¢xy to mean
“x is a child of y”: for then (Vx)(3y)¢xy will mean that
everyone is a child of someone, which is true; but
(3y) ¢yy will mean that someone is a child of himself,
which is false. The need for the proviso in axiom schema
3 can also be seen from an example. Defiance of the
proviso would give as an axiom (Vx)(¢x D yx) D
[px D (Vx)yx]; and if ¢gx were taken to mean “x is a
Spaniard,” yx to mean “x is a European,” and the free
occurrence of x (the first occurrence in the consequent)
to stand for General Franco, then the antecedent would
mean that every Spaniard is a European, buf the con-
sequent would mean that, if General Franco is a Span-
iard, then everyone is a European.

It can be proved—though the proof is not an elementary
one—that the theorems derivable from the above basis
are precisely the wff’s of LPC that are valid by the def-
inition of validity given in IIL. Validity in LPC. Sev-
eral other bases for LPC are known that also have this
property. The axiom schemata and transformation rules
here given are such that any purported proof of a theorem
can be effectively checked to determine whether it really
is a proof or not; nevertheless, theoremhood in LPC, like
validity in LPC, is not effectively decidable, in that there
is no effective method of telling with regard to any arbi-
trary wff whether it is a theorem or not. In this respect
axiomatic bases for LPC contrast with those for PC.

Special systems of LPC. LPC as expounded above may
be modified by either restricting or extending the range
of wff’s in various ways.

a. Partial systems of LPC. Some of the more impor-
tant systems produced by restriction are here outlined:

1. It may be required that every predicate variable be
monadic, while still allowing an infinite number of indi-
vidual and predicate variables. The atomic wff’s are then
simply those consisting of a predicate variable followed
by a single individual variable. Otherwise, the formation

rules remain as before, and the definition of validity is
also as before, though simplified in obvious ways. This
system is known as the monadic LPC; it provides a logic
of properties but not of relations. One important charac-
teristic of this system is that it is decidable. (The introduc-
tion of even a single dyadic predicate variable, however,
would make the system undecidable; and in fact, even the
system that contains only a single dyadic predicate vari-
able and no other predicate variables at all has been shown
to be undecidable.)

2. A still simpler system can be formed by requiring (a)
that every predicate variable be monadic; (b) that only a
single individual variable (e.g., x) be used; (c) that every
occurrence of this variable be bound; (d) that no quanti-
fier occur within the scope of any other. Examples of
wif’s of this system are: (Vx)[¢x D (yx - xx)] (“What-
ever is ¢ is both ¢ and x”); (3x) (¢x - ~yx) (“There is
something that is ¢ but not ¢”); (Vx)(¢x D yx) D
(3x) (¢x - yx) (“If whatever is ¢ is y, then something is
both ¢ and ¢”). The notation for this system can be sim-
plified by omitting x everywhere and writing 3¢ for
“Something is ¢,”V (¢ D y) for “Whatever is ¢ is y,”
and so on. Although this system is more rudimentary
even than the monadic LPC (of which it is a fragment),
the forms of a wide range of inferences can be repre-
sented in it. It is also a decidable system, and decision pro-
cedures of an elementary kind can be given for it.

b. Extensions of LPC. More elaborate systems, in
which a wider range of propositions can be expressed,
have been constructed, by adding to LPC new symbols of
various types. The most straightforward of such additions
are:

(a) One or more individual constants (say a, b, .. .):
these constants are interpreted as names of specific in-
dividuals; formally they are distinguished from individual
variables by the fact that they cannot occur within quanti-
fiers: e.g., (Vx) is a quantifier but (Va) is not.

(b) One or more predicate constants (say ®, ¥, . . .),
each of some specified degree, thought of as designating
specific properties or relations.

A furiher possibie addition, which caiis for somewhat
fuller explanation, consists of symbols designed to stand
for functions. The notion of a function may be sufficient-
ly explained for present purposes as follows: There is said
to be a certain function of n arguments (or, of degree n)
when there is a rule that specifies a unique object (called
the value of the function) whenever all of the arguments
are specified. In the domain of human beings, for example,
“the mother of—" is a monadic function (a function of
one argument) since for every human being there is a
unique individual who is his mother; and in the domain of
the natural numbers (i.e., 0, 1,2,...), “the sum of — and
—" is a function of two arguments since for any pair of
natural numbers there is a natural number that is their
sum. A function symbol can be thought of as forming a
name out of other names (its arguments) : thus whenever
x and y name numbers, “the sum of x and y” also names
a number, and similarly for other kinds of functions and
arguments. '

To enable functions to be expressed in LPC there may be
added:

(c) One or more function variables (say f, g, . ..) or
one or more function constants (say, F, G, . ..) or both,
each of some specified degree. The former are interpreted
as ranging over functions of the degrees specified, and

the latter as designating specific functions of that degree."

When any or all of (a) — (c) are added to LPC, the
formation rules listed in the first paragraph of III. The
lower predicate calculus need to be modified to enable the
new symbols to be incorporated into wff’s. This can be
done as follows: A term is first defined as either (i) an
individual variable or (ii) an individual constant or (iii)
any expression formed by prefixing a function variable or
function constant of degree n to any n terms (these terms
—the arguments of the function symbol—are usually
separated by commas and enclosed in parentheses).
Formation rule 1 is then replaced by:

1’. An expression consisting of a predicate variable or
predicate constant of degree n followed by n terms is a wff.

Defini-
tions:
“function,”
“degree,”
“term”
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The axiomatic basis given in IIL. Axiomatization of
LPC also requires the following modification: in axiom
schema 2 any term is allowed to replace a when B is
formed, provided that no variable that is free in the term
becomes bound in 8. The following examples will illustrate
the use of the aforementioned additions to LPC: Let the
values of the individual variables be the natural numbers;
let the individual constants a and b stand for the numbers
2 and 3, respectively; let ® mean “is prime”; and let F
represent the dyadic function “the sum of.” Then ®F(a,b)
expresses the proposition “The sum of 2 and 3 is prime”
and (3x)®F(x,a) expresses the proposition “There exists
a number such that the sum of it and 2 is prime.”

The introduction of constants is normally accompanied
by the addition, to the axiomatic basis, of special axioms
containing those constants, designed to express principles
that hold of the objects, properties, relations, or functions
represented by them—though they do not hold of objects,
properties, relations, or functions in general. It may be
decided, for example, to use the constant & to repre-
sent the dyadic relation “is greater than” (so that ®xy
is to mean “x is greater than y”, etc.). This relation, un-
like many others, is transitive; i.e., if one object is great-
er than a second and that second is in turn greater than a
third, then the first is greater than the third. Hence, the
following special axiom schema might be added:

If ¢,, t5, and t; are any terms, then

(D115 - Dlyty) D Pl

is an axiom. By such means systems can be con-
structed to express the logical structures of various particu-
lar disciplines. The area in which most work of this kind
has been done is that of natural-number arithmetic (see
IV. Axiomatization of arithmetic).

PC and LPC are sometimes combined into a single sys-
tem. This may be done most simply by adding proposi-
tional variables to the list of LPC primitives, adding a
formation rule to the effect that a propositional variable
standing alone is a wff, and deleting “LPC” in axiom
schema 1. This yields as wff’s such expressions as: (p \/ q)
D (Vx)ex; (3x)[p D (Vy)gxyl

c. LPC-with-identity. The word “is” is not always used
in the same way. In a proposition such as (i) “Socrates is
snub-nosed,” the expression preceding the “is” names an
individual and the expression following it stands for a
property attributed to that individual. But in a proposition
such as (ii) “Socrates is the Athenian philosopher who
drank hemlock,” the expressions preceding and following
the “is” both name individuals, and the sense of the whole
proposition is that the individual named by the first is the
same individual as the individual named by the second.
Thus in (i) “is” can be expanded to “is the same individual
as,” whereas in (i) it cannot. As used in (i), “is” stands for
a dyadic relation, viz., identity, that the proposition as-
serts to hold between the two individuals. An identity
proposition is to be understood in this context as asserting
no more than this; in particular it is not to be taken as
asserting that the two naming expressions have the same
meaning. A much discussed example to illustrate this last
point is “The morning star is the evening star.” It is false
that the expressions “the morning star” and “the evening
star” ‘mean the same, but true that the object referred to
by the former is the same as that referred to by the latter.

To enable the forms of identity propositions to be ex-
pressed, a dyadic predicate constant is added to LPC, for
which the most usual notation is = (written between,
rather than before, its arguments). The intended inter-
pretation of x — y is that x is the same individual as y,
and the most convenient reading is “x is identical with y.”
Its negation ~(x = y) is commonly abbreviated to x 7 y.
To the definition of an LPC model in HI. Validity in
LPC, there is now added the rule (which accords in an
obvious way with the intended interpretation) that the
value of x = y is to be 1 if the same member of D is as-
signed to both x and y and that otherwise its value is to
be 0; validity can then be defined as before. The following
additions (or some equivalent ones) are made to the
axiomatic basis for LPC: the axiom (I1) x = x; and the
axiom schema (I2) that where a and b are any individual
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variables and « and 8 are wff’s that differ only in that, at
one or more places where « has a free occurrence of a, 8
has a free occurrence of b, (a = b) D (a« D ) is an axiom.
Such a system is known as a lower-predicate-calculus-
with-identity; it may of course be further augmented in
the other ways referred to in III. Extensions of LPC,
in which case any term may be an argument of —.

Identity is an equivalence relation; i.e., it is reflexive,
symmetrical, and transitive. Its reflexivity is directly ex-
pressed in Axiom I1, and theorems expressing its symme-
try and transitivity can easily be derived from the basis
given.

Certain wff’s of LPC-with-identity express propositions
about the number of things that possess a given property.
“At least one thing is ¢” could, of course, already be ex-
pressed by (3x)¢x; “At least two distinct (non-identical)
things are ¢” can now be expressed by (3x) (3y)(¢x -
¢y * x 5= y); and the sequence can be continued in an ob-
vious way. “At most one thing is ¢” (i.e., “No two distinct
things are both ¢”) can be expressed by the negation of
the last mentioned wff or by its equivalent, (V x)(Vy)
[(¢x + ¢y) D x = y]; and the sequence can again be easily
continued. A formula for “Exactly one thing is ¢” may be
obtained by conjoining the formulas for “At least one
thing is ¢” and “At most one thing is ¢”; but a simpler
wif equivalent to this conjunction is (3x)[¢x - (Vy) (py
D x = y)], which means “There is something that is
¢, and anything that is ¢ is that thing.” “Exactly two
things are ¢” can be represented by

(ANEy){¢x - ¢y x4y - (VIlpz D @=xV 2=}

i.e., “There are two non-identical things each of which
is ¢, and anything that is ¢ is one or the other of these.”
Clearly, this sequence can also be extended to give a
formula for “Exactly n things are ¢” for every natural
number n. It is convenient to abbreviate the wff for “Ex-
actly one thing is ¢,” however, to (31x)¢x, and in general
to abbreviate the wff for “Exactly n things are ¢” to
(3"x)¢x, and in this way to obtain a sequence of nu-
merical quantifiers each, however, definable in terms of
the primitives of LPC-with-identity.

When a certain property ¢ belongs to one and only one
object, it is convenient to have an expression that names
that object. A common notation for this purpose is (1 x)¢x,
which may be read as “the thing that is ¢” or more briefly
as “the ¢.” In general, where a is any individual variable
and « is any wff, (7a)a then stands for the single value
of a that makes a true. An expression of the form “the
so-and-so” is called a definite description; and ('x),
known as a description operator, can be thought of as
forming a name of an individual out of a proposition
form. (7x) is analogous to a quantifier in that, when
prefixed to a wff «, it binds every free occurrence of x in
a. Relettering of bound variables is also permissible: in
the simplest case, (x)¢x and (?y)¢y can each be read
simply as-“the ¢.”

As far as formation rules are concerned, definite descrip-
tions can be incorporated into LPC by letting expressions
of the form (a)e count as terms; rule 1’ of III.
Extensions of LPC will then allow them to occur in atomic
formulas (including identity formulas). “The ¢ is (i.e.,
has the property) y” can then be expressed as y(1x)¢x;
“y is (the same individual as) the ¢” as y = (1x)¢x;
“The ¢ is (the same individual as) the y” as (1 x)¢x =
(7y)yy; and so forth. The correct analysis of propositions
containing definite descriptions has been the subject of
considerable philosophical controversy. One widely ac-
cepted account, however—substantially that presented in
Principia Mathematica and known as Russell’s theory of
descriptions, after Bertrand Russell, one of its co-authors
—holds that “The ¢ is y” is to be understood as mean-
ing that exactly one thing.is ¢ and that thing is also y. In
that case it can be expressed by a wff of LPC-with-
identity that contains no description operators, viz.,

(1) (Ax)[px - (Vy)(py Dx=1y) * yxl.

Analogously “y is the ¢” is analyzed as “y is ¢ and noth-
ing else is ¢,” and hence as expressible by

(2) ¢y (Vx)(¢px D x=Yy);

Numerical
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and “The ¢ is the y” is analyzed as “Exactly one thing
is ¢, exactly one thing is y, and whatever is ¢ is y,” and
hence as expressible by

(3)(3Ax)[px - (Vy)(py D x=y)]" :
(Ax)yx - (Vy)(¥y D x=y)]* (Vx)(#x D yx)

or more briefly, using the abbreviations introduced ear-
lier, by

(3) (3tx)gx - (Ftr)yx - (Vx)(¢x D yx).

v x)ex, y = (mx)¢x, and (x)¢x = (?y)y¢y can then
be regarded as abbreviations for (1), (2), and (3), re-
spectively; and by generalizing to more complex cases, all
wff’s that contain description operators can be regarded
as abbreviations for longer wff’s that do not.

The analysis that leads to (1) as a formula for “The ¢ is
y” leads to the following for “The ¢ is not y”:

(4) (3x)[px - (Vy)(¢y D x=1y) * ~yx].

It is important to note that (4) is not the negation of (1);
this negation is, instead,

(5). ~(3x)[px - (Vy)(¢y D x =) - yx].

The difference in meaning between (4) and (5) lies in the
fact that (4) is true only when there is exactly one thing
that is ¢ and that thing is not y, but (5) is true both in this
case and also when nothing is ¢ at all and when more than
one thing is ¢. Neglect of the distinction between (4) and
(5) can cause serious confusion of thought: in ordinary
speech it is often unclear whether someone who denies
that the ¢ is y is conceding that exactly one thing is ¢ but
denying that it is y, or denying that exactly one thing is ¢.
Moreover, if (4) were mistakenly thought of as the nega-
tion of (1), the law of excluded middle would lead to the
conclusion that at least one of them is true; and then, since
each asserts inter alia that exactly one thing is ¢ and since,
in addition, the argument would hold whatever property
¢ is taken to represent, the absurd result would be ob-
tained that every property has exactly one instance.

The basic contention of Russell’s theory of descriptions
is that a proposition containing a definite description is not
to be regarded as an assertion about an object of which
that description is a name but rather as an existentially
quantified assertion that a certain (rather complex) prop-
erty has an instance. Formally, this is reflected in the rules
for eliminating description operators that were outlined
above. Some logicians, however, prefer instead to intro-
duce 7 as a new primitive symbol, accompanied by spe-
cial axioms, and to treat expressions of the form (*a)ea
always as naming expressions, allowing them to replace
individual variables in theorems (subject only to the re-
strictions about quantification mentioned in III. Ax-
iomatization of LPC). The formula (Vx)¢x D ¢(1y)yy
—“If everything is ¢, then the y is ¢”—will then, for
example, count as an axiom by axiom schema 2 and as a
valid wff; whereas by Russell’s theory of descriptions it
will be invalid, since it is possible for everything to be ¢
without there being exactly one thing that is y. This ap-
proach gives rise to the problem of deciding, in construct-
ing an LPC model, which member of D to assign to
(*x) ¢x in cases in which either nothing or more than one
thing is ¢. The solution usually adopted is to select some
arbitrary member of D as the assignment in all such cases
throughout the model. While this device may seem in-
tuitively “unnatural,” it proves to be technically satisfac-
tory and convenient for many purposes.

HIGHER-ORDER PREDICATE CALCULI

A feature shared by LPC and all of its extensions so far
mentioned is that the only variables that occur in quanti-
fiers are individual variables. It is in virtue of this feature
that they are called lower (or first-order) calculi. Various
predicate calculi of higher order can be formed, however,
in which quantifiers may contain other variables as well,
hence binding all free occurrences of these that lie with-
in their scope. In particular, in the second-order pred-
icate calculus quantification is permitted over both indi-
vidual and predicate variables; hence wff’s such as (V¢)
(3x)¢x can be formed. This last formula, since it con-

tains no free variables of any kind, expresses a determinate
proposition, viz., the proposition that every property has
at least one instance. One important feature of this system
is that in it identity need not be taken as primitive but can
be introduced by defining x =y as (V¢) (¢x = ¢y)—i.e.,
“Every property possessed by x is also possessed by y and
vice versa.” Whether such a definition is acceptable as a
general account of identity is a question that raises philo-
sophical issues too complex to be discussed here; they are
substantially those raised by the principle of the identity
of indiscernibles, best known for its exposition in the 17th
century by the German philosopher G.W. Leibniz.

IV. Other special systems of logic
SYLLOGISTIC LOGIC

Syllogistic logic was the earliest branch of formal logic to
be developed—in its original form by Aristotle about 350
BC. Only a very brief account of the topic is given here;
for a fuller treatment see SYLLOGISTIC. The system as out-
lined here combines elements contributed by Aristotle with
others that are considerably later in origin; for the histori-
cal development of the subject see LOGIC, HISTORY OF.

Syllogistic logic deals with propositions of the four
forms:

“Every...is (a)—";

“No...is (a)—";

“Some (i.e., atleastone) ...is (a)_";

“Some...isnot (a)___.”

(Examples: “Every club member is a Bostonian”; “No
club member is a Bostonian”; etc.)

Propositions of these forms are known as A, E, I, and O
propositions, respectively. The expressions that fill the
blanks are called ferms; and in each case the first is the
subject(-term) and the second the predicate(-term).
(The use of the words “term” and “predicate” here should
not be confused with their use in the account of LPC
above.) As term variables, the letters S, P, and M are
employed. “Every S is (a) P” is abbreviated to “SaP”;
“No S is (a) P” to “SeP”; “Some S is (a) P” to “SiP”;
and “Some S is not (a) P” to “SoP.” A and E propositions
are called universal, 1 and O propositions particular; A
and I propositions are called affirmative, E and O prop-
ositions negative.

These propositional forms are to be so understood that
the following are true for any terms S and P:

(1) Not both: SaP and SeP;

(2) If SaP, then SiP;

(3) If SeP, then SoP;

(4) Either SiP or SoP;

(5) SaP is equivalent to the negation: of SoP;

(6) SeP is equivalent to the negation of SiP.

The simple converse of a proposition is formed by re-
versing the order of its terms. If, in addition, an A propo-
sition is changed to an I, or an E to an O, the result
is called the limited converse of the original. The logical
relations holding between propositions and their con-
verses are as follows: E and I propositions are equiv-
alent to their simple converses; i.e., SeP and SiP are
equivalent to PeS and PiS, respectively. Moreover, an
A proposition SaP though not equivalent to its simple
converse PaS, implies, though it is not implied by, its
limited converse PiS. SoP, however, neither implies nor
is implied by PoS; this fact is often expressed by saying
that an O proposition does not convert.

A (categorical) syllogism is an inference with two pre-
mises and one conclusion, in which (i) each of the three
propositions is an A, E, I, or O proposition; (ii) the sub-
ject of the conclusion (called the minor term) also oc-
curs in one of the premises (the minor premise); (iii) the
predicate of the conclusion (called the major term) also
occurs in the other premise (the major premise); and (iv)
the two remaining term positions in the premises are filled
by the same term (the middle term). A syllogistic mood is
an inference form of which the instances are syllogisms
(e.g., MaP, SiM, .". SiP). If S, P, and M are used for
minor, major, and middle terms, respectively, and the
convention of writing the major premise first is observed,
the exhaustive list displayed in Table 6 is obtained

The
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Tablé 6: The Four Figures of the
Categorical Syllogism

I I juts v
M-P P—-M M -P P -M
S —M S — M-S M-S

-P -P S - S —P

showing four arrangements of terms in a syllogistic
mood. :

These arrangements of terms are known as the first,
second, third, and fourth figures of the syllogism, re-
spectively. A mood can then be succinctly specified by
mentioning its figure and indicating to which of the four
forms each of the three propositions, in the conven-
tional order, belongs. Thus “Ilaeo” specifies the mood:
PaM, SeM, .. SoP. The 24 moods shown in Table 7,
and only these, are normally regarded as valid.

Table 7: The 24 Valid Moods of
the Categorical Syllogism

Figure 1 aaa, aai, eae, eao, aii, eio
Figure 2 eae, eao, aee, aeo, €io, a0o
Figure 3 aai, iai, aii, eao, oao, eio
Figure 4 aai, aee, aeo, iai, eao, eio

Syllogistic logic is commonly extended by the introduc-
tion of negative terms. For any term S the corresponding
negative term non-S applies to exactly those things to
which S does not apply. A convenient notation for non-
S is S. Negative terms enable additional proposition
forms to be constructed, and the logical relations hold-
ing among them to be studied. Among the most im-
portant of these are: .

1. The obverse of a proposition, which is formed by
negating its predicate and changing the proposition from
affirmative to negative or vice versa. (Example: “No min-
eral is phototropic”; obverse: “Every mineral is non-
phototropic.”) The obverses of SaP, SeP, SiP, and SoP,
are SeP, SaP, SoP, and SiP, respectively. Every prop-
osition is equivalent to its obverse.

2. The contrapositive of a proposition, which is formed
by reversing the order of its terms and negating each,
though keeping the proposition affirmative or negative as
the case may be. (Example: “Every Italian is a Euro-
pean”; contrapositive: “Every non-European is a non-
Italian.”) SaP and SoP are equivalent to their respective
contrapositives PaS and PoS. SeP is not equivalent to
PeS; but it implies, though it is not implied by, its
limited contrapositive PoS. SiP, however, neither im-
plies nor is implied by PiS.

In the present century axiomatic bases have been devised
for syllogistic logic. It has been shown that if a and i
are taken as primitive and SeP is defined as ~(SiP) and
SoP as ~(SaP), then all of the valid formulas in syllogistic
logic that do not involve negative terms can be derived
from PC together with the four axioms

(1) (MaP - SaM) D SaP; (3) SaS;
(2) (MaP - MiS) D SiP; (4) SiS

by the usual rules of uniform substitution and modus
ponens and a rule of uniform substitution for term vari-
ables. A complete basis for deriving the valid formulas
involving negative terms as well can be formed by replac-
ing axioms (1) and (3) by

(1’) SeP D SaP and (3’) SeS

and extending the last mentioned rule to allow a term
variable to be replaced not only by another term variable
but also by a term variable with one or more super-
imposed bars. )

The formulas SaP, SeP, SiP, and SoP have obvious af-
finities with the LPC wff’s

(Vx) (px D ), (Vx) (¢x D ~yx), (3x) (px * ),
and (3x) (¢x - ~yx),
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respectively. The analogy is not, however, complete; e.g.,
SiP follows from SaP, but

(Vx) (¢x D yx) D (3x) (¢x - yx)

is not valid in LPC; and Illaai is a valid mood, but its
suggested analogue

[(Vx)(¢x D yx) - (Vx) (¢x D xx)] D(Ix) (xx - ¢x)

is not valid. Nevertheless, one change in the definition of
LPC validity given in III. Validity in LPC would
make the proposed analogue of every valid syllogistic
formula valid in (monadic) LPC; this change is that, in
the construction of an LPC model when value assign-
ments are made, V should be required to assign to each
predicate variable not any subset of D that one cares
to choose but, more restrictively, some nonempty prop-
er subset of D (i.e., some subset that has at least
one member and is not coextensive with D itself). This
suggests that one way of regarding syllogistic logic
is as a logic of properties that have both instances and
counterinstances.

MODAL LOGIC

True propositions can be divided into those—like “2 4
2 = 4”—that are true by logical necessity (necessary
propositions), and those—like “France is a republic”—
that are not (contingently true propositions). Similarly,
false propositions can be divided into those—like “2
2 = 5”—that are false by logical necessity (impossible
propositions), and those—like “France is a monarchy”—
that ‘are not (contingently false propositions). Con-
tingently true and contingently false propositions are
known collectively -as contingent propositions. A prop-
osition that is not impossible (i.e., one that is either
necessary or contingent) is said to be a possible prop-
osition. Intuitively, the notions of necessity and pos-
sibility are connected in the following way: to say that
a proposition is necessary is to say that it is not pos-
sible for it to be false; and to say that a proposition is
possible is to say that it is not necessarily false.

If it is logically impossible for a certain proposition, p,
to be true without a certain proposition, g, being also
true (i.e., if the conjunction of p and not-q is logically
impossible), then it is said that p strictly implies q. An
alternative, equivalent way of explaining the notion of
strict implication is by saying that p strictly implies g
if and only if it is necessary that p materially implies gq.
“John’s “tie is scarlet,” for example, strictly implies
“John’s tie is red,” because it is impossible for John’s
tie to be scarlet without being red (or: it is necessarily
true that if John’s tie is scarlet it is red); and in gen-
eral, if p is the conjunction of the premises, and g is
the conclusion, of a deductively valid inference, p will
strictly imply - g.

The notions just referred to—necessity, possibility, im-
possibility, contingency, strict implication—and certain
other closely related ones are known as modal no-
tions; and a logic designed to express principles involv-
ing them is called a modal logic.

The most straightforward way of constructing such a
logic is to add to some standard nonmodal system a new
primitive operator intended to represent one of the
modal notions mentioned above, to define other modal
operators in terms of it, and to add certain special
axioms or transformation rules or both. A great many
systems of modal logic have been constructed; but
attention will be restricted here to a few closely related
ones in which the underlying nonmodal system is ordi-
nary PC.

Alternative systems of modal logic. All of the systems
to be considered here have the same wif’s, but differ
in their axioms. The wff’s can be specified by adding
to the symbols of PC a primitive monadic operator
L, and to the formation rules of PC the rule that if
a is a wff, so is Le. L is intended to be interpreted
as “It is necessary that,” so that Lp will be true if and
only if p is a necessary proposition. The monadic opera-
tor M and the dyadic operator -3 (to be interpreted as
“It is possible that” and “strictly implies,” respectively)
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can then be introduced by the following definitions, which
reflect in an obvious way the informal accounts given
above of the connections between necessity, possibility,
and strict implication: if « is any wff, then Mea is to be
an abbreviation of ~L~¢a; and if « and B are any wff’s,
then « 3 B is to be an abbreviation of L(e« O 8) [or
alternatively of ~M(a - ~8)].

The modal system known as T has as axioms some
set of axioms adequate for PC (such as those of PM),
and in addition

(1) Lp Do p .
(2) L(p D q) D (Lp D Lgq).

Axiom (1) expresses the principle that whatever is neces-
sarily true is true and (2) the principle that, if g logically
follows from p then, if p is a necessary truth, so is g (i.e.,
that whatever follows from a necessary truth is itself a
necessary truth). These two principles appear to have a
high degree of intuitive plausibility, and almost all modal
systems contain (1) and (2) as theorems. The transforma-
tion rules of T are uniform substitution, modus ponens,
and a third rule to the effect that if « is a theorem so is
La (the rule of necessitation). The intuitive rationale of
this last rule is that in a sound axiomatic system it is
expected that every instance of a theorem « will be not
merely true but necessarily true—and in that case every
instance of La will be true.

Among the simpler theorems of T are:

pDMp;L(p-q)=(Lp-Lq);M(p\Vq) =
(Mp \/ Mq); (Lp \/ Lg) D L(p V q)

(but not its converse);
. M(p:q) D> (Mp - Mgq)
(but not its converse);
LMp = ~ML~p; (p3q) D

(Mp > Mq); (~p3p) = Lp; L(p \V q) D (Lp V Mg).
There are many modal formulas that are not theorems
of T but that have a certain claim to express truths about
necessity and possibility. Among these are

Lp D LLp; Mp D LMp;and p D LMp.

The first of these means that if a proposition is necessary, its
being necessary is itself a necessary truth; the second means
that if a proposition is possible, its being possible is a neces-
sary truth; and the third means that if a proposition is true,
then not merely is it possible but its being possible is a
necessary truth. These are all various elements in the gen-
eral thesis that a proposition’s having the modal character-
istics it has (such as necessity, possibility) is not a contin-
gent matter but is determined by logical considerations.
Though this thesis may be philosophically controversial,
it is at least plausible, and its consequences are worth
exploring; and one way of exploring them is to construct
modal systems in which the formulas. listed above are
theorems. None of these formulas, as was said, is a theo-
rem of T; but each could be consistently added to T as an
extra axiom to produce a new and more extensive system.
The system obtained by adding Lp O LLp to T is known
as S4; that obtained by adding Mp DO LMp to T is known
as S5; and the addition of p O LMp to T gives the (less
important) Brouwerian system, here called B for short.

The relations between these four systems are as follows:
S4 is stronger than T; i.e., it contains all of the theorems
of T and others besides. B is also stronger than T. S5 is
stronger than S4 and also stronger than B. S4 and B,
however, are independent of each other in the sense that
each contains some theorems that the other does not have.
It is of particular importance that if Mp D LMp is added
to T then Lp D LLp can be derived as a theorem, but that
if one merely adds the latter to T the former cannot then
be derived.

Examples of theorems of S4 that are not theorems of T
are: Mp = MMp; MLMp D Mp; (p 3 q) D (Lp-3 Lq);
and examples of theorems of S5 that are not theorems of
S4 are: ’

Lp = MLp; L(p \/ Mq) = (Lp \/ Mq); M(p - Lq) =
(Mp - Lq); (Lp 3 Lq) V (Lg -3 Lp).

One important feature of S5 but not of the other sys-

tems mentioned is that any wff that contains an unbroken
sequence of monadic modal operators (L’s and/or M’s)
is provably equivalent to the same wif with all of these
operators deleted except the last.

Considerations of space preclude an account of the
many other axiomatic systems of modal logic that have

" been investigated. Some of these are weaker than T: such

systems normally contain the axioms of T either as ax-
ioms or as theorems but have only a restricted form of the
rule of necessitation. Another group comprises systems
that are stronger than S4 but weaker than S5; some. of
these have proved fruitful in developing a logic of tem-
poral relations. Yet another group includes systems that
are stronger than S4 but independent of S5 in the sense
explained above.

Modal predicate logics can be formed also by making
analogous additions to LPC instead of to PC.

Validity in modal logic. The task of defining validi-
ty for modal wff’s is complicated by the fact that, even if
the truth values of all of the variables in a wjf are given,
it is not obvious how one should set about calculating
the truth value of the whole wjff. Nevertheless, a num-
ber of definitions of validity applicable to modal wff’s
have been given, each of which turns out to match
some axiomatic modal system in the sense that it brings
out as valid those wff’s, and no others, that are theorems
of that system. Most, if not all, of these accounts of
validity can be thought of as variant ways of giving for-
mal precision to the idea that necessity is truth in every
“possible world” or “conceivable state of affairs.” The
simplest such definition is this: Let a model be con-
structed by first assuming a (finite or infinite) set W
of “worlds.” In each world, independently of all the
others, let each propositional variable then be assigned
either the value 1 or the value 0. In each world the
values of truth functions are calculated in the usual
way from the values of their arguments in that world.
In each world, however, La is to have the value 1 if
« has the value 1, nof only in that world but in every
other world in W as well, and is otherwise to have the
value 0; and in each world M« is to have the value 1
if a has the value 1 either in that world or in some other
world in W, and is otherwise to have the value O.
These rules enable one to calcuiate a value (i or 0) in
any world in W for any given wff, once the values of
the variables in each world in W are specified. A model
is defined as consisting of a set of worlds together with
a value assignment of the kind just described. A wff is
valid if and only if it has the value 1 in every world
in every model. It can be proved that the wff’s that are
valid by this criterion are precisely the theorems of S5;
for this reason models of the kind here described may

be called S5-models, and validity as just defined may

be called S5-validity.

A definition of T-validity (i.e., one that can be proved to
bring out as valid precisely the theorems of T) can be
given as follows: a T-model consists of a set of worlds W
and a value assignment to each variable in each world, as
before; but in addition it includes a specification, for each
world in W, of some subset of W as the worlds that are
“accessible” to that world. Truth functions are evaluated
as before; but in each world in the model, L is to have
the value 1 if « has the value 1 in that world and in
every other world in W that is accessible to it, and is
otherwise to have the value 0. And in each world, Ma is
to have the value 1 if « has the value 1 either in that world
or in some other world accessible to it and is otherwise to
have the value 0. (In other words, in computing the value
of La or Ma in a given world, no account is taken of the
value of « in any other world not accessible to it.) A wff
is T-valid if and only if it has the value 1 in every world in
every T-model.

An S4-model is'defined as is a T-model except that it is
required that the accessibility relation be transitive; i.e.,
that where w,, Wy, and w, are any worlds in W, if w, is
accessible to w, and w, is accessible to w, then w, is
accessible to wg. A wff is S4-valid if and only if it has the
value 1 in every world in every S4-model. The S4-valid
wff’s can be shown to be precisely the theorems of S4.

Models
for the
four

systems
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Finally, a definition of validity is obtained that will match
the system B by requiring that the accessibility. relation be
symmetrical but not that it be transitive,

“For all four systems, effective decision procedures for
validity can be given. Further modifications of the general
method described have yielded validity definitions that
match many other axiomatic modal systems; and the
method can also be adapted to give a definition of validity
for the Intuitionistic PC mentioned earlier. For a number
of axiomatic modal systems, however, no satisfactory ac-
count of validity has yet been devised. Validity can also be
defined for various modal predicate logics by combining
the definition of LPC-validity given in III. Validity in

" LPC with the relevant accounts of validity for modal

systems; but a modal logic based on LPC is, like LPC
itself, an undecidable system.

SET THEORY

Only a sketchy account of set theory is given here; for
further information see the article SET THEORY. Set
theory is a logic of classes; i.e., of collections (finite or
infinite) or aggregations of objects of any kind, which are
known as the miembers of the classes in question. Some
logicians use the terms “class” and “set” interchangeably;
others . distinguish. between them, defining a set (for
example) as a class that is itself a member of some class
and defining a proper class as one that is not a member
of any class. It is usual to write “c” for “is a member
of” and to abbreviate ~ (x € y) to x ¢ y. A particular
class may be specified either by listing all of its mem-
bers or by stating some condition of membership, in
which (latter) case the class consists of all of those things
and only those that satisfy that condition (it is used, for
example, when one speaks of the class of inhabitants of
London or the class of prime numbers). Clearly, the for-
mer method is available only for finite classes and may be
highly inconvenient even then; the latter, however, is of
more general applicability. Two classes that have precise-
ly the same members are regarded as the same class or are
said to be identical with each other, even.if they are
specified by different conditions; i.e., identity of classes is
identity of membership, not identity o@e specifying condi-
tions. This principle is known as the principle of exten-
sionality. A class with no members, such as the class of
Chinese popes, is said to be null. Since the membership of
all such classes is the same, there is only one null class,
which is therefore usually called the null class (or some-
times the empty class); it is symbolized by A or ¢. The
notation x = y is used for “x is identical with y” and
~ (x = y) is usually abbreviated to x 54 y. The expres-
sion x = A therefore means that the class x has no mem-
bers, and x 7% A means that x has at least one member.

A member of a class may itself be a class. The class of
dogs, for example, is a member of the class of species of
animals. An individual dog, however, though a member
of the former class is not a member of the latter—because
an individual dog is not a species of animal (if the number
of dogs increases, the number of species of animals does
not thereby increase). Class membership is therefore not a
transitive relation. The relation of class inclusion, how-
ever (to be carefully distinguished from class-member-
ship), is transitive. A class x is said to be included in a
class y (written: x C y) if and only if every member of x
is also a member of y. (This is not meant to exclude the
possibility that x and y may be identical.) If x is included
in but is not.identical with y—i.e., if every member of x is
a member of y but some members of y are not members
of x—x is said to be properly included in y (written: x
Cy).

It is perhaps natural to assume that for every statable
condition there is a class (null or otherwise) of objects that
satisfy that condition. This assumption is known as the
principle of comprehension. In the unrestricted form just
mentioned, however, this principle has been found to lead
to inconsistencies and hence cannot be accepted as it
stands. One statable condition, for example, is non-self-
membership, i.e., the property possessed by a class if and
only if it is not a member of itself. This in fact appears to
‘be a condition that most classes do fulfill; the class of
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dogs, for example, is not itself a dog and hence is not a
member of the class of dogs.

Let it now be assumed that the class of all classes that
are not members of themselves can be formed and let
this class be y. Then any class x will be a member of y
if and only if it is not a member of itself; i.e., for any
class x, (x € y) = (x ¢ x). The question can then be
asked whether y is a member of itself or not, with the
following awkward result: If it is a member of itself,
then it-fails to fulfill the condition of membership of y;
and hence it is not a member of y; i.e., not a member of it-
self. On the other hand, if y is not a member of itself, then
it does fulfill the required condition; and therefore it is a
member of y—i.e., of itself. Hence the equivalence
(y € y) = (¥ ¢ y) results, which is self-contradictory. This
perplexing conclusion, which was pointed out by Bertrand
Russell, is known as Russell’s paradox. Russell’s own so-
lution to it and to other similar difficulties was to regard
classes as forming a hierarchy of types and to posit that a
class could only be regarded sensibly as a member, or a
nonmember, of a class at the next higher level in the
hierarchy. The effect of this theory is to make x € x, and
therefore x ¢ x, ill-formed. Another kind of solution,
howeyver, is based upon the distinction made earlier be-
tween two kinds of classes, those that are sets and those
that are not—a set being defined as a class that is itself a
member of some class. The unrestricted principle of com-
prehension is then replaced by the weaker principle that
for every condition. there is a class the members of which
are the individuals or sets that fulfill that condition. Other
solutions have also been devised; but none has won
universal acceptance, with the result that several dif-
ferent versions of set theory are found in the literature
of the subject.

Formally, set theory can be derived by the addition of
various special axioms to a rather modest form of LPC
that contains no predicate variables and only a single
primitive dyadic predicate constant (€) to represent mem-
bership. Sometimes LPC-with-identity is used and there
are then two primitive dyadic predicate constants (e and
=). In some versions the variables x, y, . . . are taken to
range only over sets or classes; in other versions they
range over individuals as well. The special axioms vary;
but the basis normally includes the principle of ex-

tensionality and some restricted form of the principle of -

comprehension, or some elements from which these can
be deduced.

A notation to express theorems about classes can be
either defined in various ways (not detailed here) in
terms of the primitives mentioned above, or else in-
troduced independently. The main elements of one wide-
ly used notation are the following: if « is an expression
containing some free occurrence of x, the expression
{x:a} is used to stand for the class of objects fulfilling
the condition expressed by a—e.g., {x : “x is a prime
number”} represents the class of prime numbers; {x}
represents the class the only member of which is x; {x, y}
the class the only members of which are x and y; and
so on. <x, y> represents the -class the members of
which are x and y in that order (thus {x, y} and {y, x}
are identical; but <x, y> and <y, x> are in general
not identical). Let x and 'y be any classes, as (for ex-
ample) those of the dots on the two arms of a stippled
cross. The intersection of x and y, symbolized as x N
y, is the class the members of which are the objects
common to x and y—in this case the dots within the
area where the arms cross—i.e., {z : Z € x + z € y}.
Similarly, the union of x and y, symbolized as x U y,
is the class the members of which are the members of x
together with those of y—in this case all of the dots on
the cross—i.e., {z : z € x \/ zZ € y}; the complement of
x, symbolized as —ux, is the class the members of which
are all those objects that are not members of x—i.e., {y
: y ¢ x}; the complement of y in x, symbolized as
x — y, is the class of all objects that are. members of x
but not of y—i.e., {z : z € x + z ¢ y}; the universal class,
symbolized as A, is the class of which everything is a
member, definable as the complement of the null class—
i.e., as —A. A itself is sometimes taken as a primitive
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individual constant, sometimes defined as {x : x ¢ x}—
the class of objects that are not identical with themselves.
Among the simpler theorems of set theory are:

(Vx)(x N x=x); (V) (Vy)(x Ny =y N %);
and’ corresponding theorems for U;

(Vx)(Vy)(Vo)lx N (y Nz)=(xNy) U (xnN2)
Vx) (VP)[—=(xNy) = —x U —y];

and corresponding theorems with N and U 1nterchanged

Vx)(—=x=x); (Vx)(Vy)(x —y=x.n —y);
(Ax)(ACx); (Vx)(x N A=A); (Vx) (XU A=x).

In these theorems the variables range over classes. In
several cases, there are obvious analogies to valid wff’s
of PC. For an account of further developments, more ad-
vanced axioms, etc., see SET THEORY.

Apart from its own intrinsic interest, set theory has an
importance for the foundations of mathematics in that it
is widely held that the natural numbers can be adequately
defined in set-theoretic terms. Moreover, given suitable
axioms, standard postulates for natural-number arith-
metic can be derived as theorems within set theory.

LOGICAL FOUNDATIONS OF MATHEMATICS

It is possible to develop arithmetic in the form of a
logical system without recourse to set theory. -
Axiomatization of arithmetic. Axiomatic bases for
the arithmetic of the natural numbers (0, 1, 2, ...) can be
constructed as extensions of LPC designed to have a di-

rect numerical interpretation. One such basis, with the .

intended interpretation indicated, is the following: in addi-
tion to the usual operators and quantifiers, the symbols
comprise (a) an infinite list of individual variables, the
values of which are to be natural numbers; (b) one indi-
vidual constant, 0, to represent zero; (c) one dyadic predi-
cate constant, —, to represent equality; (d) three function
constants: a monadic one, ’, interpreted as “the successor
of”’; and two dyadic ones, 4 and -, interpreted as “the sum
of” and “the product of,” respectively. In view of their in-
tended interpretations, it is convenient to write ’ after its
argument, and =, 4, and - between their arguments. The
numeral 1 may be defined as 0/, the numeral 2 as 1’ (or
0”), and so on. Terms are defined as explained in III.
Extensions of LPC; and since there are no predicate vari-
ables, an atomic wff will simply be any expression of the
form (t; = t,), where t; and t, are terms. The followmg
special axioms are added to the general axioms for
LPC:

(1) (x=y)2(x=2)D y=2)}
2) (x=y) D (¥ =Y);

(3) 0 x7

4) (@ =y)D (x=y);
(5) x4+ 0=u;

6) (x +y)=(x+y);
(7) x-0=0;

B) x-y=(x-y) +x
There is also the following special axiom schema:

(9) Let a be any wff and a any individual variable;
let «(0) be « but with 0 replacing every free occur-
rence of a, and «(a’) be « but with free a’ replacing every
free occurrence of a: then

«(0) D {(Va) [e DO a(a’)] D (V~)a}
is an axiom.

The transformation rules are modus ponens and univer-
sal generalization as before. Axiom schema (9) expresses
the principle of mathematical induction. It may be para-
phrased by saying that if a property (i) belongs to 0 and
(ii) belongs to the successor of any natural number to
which it also belongs, then it belongs to every natural
number whatsoever.

“Scope and limitations of axiomatized arithmetic. In
this system (which shall be called S), the axioms for
identity given in: III. LPC-with-identity are deriv-
able as theorems. Since S contains no variables other
than individual variables, every closed wff—i.e., every

wif containing no free individual variables—will (given

the intended interpretation) express not a proposition

form but a determinate proposition of natural-number
arlthmetlc—poss1bly one containing no variables at. all,
such as 3 + 5 = , or poss1bly one. containing bound
varlables, such as

(V)@Y +x=3+y)or
(VX)(VY)(VD)x - (0 +2) = (x-y) + (x - 2)].

The range of arithmetical propositions expressible by
wif’s of S is indeed much greater than might appear from
the fact that its only primitive predicate is. = and its only
primitive function symbols are ’, 4-, and -, inasmuch as
many relations and properties not so far explicitly
mentioned, such as “is less than,” “is divisible (w1thout
remainder) by,” and “is prime,” can be defined in terms
of the primitives of S; e.g., x < y can be defined as (3z)
(x + Z = y). Moreover, even if a given numerical
function is not directly definable in terms of the primi-
tives of S, it may still be possible to express proposi-
tions involving that function as wff’s of S, in a way that
can be sufficiently explained for present purposes as
follows: A numerical function is one that always has
a natural number as its value when its arguments are
natural numbers. Now let f(x) be such a function with
one argument x. It may then be possible to find a wff of
S, a, containing two free variables, x and y, such that (i)
all values of x and y that make f(x) = y true also turn
« into a theorem of S, and (ii) whenever « is formed
from « by uniformly replacing ¥ by a numeral, (31y)
o is a theorem of S. In that case every true proposition
of natural-number arithmetic involving only that func-
tion will be expressible as a wff, appropriately constructed
from o, that is a theorem of S; and « is then said
to represent that function in S. For functions with more
than one argument, the above account can be extended
in a straightforward way and, provided that a true
natural-number proposition involves only functions that
are representable in S, the wff that expresses it will be
a theorem of S.

A numerical function is said to be effectively computa-
ble if there is an effective (mechanical and finite) method
of calculating the value of the function in all cases when
its arguments are given (e.g., the addition function x 4 y
is effectively computable since, given any two numbers, it
is possible to calculate their sum mechanically in a finite
number of steps). Various attempts have been made to
give a precise mathematical analysis of the conditions for
effective computability, and it is widely held that a satis-
factory analysis of this kind is provided in the theory of
recursive functions; i.e., that the (intuitively defined)
class of effectively computable functions coincides ex-
actly with the (mathematically defined) class of re-
cursive functions. An account of recursive functions
will be found in the article MATHEMATICS, FOUNDATIONS
OF: The crisis in foundations following 1900: Logicism,
formalism, and metamathematical method, and is there-
fore omitted here. In the present context the essential
point is that it can be proved that the numerical functions
representable in S are precisely those that are recursive.
And from this fact, given the assumption that effective
computability and recursiveness do in fact coincide, it
follows that every true proposition of natural-number
arithmetic in which all of the functions are effectively
computable can be expressed as a wff that is a theorem
of S. In this sense, S is an adequate basis for natural-
number arithmetic.

It would be natural to hope that S were also complete in
the sense that every true arithmetical proposition whatev-
er that can be expressed as a wff of S would be a theo-
rem. It can be shown, however—at least if S is assumed
to be consistent, which there seems no reason to-doubt—
that this hope is unfounded. That this is so is a direct
consequence of the most important finding that has been
made to date in this area, a finding that is known as
Gddel’s incompleteness theorem, after the mathemati-

‘cian and logician Kurt Godel who formulated and

proved it in 1931. An application of Godel’s argument to
S shows how to construct a certain closed wff of S of
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which it can be proved both that it expresses a true
arithmetical proposition, and also that it is not a theorem

of S, if S is a consistent system. Moreover, contrary to:

what one might expect, the incompleteness -of S could
not be overcome by adding extra axioms or rules to it;
for, although it would be easy to strengthen the basis of
S so0 as to obtain a system S’ in which the wff in question
is indeed a theorem, Godel’s reasoning would then en-
able one to construct another closed wff which would
stand to S’ exactly as the previous one does to S. The
position in fact is that any consistent extension of S is
bound also to be incomplete, and this fact is often ex-
pressed by saying that S is “essentially incomplete.” Nor
could one obtain a complete system for arithmetic :by

starting afresh with some other axioms and rules in

place of those of S, for the upshot of Godel’s theorem
is that any axiomatic system whatever that is sufficient
for natural-number addition and multiplication is -essen-
tially incomplete; and as a result the otherwise natural
ideal of giving a complete axiomatization of the whole,
or even of some considerable part, of pure mathematics
must be abandoned.

An important threefold distinction therefore exists among
logical systems. There are those, like PC, that are both
decidable and completely axiomatizable; there are those,
like LPC, that are not decidable but are completely
axiomatizable; and there are those, like natural-number
arithmetic, that are neither decidable nor completely ax-
iomatizable. The ability to draw this distinction with clar-
ity and to demonstrate to which of the three groups a
given system belongs is one of the most noteworthy
achievements of contemporary logic.

Information about various theories of the nature of
mathematical concepts and propositions and of the rela-
tion between logic and mathematics will be found in the
articles MATHEMATICS, FOUNDATIONS OF; and METALOGIC.

APPLIED LOGIC

In a broad sense logic may be said to be applied when
logical principles are used to test the validity of a particu-
lar inference or as a practical guide in discovering what
conclusions one is or is not entitled to draw from a given
set- of premises. For this purpose lists of the forms of

.commonly encountered invalid inferences (logical falla-

cies) can be useful and are often given in textbooks,
though the ways of going wrong, in reasoning as in other
matters, are so multifarious that a fully systematic ac-
count of fallacies is perhaps a vain hope.

A logical system may, however, be an applied logic in
the sense that it is meant to systematize the forms of
sound reasoning, or to express a body of universal truths,
in some relatively restricted field of thought or discourse.
Typically such a system is constructed by setting up spe-
cial constants (with specified interpretations) or new vari-
ables (with specified ranges of values) and extra axioms
involving these and adding them to some “pure” logical
system such as PC or LPC. (It has already been noted
how this can be done in constructing extensions of LPC.)
Some of the fields in which such applied logics have been
constructed and investigated are noted briefly here. More
detailed information will be found in the article LoGIC,
APPLIED,

1. Deontic logic is concerned with obligation, permissi-
bility, and allied moral notions. Its simplest form involves
adding two monadic operators, say O and P, to PC,
with appropriate special axioms. Op is then understood to
mean “It is obligatory that p” and Pp to mean “It is
permissible that p.” O may be defined as ~P~ (“It is not
permissible that not . . .”) or P as ~O~. More complex
versions may involve the modal operators L and M (for
necessity and possibility) as well, enabling formulas such
as Op D Mp (“Whatever is obligatory is possible”) to be
constructed; and versions based on LPC may contain for-
mulas such as Og¢xt to express “It is obligatory that x
should ¢ at time 2.”

2. The logic of relative value can be somewhat analo-
gously investigated. The dyadic operator B (for “is better
than”) could be thought of as having either propositions or
names of individuals as its arguments; thus Bpg would
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mean that it is better that p should be the case than that g
should be the case, and Bxy would mean that object x is
better than object y.

3. Epistemic logic is the logic of knowing and believing.
Kxp can be used for “x knows that p” and Bxp for “x
believes that p.” K and B would be unlike other operators
so far considered in that one of their arguments would be
the name of an individual and the other a proposition.
Plausible theorems would be Kxp D p and Kxp D Bxp;a
more contentious one would be Bxp O ~B~p—i.e., “If
x believes that p, then x does not believe that not-p.”

4. In systems designed to express the logic of temporal
relations, propositions have usually been conceived as ca-
pable of changing their truth value with the passage of
time. Thus “It is raining in London” may be both true
on Tuesday and false on Wednesday. The way is
thus opened for a logic of tenses. The simple p is taken to
mean “It is (now) the case that p,” Fp to mean “It will be
the case that p,” and Pp to mean “It was the case that p.”
PFp will then mean “It was the case that it would be the
case that p,” and so forth. In this way a range of opera-
tors analogous to grammatical tenses can be built up and
the logical relations between them systematized. Another
development has been based on a reinterpretation of the
modal necessity operator L so that Lp means “It is and
always will be the case that p.”

5. Attempts have also been made to give a formal logic
of various classes of conditional propositions that seem to
resist analysis in terms of the implication relations (such
as material or strict implication) that are expressed in the
standard logical systems. Causal propositions of the form
“If p then as a causal consequence g” comprise one such
class; counterfactual conditionals—i.e., propositions of
the form “If it were (had been) the case that p, then it
would be (would have been) the case that g”—comprise
another.

6. It should finally be mentioned that a certain amount
of work—though not as yet a great deal—has been done
toward constructing a formal logic of various non-propo-
sitional elements that play an important part in human
discourse—elements such as questions, commands, ex-
hortations, and expressions of intention.

V. Varieties of notation in symbolic logic

A wide variety of notations is found in works on formal
logic. Sometimes in place of “literary” bracketing a system
of dots is used, a larger group of dots having a wider scope
than a smaller group; thus (p O q) D [g D (r D p)] may
be writtenasp D g+ D : ¢ D - r D p. Or a combination
of dots and brackets may be used. Conventions are often
laid down for reducing the number of brackets; e.g., it
may be stipulated that p D g D r is to be understood as
(p D q) D r,notasp D (g D r). But these conventions
vary considerably from author to author. The negation
~p is sometimes written as -porasp;p - gasp /\ q or as
p&gqgorsimplyaspg;p D gasp—>q;p=qgasp<>qor
as p~q. The symbol V is frequently omitted and univer-
sal quantifiers written as (x), etc. 3 is sometimes written
as E. In modal logic, M is often replaced by ¢, and L by
[J or less frequently by N. The choice of letters used as
variables -also varies considerably.

A more radically different symbolism is found in the
so-called Polish notation, devised by Jan Yukasiewicz, in
which all operators, dyadic as well as monadic, are writ-
ten immediately before their arguments. In this notation
~p becomes Np,andp - ¢, p\V/ ¢, p D g, and p = q be-
come respectively Kpqg, Apg, Cpq, and Epq. In LPC,
(Vx) is written as Ilx, (3x) as =x, and x = y as Ixy. In
syllogistic logic, a, b, . . . are used as term variables and
SaP, SeP, SiP and SoP are written as Aab, Eab, Iab and
Oab, respectively. In modal logic, L and M are used as
in this article, but p 3 q is written as C’pq or as €pq. In
this notation no brackets of any kind are required, the
distinctions made in other notations by bracketing being
marked instead by the order of the symbols. Thus p D
(q \V r) is CpAqr but (pDq)\/r is ACpgr.
BIBLIOGRAPHY. A great many books containing or con-
sisting wholly of elementary introductions to modern formal
logic are now available; thus the following list is bound to be
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rather arbitrary. ALFRED TARSKI1, Elementy logiki matema-
tycznej, 2nd ed. (1958; Eng. trans., Introduction to Logic and
to the Methodology of Deductive Sciences, 3rd ed. rev.,
1965); w.v.0. QUINE, Elementary Logic, rev. ed. (1965); ALICE
AMBROSE and MORRIS LAZEROWITZ, Fundamentals of Symbolic
Logic (1948); 1RVING M. copl, Symbolic Logic, 3rd ed.
(1967); JOHN A. FARIS, Truth-Functional Logic (1962), prop-
ositional calculus only, and Quantification Theory (1964),
lower predicate calculus only; E.J. LEMMON, Beginning Logic
(1965); GEORGE E. HUGHES and D.G. LONDEY, The Elements
of Formal Logic (1965). All of these, except where noted,
contain introductions to both the propositional and lower
predicate calculi. The natural deduction rules ‘given in this
article are derived from the book by Lemmon. Also intro-
ductory, but more advanced in character, are: w.v.0. QUINE,
Methods of Logic (1950); ARTHUR N. PRIOR, Formal Logic,
2nd ed. (1962); RUDOLF CARNAP, Introduction to Symbolic
Logic and Its Applications (1958); and PATRICK C. SUPPES,
Introduction to Logic (1957). The most influential work in
the field is ALFRED NORTH WHITEHEAD and BERTRAND RUSSELL,
Principia Mathematica, 3 vol. (1910-13). In Principia Mathe-
matica to *56 (1962), those parts of the original that are of
most concern to logicians as distinct from mathematicians are
reprinted. Another important and influential work is DAYVID
HILBERT and W. ACKERMANN, Grundziige der theoretischen
Logik, 2nd ed. (1938; Eng. trans., Principles of Mathemati-
cal Logic, 1950). Probably the most definitive account of the
propositional and lower predicate calculi is presented in
ALONZO CHURCH, Introduction to Mathematical Logic, vol. 1
(1956). For Syllogistic Logic, see JOHN N. KEYNES, Studies
and Exercises in Formal Logic (1906), for a comprehensive
traditional account; and JAN LUKASIEWICZ, Aristotle’s Syllo-
gistic from the Standpoint of Modern Formal Logic, 2nd enl.
ed. (1957); and otTO A. BIRD, Syllogistic and Its Extensions
(1964), for modern treatments. For Modal Logic, ROBERT
FEYS, Modal Logics (1965), contains a comprehensive sur-
vey of axiomatic systems; GEORGE E. HUGHES and M.J. CRESS-
WELL, An Introduction to Modal Logic (1968), is a text-
book and general survey. For brief introductions to set theory
see P.R. HALMOS, Naive Set Theory (1960), and E.J. LEMMON,
Introduction to Axiomatic Set Theory (1969); fuller accounts
are given in PATRICK C. SUPPES, Axiomatic Set Theory (1960);
and W.v.0. QUINE, Set Theory and Its Logic (1963). For an
advanced treatment, see A.A. FRAENKEL, Abstract Set Theory,
ard ed. (1965). For the logical foundations of mathematics
(number theory and recursive functions), see ELLIOTT MEN-
DELSON, Introduction to Mathematical Logic (1964); and
J.W. ROBBIN, Mathematical Logic: A First Course (1969),
though neither is easy reading. A standard advanced work in
this field is s.C. KLEENE, Introduction to Metamathematics
(1952). The most important journals in the field of formal
logic are The Journal of Symbolic Logic, Notre Dame Journal
of Formal Logic, Logique et Analyse, and Zeitschrift fiir
mathematische Logik und Grundlagen der Mathematik.
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Logic, History of

A survey of the development of logic may appropriately
begin by delineating the boundaries of the discipline. Tra-
ditionally, logicians have distinguished between deductive
logic, whose principles are used in drawing new proposi-
tions out of premises in which they lie latent, and induc-
tive logic, which ventures conclusions from particular
facts that appear to serve as evidence for them. But this
division is obsolete, because the problems earlier sub-
sumed under induction are now apportioned to the meth-
odology of the natural sciences. Thus, in the present ac-
count, logic is taken to mean deductive logic with all of
its ramifications.

DEDUCTIVE LOGIC AS A DISCIPLINE

Divisions and nature of deductive logic. In its narrow-
er sense deductive logic divides into (1) the logic of prop-
ositions (also called sentential logic) and (2) the logic of
noun expressions. The logic of propositions or sentences
is so named because, in it, propositions or sentences form
the only basic semantic category (or part of speech).
Some of them are simple and remain unanalyzed, others
are compound and are analyzed into propositional con-
nectives (“if . . . then,” “and,” “or,” “it is not the case
that,” . . . ) and their arguments, which themselves are
propositions. In logical systems they are represented by p,
q, 1, . . . . In the logic of noun expressions simple propo-
sitions are broken down into their parts, which comprise

a second basic semantic category; namely, the category of
names (“Socrates,” “the father of Socrates”) or the cate-
gory of common nouns (“philosopher,” “Athenian citi-
zen”). In simple propositions names often occur as argu-
ments in concatenation with predicates; that is to say,
verbs (“moves,” “lives”) or verblike expressions (“is
wise,” “is a philosopher”). The theory whose vocabulary
comprises propositional connectives, names (represented

bya, b,c,...0rx,y,z...), predicates (répresented by
F, G, H, . . .), and the quantifiers (“for all . . .” and
“for some . . .”) is known as the logic of predicates or

lower functional calculus or logic of quantification. Verbs
or verblike expressions that require one name to form a
proposition are called one-place predicates. There are
also two-place predicates, three-place predicates, etc.; i.e.,
verbs or verblike expressions that require two or three or
more names to form a proposition (“a is bigger than b,”
“a gives b to ¢”). It is the task of the logic of relations, an-
other part of the logic of noun expressions, to exhibit the
use of such predicates. Neither the logic of predicates nor
the logic of relations accommodates common nouns as a
semantic category in its own right. Both treat common
nouns as integral parts of predicates. Common nouns,
however, can be given the status of a basic semantic cate-
gory, as was, in fact, done in Aristotle’s syllogistic and in
that part of the logic of noun expressions that is known as
the logic of classes. .

In a wider sense, logic comprises, in addition to the
above, various theories of language—such as logical syn-
tax, the study of the various relationships, that hold be-
tween the meaningful expressions of a natural or an arti-
ficial language; and semantics, the study of the various
relationships that hold between the expressions in a lan-
guage and some objects outside the language. Systems of
the logic of propositions as well as systems of the logic of
noun expressions can become, in turn, objects of special
studies that are part of what is now known as metalogic or
the methodology of deductive systems, a logic of logics,
as it were. Theories of modalities—i.e., theories that are
concerned with the notions of necessity, impossibility,
possibility, and contingency—fall also within the scope of
logic in its wider sense. Finally, in surveying the develop-
ment of logic, the crucial role of logical fallacies and
paradoxes cannot be overlooked.

As already mentioned, the principles or theses of the
logic of propositions exhibit directly the use of such ex-
pressions as “if . . . then,” “it is not the case that,” “and,”
and “or,” employed in concatenation with propositions,
P, q, r. The principle of the hypothetical syllogism, which
says that

For all p, g, r, if [(if p then g) and

(if g then r)] then (if p then r),
is an example of a thesis belonging to the logic of proposi-
tions. The theses of the logic of noun expressions exhibit
the use of such constant terms as “is the same object as,”
“is,” “every . .. is,” “some ... is,” “no ... is,” and
“some . . . is not,” to mention only a few. In concatena-
tion with noun expressions, a, b, c, these terms form prop-
ositions. Examples of statements belonging to the predi-
cate logic are the law that asserts the symmetry of state-
ments of identity:

For all a and b, if a is the same object
as b then b is the same object as a

and the Aristotelian syllogism (called Darii):

For all g, b, and ¢, if every bis ¢

and some a is b then some a is c.
It should be noted that, in the theses of the logic of noun
expressions, a vocabulary belonging primarily to the logic
of propositions is employed, which reflects the fact that
the logic of propositions is logically prior to that of noun
expressions. :

Some logicians have wondered whether there are any
logical theories that involve the use of three or more
basic semantic categories; and the answer is “yes,” though
so far such theories have not been worked out in detail.

Alternative formats employed in presenting logical prin-
ciples. The foregoing examples of logical theses have
been formulated with the aid of propositional variables,
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P> g, r, and with the aid of nominal variables, a, b, c,
which stand for noun expressions. This formulation,
first used by Aristotle, may be described as (1) the direct
method of expressing logical principles. But Aristotle
himself and many of his ancient and medieval followers
often referred to logical principles also by means of (2)
standard examples. For instance, the law of the hypothet-
ical syllogism could be represented by the following ex-
ample, adapted from a Greek commentator to Aristotle’s
Analytica priora:

If [(if a man exists then an animal ex1sts) and (if an animal

exists then a substance exxsts)] then (if a man exists then a

substance exists).

Instead of expressing the law of the hypothetical syllo-
gism directly or illustrating it with the aid of a standard
example, it can be described in (3) metalogical terms:
For all a, b, and ¢, if (a implies b and b implies ¢) then
a implies ¢. (Example: If [the universal affirmation (a) im-
plies the corresponding particular. affirmation (b), and the
particular affirmation’ (b) implies the negation of the cor-
responding universal denial (c¢)], then the universal affirma-
tion (a) implies the negation of the corresponding universal
defiial (c). For terminology see below Theory of opposi-
tion.) -
Here the variables a, b, and ¢ are nomma] instead of
proposmonal variables, and the term “implies”—which
is not the same as the connective “if . . . then,” because it
requires noun expressions, and not proposmons as-ar-
guments—belongs to the vocabulary of metalogic. Many
logical principles give rise to valid inferences, and some
logicians have preferred using (4) schemata of valid in-
ferences in presenting their systems of logic. The schema
If p then g; but if g then #; therefore if p then r

gives the form of inferences the validity of which is
guaranteed by the law of the hypothetical syllogism. A
less abstract way of referring to logical principles con-
sists in making use of (5) standard inferences. Thus, the
inference
If a man exists then an animal exists; but if an animal
exists then a substance exists; therefore if a man exists then
a substance exists

if used in the context of a logical discussion, can be un-
derstood as representing the law of the hypothetical
syllogism. Note that standard examples that illustrate log-
ical principles are propositions, whereas standard infer-
ences are sets of propositions. In an inference one propo-
sition, usually indicated by the preceding “therefore,” is
the conclusion; the remaining propositions are called
premises. These five different ways of referring to logical
principles must be kept in mind when tracing their grad-
ual emergence in the course of the development ef logic.

ANCIENT LOGIC

Precursors of ancient logic. Though in theory the logic
of proposmons is logically prior to the logic of noun ex-
pressions, it was the latter that historically preceded the
former. The first system of the logic of noun expressions
was worked out by Aristotle in the 4th century BC. Aris-
totle was right when he claimed that in creating syllo-
gistic, which is a part of the logic of noun expressions that
can be formulated in terms of categorical propositions, he
was a pioneer—though preparatory work of considerable
extent and significance had been done for him already by
earlier Greek mathematicians, rhetoricians, and philoso-
phers. The Greeks were, in fact, almost unique in their
practice, cultivation, and enjoyment of argument and
proof; and without interest in the art of argumentation
one cannot have an intellectual climate conducive to the
development of logical theories. The ability, however, to
produce valid inferences in the course of an argument
does not necessarily presuppose any knowledge of logic.
Indeed, the preserved speeches of ancient Attic orators
and the dialogues of Plato contain numerous valid infer-
ences, but the logical laws that account for their validity
were unknown at the time.

It was mentioned earlier that in its wider sense logic
comprises theories of language. In this field, preparatory
work had been done by the Sophists, a class of private
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tutors in ancient Greece who were the first to distinguish

different types of sentences—affirmations, denials, ques- .

tions, answers, and injunctions—and who were also inter-
ested in the study of synonyms. Further progress in the-
ories of language was later made in the Academy, the
school that Plato founded. In the Sophist, written in the
4th century BC, Plato remarked that neither a series of
noun expressions alone nor a series of verbs alone can
produce a proposition, a principle that is accepted even
by logicians today, who have generalized it to read that
no series of expressions belonging to one and the same

.semantic category can form a meaningful expression.

More important for the development of logic, however,
was Plato’s conception of the axiomatic method, which
lays down principles (usually self-evident) and deduces
theorems from them, as an ideal means of systematizing
knowledge. It was not until Aristotle and Euclid (¢. 300
BC) that Plato’s program was successfully turned into
concrete achievement.

In discussing the prehistory of logic, mention should be
made of fallacious arguments and paradoxes. These are
arguments that, from premises that appear to be true,
lead, by steps that appear to be valid, to a conclusion that
appears to be false. The Sophists used to teach their
pupils how to argue for and also against any propounded
statement. - This procedure, of course, gave occasion to
fallacious arguments, which called for skillful refutation.
In the 5th and 4th centuries BC, the interest in fallacious
arguments was widespread, as is evidenced by Plato’s
Euthydemus and Aristotle’s De sophisticis elenchis. The
most famous of the early paradoxes was perhaps the
“Achilles,” invented by Zeno of Elea, an ancient Ration-
alist. Zeno argued that Achilles, reputed to be the fastest
runner of all, could not overtake a tortoise in a race once
the tortoise was allowed to get in front of him. For before
overtaking the tortoise, Achilles would have to cover the
distance that separated him from the tortoise at the
time ;. This he could accomplish at the time #,; but at
that time the tortoise would have moved away and
Achilles would still be separated from it. The argument
can then be repeated for the distance between them at the
time 7, and so on, pointing apparently to the conclusion
that Achilles would never overtake the tortoise.

In a system of logic some of the theses are described as
definitions. In introducing definitions, there are a number
of conditions that must be carefully satisfied if they are to
be used without endangering the consistency of the sys-
tem. Though rules for thus introducing correct definitions
into systems of logic are of recent origin, the credit for
being the first to practice the art of definition should,
according to Aristotle, be given to Socrates.

Aristotle and the logic of noun expressions. The collec-
tion of Aristotle’s logical treatises is known as the Orga-
non, a title invented probably by an ancient editor of his
writings, which reflects the view that logic is a tool for
sharpening thought. It consists of the Categoriae, the De
interpretatione, the Analytica priora (two books), the
Analytica posteriora (two books), the Topica (eight
books), and the De sophisticis elenchis. The drder of the
treatises is supposed to be systematic; it does not seem to
correspond to the chronological order, however. From
the point of view of logic, the De interpretatione and the
Analytica priora are by far the most important,

Structure of language. In Aristotle, the discussion of
the syntactical and semantical features of language con-
stituted a preamble to his syllogistic. Following Plato, he
distinguished between nouns and verbs and regarded
them as essential parts of a proposition; but he seemed to
concentrate his attention on nouns and, in particular, on
referential common nouns with limited generality. He did
so because he believed that nonreferential or empty noun
expressions, like “goat-stag,” singular nouns, and the
nouns of ultimate generality, such as “thing” or “object,”
are of lesser importance for scientific inquiries. Noun ex-
pressions, which in Aristotle included adjectives, are used
for the purpose of constructing simple affirmations and
denials of the following four types: .

1. Singular: e.g., Socrates is white—Socrates is not white;

2. Universal: e.g., Every man is white—No man is white;
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3. Particular:
© white; .

4. Indefinite: e.g., Man is' white—Man is not white. -

In Aristotelian syllogistic, use is made of universal and
particular propositions only. Called categorical -proposi-
tions, these involve: the following .constant vocabulary:
“Bvery. ... . is,” “No.. . .1s,” “Some . . . is,” and “Some
.. . is not,” which form.propositions that were designated
by medieval logicians as A, E, I, and O, respectively.
‘Theory of opposition.  Syllogistic comprises (1) the
theory of opposition, (2) the theory of conversion, and
(3) the syllogistic proper. The theory of opposition, ex-
pounded in the De interpretatione, considers the, logical
relations that obtain between the four types of proposi-
tions formed by the affirmation and denial of universal
and particular propositions. It stipulates that a universal
affirmation, “Every a is b,” and the corresponding partic-
ular denial, “Some a is not b,” are contradictories; i.e.,
that one of the pair must be true whereas the other must
be false. A universal denial and the corresponding partic-
ular affirmation are also contradictories. A universal af-
firmation, “Every a is b,” however, and the corresponding
universal denial, “No a is b,” form a pair of contrary pro-
positions, which cannot both be true though they can both
be false. A particular affirmation and the corresponding
particular denial cannot both be false, though Aristotle
did not state this fact. Finally, either of the two universal
propositions implies the corresponding particular propo-
sition (its “subaltern”), a fact that, judging from a pas-
sage in the Topica, was known to Aristotle. In the De in-

e.g., Some man is white—Some man is not

terpretatione, the theory of opposition was stated in meta-

logical terms. Using the direct method, it is now possible
to express the relevant logical principles as follows:
For all a and b, every a is b if and only if it is not the case
that some a is not b.
For all a and b, no a is b if and only if it is not the case that
some a is b.
For all a and b, if every a is b, then it is not the case that
no a is b.
For all a and b, if it is not the case that some a is b, then
some a is not b.
For all a and b, if every a is b, then some a is b.
For all a and b, if no a is b, then some a is not b.

Theory of conversion. Discussed in the Analytica pri-
ora, the theory of conversion considers the logical rela-
tionship that holds between a categorical proposition and
its converse, obtained by reversing the order of the noun
expressions a and b, and states in which cases such a con-
verse can be inferred from the original proposition. The
logical principles involved are not only described in
metalogical terms and illustrated with the aid of standard
examples but also are expressed directly. They are:

For all a and b, if every a is b, then some b is a.

For all a and b, if some a is b, then some b is a.

For all a and b, if no a is b, then no b is a.

For all a and b, if no a is b, then some b is not a.

This last principle, however, was not mentioned by Aris-
totle and has been disregarded by his successors.

Syllogistic proper. The Analytica priora contains also
a systematic exposition of syllogistic proper. By a syllo-
gism Aristotle understood a “propositional expression
[logos] in which certain things having been laid down,
something other than what has been laid down follows of
necessity from their being so.” This definition, however,
is far too general; and it seems convenient for the present
purposes to narrow it to apply to any inference for which
the premises and conclusion are all categorical proposi-
tions—i.e., simple propositions, rather than “if . . . then,”
“either . . . or,” or “both . . . and” propositions—or to
a logical principle that lends validity to such an inference.
In Book I, chapters 4-7, Aristotle examined syllogisms
with two premises. Such syllogisms, construed as logical
principles, are all of the form

If ¢ and g, then y

in which the Greek letters alpha, beta, and gamma stand
for categorical propositions with variable noun expres-
sions called “terms.” In syllogisms of this form, Aristotle
distinguished: (1) the “major” term, which is the predi-
cate in the conclusion and is assumed to occur in one of

the premises; (2) the “minor” term, which is the subject
in the conclusion and is assumed to occur-in the other
premise; and (3) the “middle” term, which occurs in both

premises but does not occur in the conclusion. Except for-

the definition of the middle term, which was employed by
Aristotle, these definitions of the major and minor terms
appear to have been introduced by John Philoponus, a
6th-century Christian theologian and Aristotelian com-
mentator. In an Aristotelian syllogism the premises are
also referred to as “the major” and “the minor,” depend-
ing on which term (the major or the minor) they contain.
Aristotle, in his exposition of syllogistic, was concerned to
find out which pairs of categorical premises give rise to a
valid syllogism. To systematize his search, he distin-
guished  what he called the “three figures” of the syllo-
gism, which he defined according to the placement of the
middle term. First he examined those pairs of categorical
propositions in which the middle term is the predicate in
the minor premise and the subject in the major. Such
combinations of premises are said to constitute the first
syllogistic figure. Aristotle found that, in this figure, four
different pairs of premises yield syllogistic principles.

- They are set out below together with their medieval

names, the vowels of which indicate the kinds of propo-
sitions involved, whether A, E, I, or O (asearlier de-
fined), and their sequence. The vowels of syllogism
Ferio, for example, being EIO, indicate that the major
(or first) premise is an E proposition (“No . . .is”), the
minor (or second) premise is an I proposition (“Some
. . .1s”), and the conclusion is an O proposition (“Some
...isnot”). -

Barbara: For all a, b, and ¢, if every b is ¢ and
every a is b, then every ais c.
Celarent: For all q, b, and c, if no b is ¢ and every
. a is b, then no a is c.
Darii: For all a, b, and c, if every b is ¢ and
. some a is b, then some a is c.
Ferio: For all a, b, and c, if no b is ¢ and some

a is b, then some a is not c.

With the aid of appropriate counterexamples, Aristotle
showed that the remaining combinations of premises in
this figure do not yield valid syllogisms. The second fig-
ure is defined as the one in which the middle term occurs
in the premises as the predicate. In this figure, too, four
combinations of premises were found by Aristotle to give
rise to syllogisms (Cesare, Camestres, Festino, Baroco).
In the third figure, the middle term occurs in the prem-
ises as the subject. Here six combinations of premises
prove to be syllogistic (Darapti, Disamis, Datisi, Felap-
ton, Bocardo, Ferison). The syllogisms of the second and
the third figures are not stated here explicitly since they
can easily be reconstructed from their medieval names.
As in the case of the first figure, the combinations of
premises that, in the second and the third figures, do not
produce valid syllogisms were shown by Aristotle to fail
by means of counterexamples.

The most important features of Aristotle’s presentation
of syllogistic are the following: First, he gave his syllo-
gisms the form of direct principles of logic and not the
form of inferences or inference schemata. This he could
do because, for the first time in the history of logic, he
had thought of making use of variables, or letters that can
stand for any noun expression. Second, he deduced his
syllogisms of the second and the third figures from the
syllogisms of the first figure, and by doing so he became
the author of the first deductive system in the history of
logic. In his deductions, Aristotle made explicit use of the
theories of opposition and conversion. If his proofs were
to be complete, however, he would have had to use a
number of theses from the logic of propositions; but of
this he was not aware.

In his syllogistic, Aristotle did not mention the combi-
nation of premises in which the major term is the subject
and the minor is the predicate. Five such combinations
yield valid syllogisms (Bramantip, Camenes, Dimaris,
Fesapo, Fresison). They constitute a fourth figure, ac-

knowledged by medieval logicians and the traditional lo- -

gicians of modern times. To be sure, the syllogisms were
known to Aristotle; but they were not included in his ac-

The three
terms
and three
figures
of the
syllogism

Important
features
of
Acristotle’s
syllogistic



Relation of
possibility
to

necessity

Prosleptic

syllogisms

count of syllogistic. This fault was rectified by his pupil
Theophrastus, who redefined the first figure as the one in
which the middle term occurs as the subject in one prem-
ise and as the predicate in the other, thus making it pos-
sible for the five syllogisms in question to be incorporated
into the system. A further expansion of syllogistic was ap-
parently effected by Ariston of ‘Alexandria (1st century
BC), a Peripatetic (member of Aristotle’s school), who is
said to have included in the system the “subaltern” syllo-
gisms; i.e., the syllogisms that result from taking a syllo-
gism of a form already recognized and replacing the uni-
versal conclusion by the corresponding particular conclu-
sion (Barbari, Celaront, Cesaro, Camestrop, Camenop).
Modal logic. In addition to constructing the first sys-
tem, however modest, of the logic of noun expressions,
Aristotle initiated the development of modal logic, which
deals with the notions of necessity, impossibility, possibil-
ity, and contingency. Not only did he study their applica-
tion to syllogistic, but he also arrived at some more gener-
al principles. He seems to have abandoned his earlier view
that a necessary proposition cannot be said to be possible
in favour of the following principles:
1. A proposition is necessary if and only if its negation is
not possible;
2. A proposition is possible if and only if its negation is not
necessary,
3. A proposition is contingent if and only if it is neither
necessary nor impossible.

Aristotle’s modal syllogistic contains, however, a number
of controversial ideas, which were widely discussed in his
school, the Lyceum. Unfortunately, the treatise On the
Disagreement Concerning Mixed Moods Between Aris-
totle and his Friends by the expositor of Aristotle, Alex-
ander of Aphrodisias (AD 200), which could have thrown
light on the controversy, has not survived. Even today
modal logic is a subject of controversy, logicians being di-
vided on the fundamental issue of the nature of modal
principles. Some include them within the logic of proposi-
tions; others assign them a place in metalogic.

Aristotle was not aware that his syllogistic presupposes a
more general logical theory, viz., the logic of propositions.
To be sure, he mentioned “syllogisms from hypothesis,”
by which he may have meant some principles belonging
to that logic; but he gave no details. As will be seen, there
are firmer grounds for associating the origin of the logic
of propositions with Theophrastus; with the Megarians, a
4th-century school of Socratic dialecticians and logicians;
and with the Stoics.

Theophrastus and the logic of noun expressions. The
writings of Theophrastus on logic are now lost; but evi-
dence from secondary sources shows that he made credit-
able improvements in the systematization of syllogistic.
He suggested, for instance, that the indefinite proposition,
which asserts, for example, that “Man is white,” should be
treated as if it were particular (referring to “some men”),
and he redefined the first figure and included in it five
syllogisms originally omitted by Aristotle. Within the
modal syllogistic he abandoned the notion of contingen-
cy. For the remaining modal notions, he introduced the
principle of “the weaker premise,” which regards a true
proposition as weaker than a necessary one (since a prop-
osition can be true, yet not necessary—but not vice ver-
sa) and a possible proposition as weaker than a true one,
and demands that the conclusion in a valid syllogism
should not be stronger, in respect of modality, than its
weakest premise. : .

Theophrastus’ theory of prosleptic syllogisms is perhaps
his most interesting contribution to the logic of noun ex-
pressions. By prosleptic propositions he understood ex-
pressions of the form

For all x, if F(x) then G(x)
in which both F(x) and G(x) stand for categorical
propositions in each of which x occurs as one of the
terms. (Example: “For all x, if every man is x, then every
x is substance.”) It should be noted that x is hére a varia-
ble term bound by a universal quantifier, the expression
“For all x.” It was described by Theophrastus as indefinite
and called the middle term. Depending on the position of
the middle term, conceived in this way, prosleptic propo-
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sitions can be divided into three figures. In combination
with an appropriate categorical premise, a prosleptic
premise yields a prosleptic syllogism, as exemplified in
the following inference schema:
For all x, if every x is a, then no x is b;
but every c is a; therefore no c is b.

Some prosleptic propositions are equivalent to categorical
propositions (Example: “For all x, if every x is a, then
every x is b” is equivalent to “every a is b”), but this can-
not be said about all of them, as Galen claimed that it
could. For instance, no categorical proposition with @ and
b as arguments is equivalent to the prosleptic proposition
which says that
For all x, if some a is not x, then every x is b.

It was Galen (died AD 199), however, one of the two
greatest physicians of antiquity, who made the last major
contribution to the logic of noun expressions in antiquity
by developing a theory of compound syllogisms, occur-
ring in four figures, in which two middle terms appear.
Syllogisms. of this sort can be illustrated by the following
standard inference:

Every man‘is an animal; every man is rational; no irrational

being is rational; therefore, some animal is not an irrational

being.
Galen was of some importance as the transmitter of
Greek logic to Arab scholars of the early Middle Ages.
Their interest in Galen’s writings on logic appears to have
equalled that with which they read his medical works.

Founding of the logic of propositions. The earliest con-
sideration of the logic of propositions occurred in the
works of Theophrastus, of the Megarians, and of the
Stoics. Theophrastus, according to Alexander of Aphro-
disias, worked out a theory of totally hypothetical syllo-
gisms, which, following the example of Aristotle, he neat-
ly set out in three figures:

1st figure, If p then gq; if q then r; therefore if p then r.
or If p then g; if g then r; therefore if not-r
: then not-p.
2nd figure, If p then g; if not-p then r; therefore if not-
q then r.
or If p then g; if not-p then r; therefore if not-
r then q.
3rd figure, If p then r;if q then not-r; therefore if p then
not-q.
or If p then r; if g then not-r; therefore if g
: then not-p.

In these inference schemata, the letters p, g, and r repre-
sent complete propositions; and for Theophrastus they
probably represented categorical ones. But in fact, the
nature of the propositions in this context is irrelevant to
the validity of the inferences involved. By grouping the
hypothetical syllogisms into three figures, Theophrastus
tried to assimilate them to the Aristotelian categorical
syllogisms of the predicate logic. He does not seem to
have realized that hypothetical syllogisms belong to a
different logical theory, to the logic of propositions and
not to the logic of noun expressions. This fact, however,
gradually became clear to the logicians in the Megarian
school and in the Stoa (Stoic school).

The Megarian school was made famous by Eubulides
(c. 4th century BC), a critic of Aristotle, by the dialecti-
cian Diodorus Cronus (died c. 307 Bc), and by Philo of
Megara, a pupil of Diodorus. To Eubulides logicians are
indebted for certain paradoxes, including the celebrated
“liar paradox” (“Does a man who says that he is now
lying speak truly?”). Diodorus tried to connect modal
notions, such as those of necessity and possibility, with
the notions of past, present, and future; and Philo was the
first to work out the truth-functional conception of impli-
cation; that is to say, of “if . . . then” propositions. (A
compound proposition is said to be conceived truth-func-
tionally if its truth or falsity is taken to depend exclusively
on the truth or falsity of the propositions of which it is
compounded.) Now, Philo argued, against Diodorus, that
an implication is true if and only if its “if” proposition,
known as the antecedent, is false or its “then” proposition,

. or consequent, is true; and that it is false if and only if its

antecedent is true and its consequent is false.
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Stoic logic. Tt is not known whether the truth-func-
tional interpretation of the rest of the vocabulary of the
logic of propositions is also attributable to Philo; but it is
known that implication, conjunction (“and” proposi-
tions), exclusive disjunction (“either . . . or” proposi-
tions), and negation (“it-is-not-the-case-that” proposi-
tions) were all interpreted truth-functionally by Chrysip-
pus of Soli (died c¢. 207 Bc), the second founder of the
Stoa. The truth-functional vocabulary was used by Chry-
sippus to formulate various logical principles. As a rule,
these principles were represented by means of standard
inferences or by inference schemata. The following sche-
mata are said to have been set out by Chrysippus as inde-
monstrable: -

1. If the first then the second; but the first; therefore the

second; .

2. If the first then the second; but not the second; there-

fore not the first;

3. Not both the first and the second; but the first; there-

fore not the second;

4. Either the first or the second; but the first; therefore

not the second;

5. Either the first or the second; but not the second; there-

fore the first.

Various other inference schemata can be derived from

these five in accordance with certain rules or directives.
Two such rules, which can be reconstructed from pre-
served fragments, can be stated in terms of variables as
follows:

A. For all q, b, c, and d, if b together with ¢ implies d and

a imply b then a together with ¢ implies d.
B. For all a, b, and ¢, if a together with b implies ¢, then
aftc;)gether with the negation of ¢ implies the negation
O
By applying rule A—which, incidentally, was known to
the Peripatetics and used by them for the purpose of
constructing compound syllogisms—the Stoics could de-
rive the following inference schemata:

6. If the first then if the first then the second; but the first;

therefore the second;

7. If the first and the second then the third; however, noi

the third; but the first; therefore not the second.
It is clear from a moment’s inspection that, in an appro-
priate context, schema 7 could replace rule B; and it is
interesting to note that, according to Alexander of
Aphrodisias, rule B results from dividing a rule that, in
fact, was the same as rule A. From the modern point of
view, rules A and B belong to a branch of metalogic.

In matters of logic there was little collaboration between
the Lyceum and the Stoa. There was even some effort on
the part of both schools to create quite artificial differ-
ences; they developed, for instance, two different logical
terminologies. For the Stoics, logic was a part of philoso-
phy, whereas for the Peripatetics it was a tool. Aristotle
presented his syllogisms in the form of direct logical
principles, whereas the Stoics preferred to make use of
inference schemata. The Stoics knew, however, that infer-
ences owe their validity to direct logical principles, and
they had a simple method of converting schemata into
principles. Aristotle and his followers used letters as vari-
ables; the Stoics used numerals. In their logical practice,
the Peripatetics allowed for a considerable amount of
linguistic flexibility, whereas the Stoics became notorious
for the formalistic approach, which demanded that ex-
pressions should have the same form if they were to have
the same meaning. The most important difference, how-
ever, between the logics of the two schools is that the Peri-
patetic syllogistic is part of the logic of noun expressions,
whereas the schemata of the Stoics represent principles
that belong to the logic of propositions. In the time of
Galen both of these logics became part of the syllabus
for general philosophical education.

Commentaries and compendiums. After Theophrastus
and Chrysippus, little creative work in logic was done in
ancient times. To be sure, Galen wrote critical commen-
taries on the logical writings of Aristotle, Theophrastus,

and Chrysippus; but those commentaries have not sur-

vived. After Galen there were only certain compendiums
of logic, on the one hand, and scholarly commentaries on

Aristotle’s logical treatises, on the other. Much of this
literature has been lost, but the works of Alexander of
Aphrodisias; of Porphyry (died c¢. 301), a pupil of Plo-
tinus, the founder of Neoplatonism; of Ammonius Her-
miae (5th century Ap), a Neoplatonic mathematician and
astronomer; and of the latter’s pupil Simplicius have been
preserved at least in part. Although these authors made,
on occasion, improvements in the minutiae of the Aristo-
telian and Stoic logic, they can hardly be credited with
any major contribution. Logicians are indebted to them,
however, for salvaging numerous fragments from the lost
writings of earlier logicians. The same can be said of cer-
tain Roman authors: of Cicero (died 43 Bc); of Marti-
anus Capella (5th century Ap) and the senator Cassiodo-
rus (died c. 582)—both of whom prepared compendiums
of ancient learning; of the translator and commentator
Boethius (died AD 524/5), whose influence dominated the
early Middle Ages; and of others. These scholars worked
out the Latin terminology for the field of logic and trans-
mitted the achievements of the Greek logicians to the lo-
gicians of the Middle Ages. '

MEDIEVAL LOGIC

Development of medieval logic. During the five centu-
ries that followed the end of antiquity, little or nothing of
any significance happened in the field of logic. As part of
the basic curriculum (the trivium), logic was treated as a
subsidiary subject providing useful training for students
of law and theology. For the most part it was limited to
discussing Porphyry’s Isagoge and Aristotle’s Categoriae
and De interpretatione in a Latin translation by Boethius.
Boethius’ own logical writings were also read, along with
some treatises by Gaius Marius Victorinus, a 4th-century
African rhetorician, and the sections on logic to be found
in the compendiums by Martianus Capella and Cassiodo-
rus, and in the Etymologiae by the influential Spanish en-
cyclopaedist Isidore of Seville (died c. 636). This sterility
eventually began to change, however, because of the work
of St. Anselm of Canterbury (died 1109), known for his
ontological proof of the existence of God, and of Peter
Abelard (died probably 1144), an eminent though con-
troversial theologian and dialectician. During the 12th
century, Latin translations of the remaining treatises of
Aristotle’s Organon were made, adding to the “old logic”
a wealth of topics, then unfamiliar, that were given the
name of the “new logic.” In the 13th century logicians
split: while some adhered to the Aristotelian orthodoxy
and advocated the logica antiqua, others took a more lib-
eral view and, in the faculties of arts of the newly estab-
lished universities, propounded the logica moderna. The
English logician William of Sherwood and his student
Peter of Spain, later Pope John XXI, author of the most
used textbook.on logic for the next 300 years, seem to
have been the most outstanding representatives of this
new trend in logic. Among the logicians of the 14th centu-
ry, mention should at least be made of the foremost philo-
sopher of the century, William of Ockham; of Jean Bur-
idan, also a scientist, who was the first to derive the laws
of deduction deductively; and of his student and colleague
Albert of Saxony. In the century that followed, Paul of
Venice, an Augustinian theologian, produced a very com-
prehensive logic textbook under the descriptive title Logi-
ca magna. In the Greek world, the tradition of paraphras-
ing Aristotle’s logical treatises and writing commentaries
to them was continued by John Philoponus, by Stephanus
of Alexandria, a 7th-century Neoplatonist, who trans-
ferred the tradition to Byzantium, and by others; and, in
the 11th and 13th centuries, several logical compendiums
were produced that deserve mention.

Logical studies were also cultivated by the Arabs. By the
middle of the 9th century, Porphyry’s Isagoge and Aristot-
le’s Categoriae, De interpretatione, and Analytica priora
had been translated first into Syriac and then into Arabic.
The remaining parts of the Organon were similarly trans-
lated during the second half of the century. The works of
Galen, too, attracted the attention of Arabic scholars,
and it is through this channel that the logic of the Stoics
percolated to Arab logicians. A more original work on
the Aristotelian Organon was initiated in a school of

The logica
antiqua
and the
logica
moderna

Arabic
logic



logicians that flourished at Baghdad in the 10th century,
of which the most famous representatives were the Nes-
torian Abl Bishr Matta ibn Yinus; Abii Nasr al-Farabi,
who acquainted the Arabs with Plato and Aristotle; and a

. pupil of both of the foregoing, the Jacobite Yahya ibn

. view of the outstanding .Persian philosopher Avicenna :
. (died “1037), the school of Baghdad was too slavishly
_ adherent to-the- Arlstotehan tradition. He’ hlmself advo-

‘Adi.
logical writings arid their own logical treatises, except for
some.-commentaries by al-Farabi, have been lost. In the

cated a more mdependent line and gave expression to his

" concept ‘of ‘logic in his ‘Kitab ash-shif@
Healmg”) The tradition of the school of Baghdad which
-in Islam wds regarded as Western, was revived in Muslim °
. Spain’ during the 11th and .12th centuries. It reached: its
. climax in' the ‘'works -of Ibn Rushd; known as Averroes,v
whose commientaries on the Organon played -an impor--
‘ tant role in reviving the interest of Western scholars in
Aristotle. In the -14th and ‘15th. centuries, the logical -
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studies by Arab scholars degenerated into the compiling
of handbooks and the writing of explanatory notes to the
handbooks bequeathed by earlier logicians.

The value of the Arabic contribution to the develop-
ment of logic is not very great. Arab logicians kept inter-
est in the Organon alive at a time when, in the West, only
a small part of it was known to philosophers. They also
preserved the Stoic tradition as transmitted by Galen; but
so far, hardly any fresh light has been thrown on the logic
of the Stoics from Arab sources. Of the three branches of
medieval logic—the Byzantine, the Arabic, and the Scho-
lastic—the latter appears to have been by far the most
fruitful. Neither the Byzantine nor the Arab logicians
seem to have-achieved any lasting results. Even the hope
that the writings of the Byzantine and Arab logicians
might reveal important fragments of the logic of the an-
cient Greeks is not likely to be fulfilled.

Theories of language. As in antiquity, so also in the
Middle Ages, the study of language played a significant
part in the development of logic. Following Aristotle, the
Scholastic logicians of the High Middle Ages distin-
guished between nouns and verbs; but this distinction was
often replaced by the distinction between the subject and
the predicate in a proposition. Expressions that could be
used as subjects or as predicates were called categoremata
(from Greek katégorein, “to predicate”) and distin-
guished from syncategoremata (from Greek synkatégo-
rein, “to predicate jointly”); i.e., from such parts of prop-
ositions as “every,” “all,” “no, ” “some,” “only,” and the
like. Both categoremata and syncategoremata were mean-
ingful expressions; but whereas a categorematic expres-
sion designated something outside of the language (i.e.,
had a referent), a syncategorematic expression was not
capable of designation in the usual sense. By and large,
syncategorematic expressions coincide with what is today
described as logical vocabulary, and, indeed, some Scho-
lastic texts implicitly suggested that logic should be con-
strued as a theory of syncategoremata. According to
Scholastic logicians, the function of a syncategorematic
expression consists in changing or modifying the designa-
tion of categorematic expressions in a proposition—a
problem connected with that of ambiguity in the use of
categoremata. The Scholastics attempted to solve both of
these problems with the aid of their theory of supposition,
which is regarded as one of the original achievements of
medieval logic. This theory appears to have originated in
the 12th century; but it was Ockham and Albert of Sax-
ony who gave it its traditional form. More than half a
dozen different kinds of supposition can be distinguished.
Supposition is a property of a term; i.e., of a categorema,
as used in a proposition. Thus, for instance, in the propo-
sition “Man is mortal” the term man is supposed to have
formal supposition; but the same term is said to have ma-
terial supposition in the proposition “Man is a noun.” The
terminology could perhaps be more illuminating, but the
distinction at issue clearly corresponds to the present dis-
tinction between use and mention. In the proposition
“Every man is mortal,” the term man designates several
men; hence, its supposition is common. But in the propo-

“Unfortunately, - their -commentaries on Aristotle’s -

(“The ‘Book of
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sition “This man is running,” the term man designates ex-
actly one man, and its supposition is described as discrete.
This sort of distinction has special significance in the case
of languages that, like Latin, have no articles. In such
propositions as “Man is a species” .and “Every animal
apart from man is irrational,” the term man has 51mple

_.supposition. In" application to the - catégorical proposi-
- tions, the doctrine of supposition can be summarized, fol- .

lowing Albert .of Saxony, as follows: The: sub]ect in a
singular proposition has discréte supposition, but in all in-
definite or particular proposmons it has determmate sup-
position. The supposition of the. s_ubject in a universal

proposition is.confused and distributive. and so is the sup- - B

position-of the predicate in‘ a'negative proposition. The

- supposition of the ‘predicate in a particular affirmative
proposition would be described, presumably, as determi- -

nate. The theory.of supposition survives in traditional syl- - ‘

logistic as-the theory of distributed terms, which -asserts

that in a given true proposition a term a is “distributed” if = -

and only if, a having been replaced by a term b whose des-
ignata form a subclass of the designata of a, the proposi-
tion remains true.

Formal logic. Versions of the logics of noun expres-
sions, of propositions, and of modal expressions can all be
distinguished in the history of medieval logic.

Logic of noun expressions. In the Middle Ages the
logic of noun expressions continued in the form of syllo-
gistic. Medieval logicians abandoned the use of variables.
Consequently, they had to illustrate logical principles
with the aid of standard examples or describe them in
metalogical terms; and they employed examples of infer-
ences rather than of logical laws. One of the more impor-
tant improvements in their syllogistic was the recognition
of the fourth figure (in which the middle term is predi-
cated of the major and the minor of the middle). To be
sure, syllogisms constituting the fourth figure had been
known to the Scholastics. But this figure was not recog-
nized as such until the Averroistic Jewish philosopher
Isaac Albalag did so in the 13th century. A great deal of
ingenuity was devoted to the task of devising various
mnemonics for the purpose of memorizing valid syllo-
gisms and remembering the ways in which they can be

“reduced” to syllogisms of the first figure (in which the
middle term is predicated of the minor and the ma]or of
the middle).

Logic of propositions. The logic of propositions as de-
veloped by Theophrastus and the Stoics was transmitted
to the Scholastics by Boethius. It seems not to have stimu-
lated further development, however; it seems, instead, to
have ossified in the early medieval compendiums; hence it
had to be rediscovered. Its revival in the 13th century
took the form of the theory of “consequences.” At first its
application was limited to syllogistic; but gradually it
reached the level of abstraction at which the specific con-
tents of the propositions involved lost their relevance, and
the theory acquired the generality that it had possessed in
the logic of the Stoics. The Scholastic consequences in-
volved the use of conjunctions, inclusive disjunctions
(i.e., alternations), and implications. All of these kinds of
compound propositions were interpreted by the Scholas-
tics truth-functionally. According to Pseudo-Scotus, the
author of In universam logicam quaestiones (“Questions
on Universal Logic”) formerly attributed to John Duns
Scotus, a consequence is a hypothetical proposition com-
posed of an antecedent and a consequent joined by means
of a conditional connective (“if”) or, more often, by one
expressing a reason (“therefore,” “hence”) and thus
forming an inference. These, however, can be divided into
material and formal inferences. A consequence that is
valid for any terms, provided that their arrangement is
preserved, is formal; and a consequence that does not ful-
fill this condition is material. A material consequence is
valid if by adjoining a true proposition as premise it can
be reduced to a formal consequence. (Example: “Socra-
tes is a man; therefore, Socrates is mortal” is a valid mate-
rial consequence because “Every man is mortal; Socrates
is a man; therefore, Socrates is mortal” is a formal conse-
quence.) In the medieval logic of propositions, logical
principles were either described in metalogical terms or il-
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lustrated with the aid of standard examples. Among the
principles that were known to the Scholastics, but not
known to the ancient logicians, the following can be men-
tioned:

1. An alternation follows from each of its parts; i.e.,
For all p and g, if p then (p or q)
and
For all p and gq, if g then (p or q).

2. From a conjunction of contradictories there follows any
other proposition; i.e.,

For all p and g, if p and not-p then q.

3. From a false proposition there follows any other proposi-
tion; ie.,

For all pand g, if not-p then (if p then g).

4. Every true proposition follows from any other proposi-
tion; i.e., . ’
For all p and g, if p then (if g then p),

5. An alternation for which the parts are contradictories of
the corresponding parts of a conjunction is itself a con-
tradictory of the conjunction; i.e.,

For all p and g, (p or q) if and only if it is not the case
that (not-p and not-q)

and

For all p and g, (p and q) .if and only if it is not the case
that (not-p or not-g).

6. If the opposite of the consequent is consistent with the
antecedent, the consequence is not valid; i.e.,

- For all p and g, if p-and not-q then it is not the case that
if p then q. :

7. If the opposite of the consequent is not consistent with
the antecedent, the consequence is valid; i.e.,

For all p and g, if it is not the case that (p and not-q)
then if p then q. .

Logic of modal expressions. In the Middle Ages, mod-
al logic continued to be applied to syllogistic, but there is
also some evidence of a more general development. Thus,
the notions of truth, falsity, knowledge, opinion, doubt,
appearance, will, and preference were added to the list of
the traditional modal notions, and a number of modal

_ theses were set up by Pseudo-Scotus, Ockham, Albert of

Saxony, and Walter Burley, a 14th-century English Scho-

lastic. The following theses can serve as examples of their

modal principles:

. The contingent does not follow from the necessary.

. The impossible does not follow from the possible.

. Anything whatsoever follows from the impossible.

The necessary follows from anything whatsoever.

. Actuality (truth) can be validly inferred from necessity.

Possibility can be validly inferred from actuality (truth).

. The possibility of negation can be validly inferred from

the negation of necessity, and conversely.

. The necessity of negation can be validly inferred from the
negation of possibility, and conversely.

Fallacies and paradoxes. Aristotle’s work De sophis-
ticis elenchis attracted a great deal of attention from
medieval logicians after it became available in the 12th
century. Some of them regarded the study of sophisms as
an essential part of an education in logic. As an exercise
in clarifying the ambiguities of ordinary language, the
inventing and solving of linguistic puzzles was not entire-
ly fruitless; but of greater significance for logic was the
discussion of the insolubilia. According to the polymath
Scholastic St. Albertus Magnus (died 1280), teacher of
St.. Thomas, insoluble propositions are such that, which-
ever side of the contradictory is granted, the opposite
also follows. (Example: If someone swears that he
swears falsely, then, if he swears falsely, what he swears
is not true—i.e., he does not swear falsely; but if he does
not swear falsely, then what he swears is true—i.e., he
swears falsely.) This is one of the many different and

sometimes quite complicated -versions of the ancient

paradox of the liar. Various solutions of this paradox
were discussed by logicians of the 14th and. 15th cen-
turies; in fact, Paul of Venice gave a list of 15 different at-

tempts at explaining it. But the most interesting sugges-

tions are to be found in an anonymous manuscript dat-
ing from the beginning of the 14th century. Accord-
ing to one doctrine, whoever says “What I am saying
now is false” is in fact saying nothing; his utterance
is simply meaningless. Another way of dealing with
the difficulty consists in pointing out that the word false
occurring. in. that statement cannot refer to the proposi-

tion of which it is a part. Both solutions have found
advocates among contemporary logicians and philoso-
phers. :

LOGIC IN THE EAST

Judging from the outline of the development of logic
given so far, it would appear that logic has been an
exclusive product of Western culture. Some historians of
the subject, however, have found this view parochial and
sought to identify traces of logic in Indian and Chinese
thought. But research in these two fields is beset with
tremendous difficulties: most of the texts remain unpub-
lished or untranslated; some of the monographs are unre-
liable; and scholars well trained both in logic and philolo-
gy are extremely rare. Thus, a fair evaluation is, as yet,
impossible.

Indian logic. Indian logic, which arose in the last cen-
turies BC, when certain grammarians and religious think-
ers became interested in methods of philosophical discus-
sion, ‘involved the study of texts called sitras and of
numerous commentaries on them written over centuries.
Around each of these texts a school developed, which
cultivated and defended its doctrines, of which the Mi-
mamsa, VaiSesika, Nyaya, and New Nyaya schools of
Hindu logic are of particular interest. Although Panini
and Pataiijali, Indian grammarians, were active as early
as the 5th and 2nd centuries BC, the first millennium- AD
was the classical period in the development of Indian
logic. Among the most important Hindu logicians of this
period were Kumarila (7th-8th centuries) of the Mi-
mamsa school, PraSastapada (5th—6th centuries) of the
Vaiéesika school, and Vatsyayana (5th—6th centuries) of
the Nyaya school. Several Buddhist logicians also flour-
ished during the classical period, most notably Dignaga
(5th century), Dharmakirti (7th century), and Dhar-
mottara (8th-9th centuries). The second half of the sec-
ond millennium AD consituted a new chapter in Indian
logic, represented by the New Nyaya, among the fol-
lowers of which were Raghunatha (16th century), and
Mathurénitha, Jagadi§a, and Annam BRhatta (all 16th
and 17th centuries).

As the grammarians devised a special terminology for
describing their language and formulating grammatical
rules, they encountered problems similar to those of the
modern distinction between language and metalanguage,
as well as problems of definition, clarity, and economy in
stating the rules of grammar.

In the Vaisesika-siitra (1st century AD), a doctrine was
expounded that resembled Aristotle’s theory of catego-
ries; i.e., the theory of the kinds of entities that constitute
the universe or of the generic terms that refer to them.
The author distinguished (1) substances: earth, water,
fire, air, ether, time, space, self, and mind; (2) attributes:
colour, taste, smell, and touch, numbers, measures, sepa-
rateness, conjunction and disjunction, priority and pos-
teriority, understandings, pleasure and pain, desire and
aversion, and volitions; and (3) actions: throwing up-
ward, throwing downward, contraction, expansion, and
motion. The remaining categories were (4) genus; (5)
ultimate difference; and (6) inherence. To these, later
texts added the category of (7) absence. It was no more
clear, however, than it was in the case of Aristotle wheth-
er the list was meant to classify the meanings of words or
the things denoted by words.

The Nyaya-siitra, which was edited in the 2nd century
AD, is regarded as the fundamental text of Indian logic.
Its so-called five-member syllogism is usually illustrated

by the following argument: .
Proposition: ~ There is fire on the mountain.
Reason: Because there is smoke on the mountain.
Example: As in a kitchen—not as in a lake.
Application: It is so (i.e., it is so in the present case).
Conclusion: There is fire on the mountain.

The- interpretation of the argument is not simple. In
particular, the role of the example is obscure. If it is
meant to remind one of instances in which smoke and
fire are present and of instances in which they are absent,
then the syllogism is an argument by analogy and has no
validity in logic. On the other hand, the reason would im-
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ply the conclusion if the example could be interpreted as
standing for a universal statement: “Where there is smoke
there is fire.” Development in this direction seems, in fact,
to have taken place in Buddhist logic. Thus, according to
Dignaga, the following three-membered rule holds: if (1)
the presence of a definite mark in the subject has been
stated, and if it is remembered that (2) the same mark is
certainly in everything similar to the subject, but (3) ab-
solutely absent in everything unlike it, then the result of
the inference is certainly valid. Dharmakirti, a commen-
tator on Dignaga, used in fact a universal premise as the
example. In the final form of the syllogism, as found in a
textbook by Annam Bhatta of the New Nyaya school, the
author distinguished between inference for oneself and
inference for another. The inference for oneself consists
of three steps such as:

1. Everywhere where there is smoke, there is fire.

2. There is smoke on this mountain.

From the combination there arises the knowledgé:
3. There is fire on the mountain.

Inference for another involves five members and reads:
The mountain is fiery—that is the proposition. Because
smoky—that is the reason. All that is smoky is fiery—that
is the example. So here—that is the application. Therefore
it is so—that is the conclusion.

The member that is described as the application raises a
problem. Although modern commentators seem to re-
gard it as mere restatement of the reason, which is the
second member, it is tempting to view it as the application
of the universal statement—i.e., the third member—to
the particular instance under consideration. If this were
correct, then the expressions “It is so” and “So here”
could be interpreted as abbreviations standing for “If
there is smoke in the mountain then there is fire in the
mountain” or “If the mountain is smoky then the moun-
tain is fiery.” Be that as it may, the five-member syllogism
bears a close resemblance to the prosleptic syllogism of
Theophrastus (see above Theophrastus and the logic of
noun expressions).

An argument reminiscent of the Stoic inference schema-
ta has been found in a Buddhist work, the Kathavatthu,
which reads:

If the soul be known in the sense of a real and ultimate fact,

then indeed, good sir, you should also say, the soul is known

in the same way as any other real and ultimate fact is known.

(2) That which you say here is wrong, namely, that we

ought to say, “The soul is known in the sense of a real and

ultimate fact,” but we ought not to say, the soul is known
in the same way as any other real and ultimate fact is known.

(3) If the latter statement cannot be admitted, then indeed

the former statement should not be admitted. (4) In affirm-

ing the former statement, while denying the latter, you are
wrong.

It is easy to say that this argument is an instance of the
following schema:
(1) If p then g;

therefore, (2) Not (p and not-q); .
therefore, (3) If not-g then not-p;
therefore, (4) Not-(p and not-g).

All of these inferences are valid; but although another
argument of similar form, with “not p” instead of “p” and
“not g” instead of “g,” is found in the text, it would be too
generous to credit the Buddhist logician with the discov-
ery of the logic of propositions. In the Kathavatthu, the
arguments are not used as standard examples to represent
any argument whatsoever of the same form. They occur
in a discussion on the knowability of the soul and belong
to psychology rather than to logic. Discussions of this
kind do appear, however, to follow very strict rules based
probably on practice and tradition.

The notion of negation seems to have been of particular
interest to Indian logicians. Thus, the followers of the
Mimamsa explored the ways in which an injunction could
be negated. They distinguished “He shall-not look,” “He
shall not-look,” and “Not-he shall look” as possible nega-
tions of “He shall look.” Mathuranatha, of the New
Nyaya school, wrote, “Wherever one perceives a pot,
there one does not perceive constant absence of a
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pot. . . . Accordingly, absence of constant absence of
pot is essentially identical with pot.” This statement looks
like a double negation law expressed with the aid of a
standard example. In the texts of the New Nyaya, the
notion of negation often occurs in connection with ab-
stract terms. Thus, instead of the simple proposition “The
mountain is smoky,” for instance, the cumbersome one
“Not-mountain-ness qualifies the locus of not-being-
smoky” is employed. This type of language invites com-
parison with the highly artificial Latin of the medieval
logicians. :
Compared with the logic of the ancient Greeks, Indian
logic is not very impressive. It must be emphasized, how-
ever, that—unlike the logic of the Arabs—it developed
independently of Greek thought. While it may be granted
that the logic of propositions may have been anticipated
by some Buddhist logicians, it does not seem that much
progress was made. The logic of noun expressions assert-
ed itself more firmly, as in the five-member syllogism and
its variants, but it never reached the level of Aristotle’s

_ syllogistic. The development of Indian logic was severely

handicapped by the failure of its logicians to make use of
variables. As a result, no logical principles could be stated
directly; they had to be illustrated by standard examples
or described metalinguistically (i.e., in talk about the lan-
guage in which they might have been stated). Finally, in
Indian thought, logical topics were not always separated
from metaphysical and epistemological topics (on the na-
ture of being and knowledge, respectively). It must be re-
membered, however, that present knowledge of the devel-
opment of logic in India is incomplete and that it may
have to be revised in the light of future research.

Chinese logic. For the most part, Chinese philosophy
is concerned with practical and moral problems on the
one hand and with mystical interpretations of life on the

other. It has little room for the study of logic, which has

remained neglected since the establishment of Neo-Con-
fucianism in the 11th century Ap. In the classical period
of Chinese philosophy (5th to 3rd centuries BC), the
controversies between the major philosophies of Confu-
cianism, Taoism, and Moism gave rise to a kind of dialec-
tic, which eventually was systematized to some extent by
the Moists. They turned it into a weapon against the
skepticism of the Taoists, who maintained that one point
of view is as good as another because each is based upon
different assumptions regarding the relations between
names and objects. According to the Taoists, assumptions
of this kind are entirely arbitrary. As dialecticians, the
Moists were primarily interested in the study of names in
relation to objects. They distinguished ‘“unrestricted”
names, which apply to every object; “private” names,
which apply to one object each; and names like “horse,”
which apply to every object of a kind. (As noted earlier, a
comparable classification of noun expressions had been
worked out by Aristotle; see above Aristotle and the logic
of noun expressions: Structure of language.) The Moists
were also interested in defining the terms used in philo-
sophical discussions and in listing various senses. of am-
biguous terms. Their definitions of “all” and “some” re-
semble the laws of obversion for the universal affirmative
and particular affirmative propositions. They distin-
guished between absolute identity and relative identity
(sameness in a specified respect). Gradually, the Moists
developed an interest in the forms of propositions and in
inferences from propositions of the same form; but,
whereas Western logicians searched for the similarity of
form in the structures of propositions with a view to
establishing logical principles or schemata of valid infer-
ence, the Moists considered instances in which the simi-
larity of form does not warrant any inference. “A white
horse is a horse” implies “Riding white horses is riding
horses”; but one may ask whether “A robber is a man”
implies “Killing robbers is killing men.” The Moists’
answer was in the negative; and they supported it by
pointing out that, although a robber is a man, abounding
in robbers is not abounding in men, and disliking the
abundance of robbers is not disliking the abundance of
men. The purpose of this argument, however, does not
seem to have been to elucidate any logical or linguistic
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puzzle -but to show that, contrary to the opponents of
Moism, killing robbers was compatible with love for all
men; it was not a point of logic that was at issue but a
point of morals. Discussions of this sort could have led,
in due course, to the investigation of logical problems, but
as it happened, they did not do so. In developing logic,
the Chinese thinkers did not advance beyond the stage of
preliminaries, a stage that was reached in Greece by the
Sophists in the 5th century Bc.

MODERN LOGIC

Logic in the Renaissance and in Humanism. Returning
to the West, the logical tradition of the Middle Ages
survived for about three centuries after it had reached its
maturity in the 14th century. The intellectual climate,
however, that established itself in the West with the ad-
vent of the Renaissance and Humanism did not enhance
logical studies. The Latin.of the Roman writers Lucretius,
Cicero, and Quintilian proved more attractive than the
language of Boethius and the Scholastics; and rhetoric
took precedence over logic. At the same time, the author-
ity of Aristotle was gradually replaced by that of Plato
and the Neoplatonist Plotinus. The rise. of the natural
sciences also contributed to the neglect of logic, which, as
a deductive discipline, gave way to methodological inves-
tigations. These developments called for a new approach
to logic; and in the mid-16th century such.an approach
was in fact taken by Petrus Ramus, an anti-Aristotelian
logician and educational reformer. Ramus described log-
ic as an “art of discussing” and distinguished it from
grammar and rhetoric, which in his view were concerned
with matters of style. Logic, according to Ramus, should
treat of concepts, judgments, inferences, and proofs—in
that order. Among inferences he counted syllogisms, both
categorical and hypothetical. To the former he added
syllogisms involving the use of singular propositions. In
accordance with the spirit of the time, he used illustra-
tions from classical literature. The divisions of logic sug-
gested by Ramus were adopted by the authors of La
Logique: Ou l'art de penser (1662; Eng. trans. in The
Port-Royal Logic, 1851), which consisted of four parts.
The discussion of concepts and judgments in parts I and
II, respectively, seems to contain a few original observa-
tions, which belong, however, to epistemology rather
than to logic. In part III, on reasoning, the validity of
syllogisms is determined by giving rules for each of the
figures and proving corollaries. Although some of these
rules were known to the Scholastics, The Port-Royal
Logic gives a systematic presentation of what later writ-
ers of textbooks developed into a metalogical theory of
syllogistic. In part IV, on method, Euclid’s Elements is
recommended as a model of scientific method. Following
René Descartes, the fathér of modern philosophy, they
insisted that, in any scientific inquiry, obscure or equivo-
cal terms should be defined; that only perfectly known
terms should be used in definitions; that only self-evident
truths should be used as axioms; and that all propositions
that are not self-evident should be proved with the aid of
axioms, definitions, and already proved propositions.
Despite the competition of an entirely new conception of
logic afforded by.Gottfried Wilhelm Leibniz, a German
Rationalist of widespread interests, the ideas expounded
in The Port-Royal Logic continued to be popular to the
mid-19th century.

Rise of mathematical logic during the Enlightenment.
Modern logic began in the 17th century with Leibniz and
developed in partnership with mathematics.

Leibniz” characteristica universalis. = Leibniz influenced
his contemporarjes and successors through his ambitious
program for logic, which for him had ceased to be “a
scholar’s diversion” and began to take the form of a
“universal mathematics.” His program envisaged a uni-
versal language based on an alphabet of thought, or char-
acteristica universalis, a general calculus of reasoning,
and ‘a general methodology. In Leibniz’ view, the univer-
sal language should be like algebra or like a version of the
Chinese ideograms and consist of basic signs standing for
simple unanalyzable notions. Complex notions would
then be signified by appropriate constructions involving

the basic signs, which would thus reflect the structure of
complex notions and, in the final analysis, that of reality.
The use of numerals to represent unanalyzable notions
would hopefully enable the truths of any science, when
formulated in terms of the universal language, to be com-
puted by arithmetical operations. Neither the idea of an
artificial language nor that of reducing reasoning to com-
puting was entirely new; it was owing to Leibniz’ vision
and confidence, however, that the two ideas came eventu-
ally to fruition—as witnessed by the arithmetization of
logical languages by Kurt Godel, a Moravian-U.S. math-
ematical logician, on the one hand, and by the emergence
of contemporary computer science, on the other. Leibniz’
more concrete contributions to the development of logic
appear to be twofold: he successfully applied mathemati-
cal methods to the interpretation of the Aristotelian syllo-
gistic, and in proposing a “calculus of real addition” he
showed that parts of algebra are open to nonarithmetical
interpretation.

In discussing Aristotle’s syllogistic, Leibniz rightly in-
sisted that each of the four categorical propositions has
existential import (i.e., its terms have instances), and
that, consequently, there are six valid syllogisms in each
of the four figures. He also correctly suggested that singu-
lar propositions could be treated as universal. But his
most important finding consisted in a very ingenious ar-
ithmetical interpretation of syllogistic, which rests on the
assumption that variables take ordered pairs of relatively
prime numbers as their values. Leibniz showed how, on
this assumption, the four categorical propositions should
be interpreted, and he demonstrated that, when so inter-
preted, all valid syllogisms are verified and the rejected
syllogisms falsified. Morever, his interpretation has
proved to be adequate even in relation to a very intricate
rule of rejection proposed for syllogistic in the 1940s by
the Polish logician Jerzy Slupecki of the Warsaw school
of logic, later professor at the University of Wroclaw
(formerly Breslau). The problem of defining the four
propositions in terms of identity, difference, logical prod-
uct of noun expressions, and logical complement long
exercised Leibniz’ mind. Anticipating the use of quanti-
fiers, Leibniz suggested the following definitions (slightly
streamlined ) : :

1. For all a and b, every a is b if and only if for all ¢, if ¢

is @ then for some d, d is b and c is the same object as d.

2. For all a and b, some a is b if and only if for some ¢, c is

a-and for some d, d is b and c is the same object as d.
3. For all a and b, no a is b if and only if for all ¢, if cis a
then for all d, if d is b then c is different from d.
4. For all a and b, some « is not b if and only if for some c,
¢ is @ and for all d, if d is b then c is different from d.

Leibniz claimed that, given these definitions, one can
prove all of the valid syllogisms with the aid of two
principles: one of them states that “For all q, b, and c, if
a is the same object as b and b is the same object as c,
then a is the same object as ¢”; and the other states that
“For all a, b, and ¢, if a is the same object as
b and b is different from ¢, then a is different from
¢.” Actually, Leibniz was right, provided that one is enti-
tled to assume that “For all a and b, a is different from
b if and only if it is not the case that a is the same object
as b,” and that “For all a, for some b, b is a.”

Leibniz’ treatment of Aristotelian syllogistic reflects his
interest in the notions of identity and difference. In one of
his papers he stated that those terms are “the same” or
“coincident” of which either can be substituted for the
other wherever one pleases without loss of truth—e.g.,
“triangular” and “trilateral.” This informal definition ex-
presses an idea that today would be expressed directly as
the law of extensionality for noun expressions: “For all a
and b, a = b if and only if [for all F, F(a) if and only if
F(b)],” F standing for any predicate (verblike expres-
sion). Here “a = b” means that “a’s are the same as b’s.”
Leibniz expanded his calculus of identity through the
notions of “complement” and “real addition”: In his sym-
bolism, the “real sum” of the terms a and b is expressed
as “a @ b,” but the complement of a is simply expressed
as “not-a.” Leibniz’ calculus of real addition has the form
of a deductive system based on axioms and definitions.
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Given the theory of identity, the axiomatic foundations
of this system can be condensed into the following simple
proposition: “For all a, b, and ¢, a = b @ c if and only if
(a =c @ boritis not the case thata = a @ a).” If one
wishes to incorporate the notion of complement, how-
ever, then the single axiom would have to be replaced by
the following: “For all a, b, and'c, a = b @ c if and only
if it-is not the case that [a = not-(c @ 'b) and a = a @ al.”

Leibniz’ logical papers réemained for the most.part un- .
known until La Logique .de .Leibniz was published by

. Louis Couturat, a- French philosopher of mathematics,

> in 1901. Had these papers been published during the life-
time of Leibniz, the revival of logic, which in fact oc- -
curred in the 1md-19th century, would have happened a
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century and during the 18th century, these two lines of
research were followed mainly by mathematicians. Giro-
lamo Saccheri, an Italian Jesuit, influenced by the Carte-
sian methodology, proceeded to apply to logic the stan-
dards of clarity expected in geometrical proofs. He was
dissatisfied with Aristotle’s use of extra-logical counterex-
amples in rejecting invalid syllogisms. Consequently, he
proposed a different method of rejection, suggested by a
certain kind of proof found in Euclid. It was the method
of reductio ad absurdum, but a reductio with a differ-
ence. Saccheri used, for example, the premises
1. Every syllogism of the first figure with a universal major
and an affirmative minor premise is a valid syllogism;
and
2. No AEE-syllogism (i.e., with A and E premises and an
E oonclusmn) of the ﬁrst figure is a sylloglsm with a uni-
versal major and an affirmative minor premise;
and concluded from them that
3. No AEE-syllogism of the first figure is a valid syllogism.

Actually, though the premises and thé conclusion are
true, the argument as it stands is not valid. A further
premise, which Saccheri tacitly assumed, is needed, viz.,
4. If some AEE-syllogism of the first figure is a valid syllo-
gism, then for all q, b, and c, if every b is ¢ and no a is
b then no a is c.

With this addition, given the syllogistic laws of contradic-
tion, the premises (1), (2), and (4) now imply (3)
as a conclusion and enable the usual reductio to be ap-
plied; for if, contrary to the conclusion, it is additionally
assumed that “Some AEE-syllogism of the first figure is a
valid syllogism,” then it can be easily shown that, even on
this assumption, the conclusion-holds—which means that
the assumption is redundant. No extra-logical vocabulary
has here been used, provided that logic is understood to
include metalogic, and in particular metasyllogistic.

The practice of illustrating categorical propositions by
geometrical diagrams was already in evidence in the 16th
century. Though it was later used by Leibniz, and by
Johann Heinrich Lambert and Gottfried Ploucquet—au-
thors of two early formulations of logical calculi—it has
come to be associated with the name of Leonhard Euler,
an 18th-century Swiss mathematician.

If one wants to go further than Euler and distinguish
between singular, general, and nonreferential noun ex-
pressions, then properties and relations that belong to or
hold between extensions of singular, general, and nonre-
ferential noun expressions can be determined with refer-
ence to diagrams tabulated as shown in the figure. A
small shaded circle represents the extension of a singular
noun expression and an unshaded circle that of a general
noun expression. No circle is used in the case of a nonref-
erential noun expression. The diagrams 1.1, 1.2, and 1.3
illustrate the following propositions: “There exists exact-
ly one a,” “There exist more a’s than one,” and “There
exist no a’s.” The spatial relations between the circles in
diagrams II.1-11.16 correspond to the relations between
the extensions of noun expressions represented by a and
b. Some, but not all, of these relations are fairly familiar.
Thus, for instance, diagrams II.1, II.2, and IIL.3 illustrate

The- new ap- -,
-proach to syllogistic and the search for an algebra capa-
ble of nonarithmetical interpretation characterized the
development of logic after Leibniz. At the end of the 17th
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the following propositions: “a is the same object as b,”
“a‘is different from b,” and “a is one of many b’s.” And
the proposition “No a’s are b’s” is illustrated by diagram
1I.13.

In Euler’s Lettres a une princesse d’Allemagne (3 vol.,
1768-72), he used diagrams II.10 and II.13 to illustrate
the universal affirmative and the universal negative prop-
ositions and used IL.12 to illustrate the two particular
propositions. If the interpretation suggested by his dia-
grams is adhered to rigorously, however, it is found to
fail for the syllogistic laws of identity, contradiction, sub-
alternation, and subcontrariety, as well as for the syllo-
gisms that depend on these laws.

Development of mathematical logic in the 19th century.
During the 19th century, and especially during its last
half, the foundations were being laid for the most re-
markable developments in the history of logic.

Expansions of syllogistic by Gergonne and Bentham.
More than 100 years after Euler, his idea of geometrical
diagrams was elaborated systematically by the Frenchman
Joseph Diez Gergonne, a mathematician and editor of a
mathematical journal. Following the Aristotelian tradi-
tion, Gergonne disregarded both singular and nonrefer-
ential noun expressions, but his treatment of general
noun expressions can be regarded as complete. He needed
only five diagrams to determine the five simple relations
between the extensions of two general referential noun
expressions, viz.,a | b,a Cb,a D b,a X b,and a H b (in
the foregoing table: IL.9, I1.10, IL.11, II.12, and II.13).
These simple relations can now be used to define the
categorical propositions of syllogistic, as set out below:

For all a and b, every a is b if and only if a | b or a C b;

For all @ and b, no a is b if and only if a H b;

For all a and b, some a is b if and only if a | b or a C b or

aDboraXbhb;

For all a and b, some a is not b if and only if a D b or

aX boraHb.

Gergonne’s relations can be defined, conversely, in terms
of the syllogistic constants. Thus, Gergonne’s innovation
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consisted, in fact, in expanding the vocabulary of syllo-
gistic and proposing new kinds of inference based upon
the expansion. He did not, however, axiomatize his sys-
tem. This was done, instead, in the 20th century by John
Acheson Faris, a Belfast logician.

From the point of view of logic, “every . . . is” (or “all
. . . is”) is treated as a single syntactically unanalyzab]e
term, which in concatenation with two noun expressions

forms a proposition. Traditionally, however, it had been

held that “every”. (or “all”) modifies the way in which the

_subject should be construed. This suggested to loglclans a
similar modification ‘of -the predicate. The idea- was not"

new, however; it had been discussed by Aristotle in the De
interpretatione, only to be abandoned later. Some of Aris-
totle’s ancient commentators determined that a modifica-
tion of this sort would generate 16 different propositions.
But the authority of Aristotle prevented them from en-
quiring more deeply into the problem. Because of the
writings of Sir William Hamilton, an influential Scottish
metaphysician, “the doctrine of the quantified predicate”
became topical in the first half of the 19th century and led
to a bitter controversy between him and Augustus De
Morgan, an English mathematician and logician. Hamil-
ton distinguished eight different forms of proposition that
involved quantification of the predicate, but apparently
he did not know that the same distinctions had already
been made by George Bentham, an English botanist and
systematist. Bentham was concerned with the relations of
identity and exclusion (or outsidedness) as holding be-
tween both total and partial extensions of two noun ex-
pressions. In his system of notation, “¢tX = pY” meant
that the total extension of X is identical with a proper part
of the extension of Y, and “pX || pY” meant that a prop-
er part of the extension of X is entirely outside a proper
part of the extension of Y. Hamilton used a symbolism of
his own to express his eight forms of proposition, but he
also expressed them in ordinary language. The table
shown below gives, on the left hand side, propositions dis-
tinguished by Bentham, and, on the right hand side, their
Hamiltonian versions:

a. tX=pY ... AllXissome?Y.

b. tX || pY ... AnyXisnotsomeY.
c. tX—=1tY... AllXisallY.

d. tX || tY ... AnyXisnotanyVY.
e. pX =pY ... Some X issomeY.

f. pX I pY ... Some X is not some Y.
g. pPX=1tY ... SomeXisallY.

h. pX |I tY . Some X is not any Y.

Obviously, Bentham arrived at his list of propositions by
permutating his symbols, but he was not very clear about
their interpretation. Thus, he claimed, for instance, that
propositions (b) and (d) both represent the E proposi-
tion. He thought that proposition (d) was rather useless
and that the remaining propositions could be reduced to
the four standard types. Hamilton, too, was somewhat
confused about the meanings of his eight propositions.
He identified propositions (a), (d), (e), and (h) with the
A, E, I, and O propositions, but, following Euler, he
illustrated each of these propositions with the aid of one
set of circles. This means, in fact, that each of these
propositions exhibits the use of a Gergonne constant. For
the purpose of such an interpretation, however, “some”
had to be understood as meaning “some but not all.” On
these assumptions, propositions (a), (c), (d), (e), and
(g) can be regarded as exemplifying the Gergonne con-
stants C, I, H, X, and D, respectively. Proposition (f)
then turns out to be just another version of (e), whereas
(b) and (h) can be taken to express compound relations
between extensions: proposition (b) can be construed as
equivalent to “All X is some Y or some X is some
Y and proposition (h) as equivalent to “Some X is all Y
or some X is some Y.” Alternatively, one can accept
Hamilton’s identification of propositions (a), (d), (e),
and (h) with the four categorical propositions and. treat
propositions (b), (c), (f), and (g) as expanding the
vocabulary of syllogistic. This, in fact, is how Hamilton
viewed his contribution, though he also claimed, wrong-
ly, that his scheme was an improvement on Aristotelian
logic. Using the new vocabulary, Hamilton and his fol-

lowers worked out a great number of additional syllo-
gisms and tried to work out a simple criterion for testing
their validity. At the root of the difficulties experienced
by Hamilton was his pardonable failure to distinguish
between “all” and “some” as integral parts, on the one
hand, of the constants “all . . . are” and “some . . . are,”
and, as used, on the other hand, in “For all a, . ” and
“For some a, . . * which are quantlﬁers in the sense
accepted today. When expressed in a ‘more sophisticated
logical idiom, the conceptions of Bentham. and Hamilton
reveal an affinity to the Lelbn1z1an definitions .involving
identity and difference. ~- "

Expansion of syllogistic by De Morgan A’ more suc-
cessful attempt at expanding syliogistic was made by Au-
gustus De Morgan, who developed a logic of noun expres-
sions in Formal Logic (1847), in his Syllabus of a Pro-
posed System of Logic (1860), and also in a number
of articles. Like Bentham and Hamilton, De Morgan was
concerned with comparing the extensions of terms. In his
symbolism, a parenthesis following the subject—as
X)—or preceding the predicate—as (Y—indicates that
the total extensions of X and Y are under consideration.
If only part of the extension of a term is involved, the
parenthesis is reversed—as X ( or )Y. By placing the
predicate after the subject together with the respective
parentheses, a proposition is formed that states. the
identity of the extensions as specified by the parenthe-
ses. For instance, “X) ) Y” states that the total extension
of X is identical with a part of the extension of Y—i.e.,
that “All X is Y”; and “X()Y” states that a part of the
extension of X is identical with a part of the extension
of Y—i.e., that “Some X is Y.” To express exclusion be-
tween extensions instead of identity, a dot is placed be-
tween the parenthesis belonging to the subject and
that belonging to the predicate. Thus, “X) . (¥
means that “No X is Y.” De Morgan also made use of
negated terms, introducing the notion of a logical com-
plement. In his system negated terms are counted as
primitive. They are symbolized by small letters; thus,
“x” means the same as “non-X,” “x” and “X” formlng
a pair of contradictory terms. leen the use of negative
terms, De Morgan examined systematically all of the
forms of affirmative categorical propositions. They are:
Every X is Y.

Every non-X is non-Y.

Every X is non-Y.

Everynon-Xis Y.

Some X is Y.

Some non-X is non-Y.

Some X is non-Y.

. Somenon-Xis Y. ‘

De Morgan formulated a simple rule for generating prop-
ositions equivalent to those above; viz., replace one of the
terms by its contradictory, turn its bracket the other way,
and put a dot between the brackets—or if there is a dot
already present, remove it. Thus, from each of the eight
propositions one derives three other equivalent proposi-
tions. One now finds. that to each proposition involving a
negated term there is an equivalent in which both terms
are positive. Thus, the original list can now be replaced
by the following:
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a’’ X))Y ... EveryXisY.

b. X((Y... EveryYisX.

c¢. X).(Y... NoXisY.

d’. X(.)Y ... Everything is either X or Y.
e. X(O)Y ... SomeXisY.

. X)(Y ... Something is neither X nor Y.
g X(.(Y ... SomeXisnotY.

h’. X).)Y ... Some Y isnot X.

The meaning of (d’) and that of its contradictory (f'),
however, does not quite harmonize with the way in which
the symbolism was to be interpreted originally. One
would expect, for instance, that (f/) should mean the
same as “Only every X is Y,” thus expressing an identity
of the extension of X and that of Y. But this would not be
compatible with the meaning of (f).

De Morgan achieved a further extension of his syllogis-
tic vocabulary with the aid of definitions. This extension
gave rise to new kinds of inference, both direct (involving

Relations
between
the
extensions
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one premise) and indirect (involving two premises).
Through this symbolism he was able to work out purely
structural rules for transforming a premise or a pair of
premises into a valid conclusion.

Inferences that appeared to illustrate principles belong-
ing to the logic of noun expressions, but which could
not be accommodated in syllogistic, had been known
to logicians before De Morgan. It is to him, however,
that credit should be given for initiating and -devel-
oping a theory: of relations. He invented a symbolism
in which such notions ‘as the contradictory, the con-
verse, and ‘the transitivity of a relation could be: ex-
pressed, as well as the union of two relations .(by which
he meant their relative product). He also. stated some
logical principles, among them:

Contradictories of converses are themselves converses;

Converses of contradictories are contradictories;

The contradictory of the converse is the converse of.the

contradictory; -

If a first relation is contained in a second, then the converse

of the first is contained in the converse of the second, and

the contradictory of the second is contained in the contra-
dictory of the first;

A transitive relation has a transitive converse;

The contradictory of a transmve relation is not necessarily

transitive.

De Morgan also set out, in four figures, various infer-
ence schemata analogous, in a sense, to those of syllogis-
tic.

Boole’s algebra of logic. Leibniz’ pioneering attempts
at constructing an algebraical calculus capable of nonar-
ithmetical interpretation were continued by Ploucquet,
Lambert, Jean Castillon, an Italian-born mathematician,
and others, but the results achieved by them were not of
lasting value. Real progress was made by George Boole
(died 1864), a self-taught English mathematician who

" presented his new ideas on logic in the Mathematical

Analysis of Logic (1847) and in An Investigation into
the Laws of Thought, on Which are Founded the Mathe-
matical Theories of Logic and Probabilities (1854).

In Boole’s view, the notion of a “true calculus” rests on
the employment of symbols in accordance with some
general but well-determined laws of combination. Al-
though the combining of symbols in this way should
admit of ‘a consistent interpretation, the interpretation
should not prejudge the validity of what Boole called the
process of analysis; i.e., the process whereby interpretable
combinations of symbols are obtained. Whereas Leibniz
sought a calculus that admitted of a nonarithmetical in-
terpretation, Boole was advocating a formal calculus that
could accommodate a number of different interpretations
—in particular, two: one relevant to relations among
things, and the other to relations among facts as ex-
pressed by propositions. In other words, Boole appears to
have been aware of the distinction between the logic of
noun expressions and that of propositions, respective-
ly. He did not, however, realize that the logic of noun
expressions presupposes the logic of propositions.

Boole’s calculus was not a deductive system but it is
clear from the way in which it was developed that the
following presuppositions were acceptable to him:

. For all x and y, xy — yx.

. Forallxandy,x +y =y 4 x.

. Forallx, y,and z, x (¥ 4 2) = xy 4} xz.

. Forallx y,and z, X (¥ — 2) = xy — xz.

. For all x, y, and z, if x — y then xz — yz.

. For allx y,andz,1fx——ythenx-|-z__y+z
. Forallx,y,and z,if x —=ythenx —z2—y — 2.
. For all x,x(1 — x) —=0.

Except for the last formula, the system of these. presup-
positions lends itself to ordinary numerical interpreta-
tions. If the values of the variables are restricted to 0 and
1, then the eight presuppositions become interpretable in
such a restricted algebra. “The laws, the axioms, and the
processes of such an algebra,” Boole claimed, “will be
identical in their whole extent with the laws, the axioms,
and the processes of an algebra of logic.” Boole had in
mind the interpretation relevant to relations among
things; i.e., the class interpretation within the logic of
noun expressions. Thus, “x = y” means that the classes x
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and y have the same members; “xy” represents the in-

tersection of the classes x and y (i.e., their common

part); “x -4 y” represents the class consisting of the mem-
bers of x and the members of y when they have no
members in common; “x — y” represents the class of
those members x that are not members of y; and finally,
“1” represents the universal class, of which everything
is a'‘member, and “0” the null class, of whlch nothing is
a member.

Boole’s calculus can also bc interpreted within the logic
of propositions: In this interpretation, the variables.x, y,
and z ‘become propositional variables, “xy” becomes a
conjunction of two propositions (read “x and y”), “x 4
¥ is exclusive disjunction-“Either x or y but not both,”
and “—x” becomes “It is not the case that x.” The sym-
bols 1 and 0 are now construed as the standard true and
the standard false propositions, respectively. The sign of
identity “=" becomes that of equivalence “if and only if.”
Interpreted in this way, the calculus can be extended by
adding to it

9. For all x, either x — 1 or x — 0,

which does not hold for the class interpretation.

Refinements of the calculus. Boolean algebra was sub-
sequently improved by various researchers. William Stan-
ley Jevons, a British economist and logician, rightly
urged that all intermediate formulas involved in the pro-
cess of algebraical transformations should lend them-
selves to the same interpretation as the initial and final
formulas. A further improvement was the replacement of
the exclusive by the inclusive disjunction: thus, within the
logic of noun expressions, “x 4 y” denoted all those ob-
jects each of which was either x but not y, or y but not x,
or both x and y. Consequently, it was true to say that
“For all x, x 4+ x = x,” and also that “For all x, x 4+
—x = 1.” Neither of these formulas obtains, however, in
the arithmetical algebra.

For the purpose of computing the validity (or invalidi-
ty) of inferences,. Jevons constructed a “logical piano,” a
forerunner of the modern computer.

Charles Sanders Peirce, a U.S. logician, engineer, and
Pragmatist philosopher, also held that inclusive disjunc-
tion is more suitable for an algebra of logic than exclu-
sive disjunction. In addition, he employed the notion of
inclusion, for which he devised a special symbol: —<.
Peirce interpreted “a—<b” as meaning “Whatever is
ais b” or “If a then b.” Thus believing, like Boole, that
the logic of noun expressions and that of propositions
are merely two different interpretations of one and the
same algebra of logic, he assimilated propositions to
terms expressing relations. Usually, such terms had
been thought of as involving two arguments. Accord-
ing to Peirce, however, there is no reason for not sub-
suming under the notion of relations terms that re-
quire three or more arguments (a, b, c, .) as well
as terms that require one argument (predicates), or no
argument (propositions).

Peirce also set up, independently of Frege, an axiom
system for the logic of propositions based on “if . . .
then” and on the notion of a proposition that implies
any proposition; and he systematically developed the
truth-table method of defining constant terms within the
algebra of logic. He calculated that, given two values T
and F (obviously standing for “true” and “false”), there
can be four different functors (or operators) for one
argument, 16 for two arguments, and 256 for three. Ap-
parently Peirce considered introducing more values than
two and thus anticipated the 20th-century development of
many-valued logics. Peirce introduced the notion of
quantifiers, “For all g, . . .” and “For some aq, . . . ,” need-
ed in elaborating his theory of relations. And finally, he
was responsible for the idea of treating relations as classes
of ordered pairs or, more generally, as classes of ordered
n-tuples. ‘

Boole’s algebra of logic was given the form of a deduc-
tive system by Ernst Schroder, a German logician and
mathematician, in. his Opsrationskreis des Logikkal-
kuls (1877; “The Operational Sphere of the Logical
Calculus”) and, more systematically, in his Vorlesun-
gen iiber die Algebra der Logik (1890-1905; “Lectures
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on the Algebra of Logic”), which includes the theories

of identity .and of relations. The system that he had

constructed, like that of Peirce, made use of the notion

of inclusion, the meaning of which can be determined

by reference to diagrams IL.1, IL.3, IL.8, 1.9, IL10,

I1.15, and I1.16 in the figure. If inclusion is symbohzed

thus: C, then its axioms are:

R Foralla acCa

. For'all q, b,and ¢, ifa C bandb C cthena Ccec

. For alla,0 C a.

. Foralla,a C 1. ’

. For-all @, b, and ¢, ¢ C ab if and only 1f (c Ca and
¢ C b).

.—Foralla,b andc,a+b C 01fandon1y1f(a Cc
and b C ¢). )

7. For all a, b and ¢; a(b+c) --ab_|_ac

o u..p.mw{a

: }8.-Fora11a a—aco

9. Foralla, 1 ca+_a

Schréder’s interpretation of -+ was in harmony with that
of Jevons and Peirce. At .the time of its publication,

Schréder’s Vorlesungen gave, and still gives, the fullest

account of an algebra of logic and of its development.
One of the notions investigated by Schroder was that of
being an individual, which he defined as follows:

10. For all a, a is an individual if and only if (it is not the
case thata c O and forallx,a C xora C —x).

In addition, he characterized the new notion with the
aid of an axiom that states that: “A nonempty class
contains at least one individual,” or more precisely
11. For all g, if it is not the case that a C 0, then for some
X, x C a and x is an individual.

Whereas Schroder’s conception of an algebra of logic
emphasized the logical aspect of the theory, the inquiries
of Alfred North Whitehead, who later became a leading
process metaphysician, as presented in A Treatise on Uni-
versal Algebra (1898), were aimed at integrating the
algebra of logic with other branches of mathematics.
Extensive studies of the axiomatic foundations of the
algebra of logic were successfully undertaken by Edward
Vermilye Huntington, a Harvard University mathemati-
cian, and by Alfred Tarski, the founder of semantics as
part of metalogic. ‘

Logic and the foundations of mathematics. As men-
tioned earlier, Boolean algebra has interpretations within
both the logic of propositions and the logic of noun ex-
pressions. Neither Boole nor Schroder, however, was
concerned with the relationship between the two inter-
pretations or the two logics. But this was not true of
Gottlob Frege, an outstanding German mathematician
and an original philosopher. Frege set for himself a
new problem, the elucidation of the notion of num-
bers. He felt that the notion of natural number could
be reduced to logical notions and that, consequently,
arithmetic could be shown to be a part of logic. Frege
therefore devised a symbolic language that, in proving
logical or arithmetical theses, dispensed with ordinary
usage. By applying axiomatic methods, he hoped to de-
termine the meaning of the vocabulary of the logic of

propositions. Thus, for Frege, the problem was to de-

velop a calculus or an algebra for a given interpretation.
This he did for “if . . . then” and “it is not the case that”
(or simply “not,” construed as the negation of a propo-
sition). In terms of ordinary usage, the axioms required
for Frege’s logic of propositions read as follows:

1. For all p and g, if p then if g then p.

2. For all p, q, and r, if (if p then if g then r) then if

(if p then q) then (if p then 7).

3. For all p and q, if (if p then g) then (if not-g then

not-p).

4. For all p, if not-(not-p) then p.

5. For all p, if p then not-(not-p).

In his Begriffsschrift: Eine der arithmetischen nachgebil-
dete Formelsprache des reinen Denkens (1879; “Con-
cept-Script: A Formal Language of Pure Thought on
the Pattern of Arithmetic”), the foregoing axiom sys-
tem is supplemented by the following propositions:

6. For all g, b, and F, if a is the same object as b then

if F(a) then F(b).
7. For all a, a is the same object as a.

8. For all a and F, if for all x, F(x) then F(a).

Axioms 6-8 constitute the foundations of a system of the
logic of noun expressions or, more precisely, of the
logic of predicates.

In Die Grundlagen der Arithmetik (1884; Eng. trans.,
The Foundations of Arithmetic, 2nd rev. ed., 1953),

. Frege discussed, thoroughly but not formally, the notion

of number. He first introduced the notion of equality or
equmumerosﬂ;y between concepts by positing that “The

concept F is equal to concept G if and only if for some R, -

R correlates one to one the objects falling under F With
the objects falling under. G.” By the number that belongs
to the _concept F, Frege understands an extension of. the

- concept “equal to the concept of F.” Thus, the fol-

lowmg definition' of number is formulated: “For all n,
n is a number if and only. if for some F; n is the number
that belongs to F.”

A formal reduction of arithmetic to logic was given in

Frege’s. Grundgesetze der Arithmetik: Begriffsschriftlich

abgeleitet (1893 and 1903; “Basic Laws of Arithmetic:
Conceptually Derived”). The axioms and rules of infer-
ence given in the Grundgesetze differ slightly from those
laid down in the Bergriffsschrift, and he also added rules
for determining the correctness of definitions. Frege also
introduced the device of binding variables by the univer-
sal quantifier. Finally, Frege made important contribu-
tions to the theory of language. His analyses of the no-
tions of sense and reference as well as of object, concept,
and function have contributed greatly to the interest in
semantics and in theories of meaning.

Another trend in the study of logic and the foundations
of mathematics began with the establishment, by the Ger-
man mathematician and philosopher Georg Cantor (died
1918), of the theory of manifolds or sets as a new mathe-
matical discipline. By a set, Cantor understood “a collec-
tion into one whole of definite, distinct objects of our
perception or our thought, which are called the elements
of the set.” Thus, the notion of set appears to have much
in common with that of class. A set is uniquely defined by
its elements. Sets with identical elements are themselves
identical, and identical sets have identical elements. It
would appear that set theory is just another version of the
logic of noun expressions, similar to one of the interpre-
tations of the algebra of logic. And indeed, a number of
set-theoretical notions have their analogues in the algebra
of logic and in systems such as that of Frege. Thus,
whereas Frege talked about the number belonging to a
concept, Cantor made use of the notion of the power or
cardinal number of a set, a measure of its order of magni-
tude. He was especially interested in the cardinal numbers
of nonfinite sets. His general theorem, to the effect that
the cardinal number of a set is always smaller than that of
the set of its subsets, gives rise to a series of transfinite
numbers, each of which is the cardinal number of a non-
finite set. The smallest such number is the cardinal num-
ber of the set of natural numbers. Preoccupation with the
notion of numerical infinity led Cantor to the idea of
developing a general arithmetic of transfinite numbers
within the framework of his theory of sets. Frege highly
appreciated Cantor’s Grundlagen einer allgemeinen man-
nigfaltigkeitslehre (1883; “Foundations of a Universal
Theory of Manifolds”), which on many counts dif-
fered from his own system, mainly in terminology. But,
whereas Frege’s findings were presented as a deductive
system based on axioms and developed in accordance
with explicit rules, Cantor’s theory of sets was still in a
pre-axiomatic stage.

Cantor eventually discovered a paradox in the theory of

sets. If one considers the set U that comprises all sets,
then its subsets must be among its elements; hence, the
cardinal number of U cannot be smaller than that of the
set of the subsets of U;; yet, in accordance with the general
theorem mentioned above, the cardinal number of the set
of the subsets of U should be greater than the cardinal
number of U. The problem became acute when in 1902
Bertrand Russell, author (with A.N. Whitehead) of the
monumental Principia Mathematica, discovered another
paradox, this time in the system of Frege, involving the
notion of the class C of all of those classes that are not
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elements of themselves. If the class C is an element .of
itself, then, like all of the elements of C, it is not an
element of itself; but if C is not an element of itself, then
it has the property that qualifies it for the membership of
C; i.e., it is an element of itself—hence the contradic-
tion. Frege could not find a fault in Russell’s reasoning.
In a postscript to volume II of his Grundgesetze, Frege
tried to remedy the situation by altering one of his
axioms. It is now known, however, that the corrected
system remains contradictory, and Frege himself was
not at all confident that he had found the right solution.
Nonetheless, the collapse of Frege’s system did not pre-
vent Russell from holding, unreservedly, that arithmetic
can be derived from logic.

TWENTIETH-CENTURY LOGIC

Logicism, intuitionism, and formalism. When, early in
the 20th century, Bertrand Russell set out to: show that
arithmetic is an extension of logic, he had the benefit of
the earlier research of Giuseppe Peano, an Italian mathe-
matician and logician. Peano had not been convinced that
the primitive notions of arithmetic—of 0, of number, and
of the successor of a number—could be reduced to the
vocabulary of logic. He thought it desirable, however, to
base arithmetic on axiomatic foundations. A proposal to
this effect was first published in his Arithmetices Prin-
cipia Nova Methodo Exposita (1889). In his Formulaire
de mathématiques, 5 vol. in 3 (1895-1908), Peano made
use of the following axiom system for arithmetic:
. 0 is a number. )
. The successor of any number is a number.
. No two numbers have the same successor.
. 0 is not the successor of any number.
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cessor of every number that has the property, belongs to
all numbers.

Supplemented with appropriate definitions, these axioms
yield all of the characteristic laws of arithmetic; but they
fail to single out the progression of natural numbers from
other progressions. It is this defect that Russell was anx-
ious to remove by deriving arithmetic from logic. He first
approached the problem informally in The Principles of
Mathematics (1903). Then, in collaboration with White-
head, he produced the monumental Principia Mathemati-
ca, 3 vol. (1910-13), which has become a classic of logic.
The Principia marked a climax of the researches in logic
and the foundations of mathematics that had been flour-
ishing since the time of Leibniz. At the same time, it
provided a starting point for the development of logic in
the 20th century.

In addition to Cantor’s paradox in his theory of sets and
Russell’s proof that Frege’s system is contradictory, sev-
eral other paradoxes were discovered during the 15 years
prior to the Principia that cast doubt upon men’s logical
intuitions. Among them were those known as Burali-For-
ti’s paradox of the greatest ordinal number, Berry’s para-
dox of the least integer not nameable in fewer than 19
syllables, Richard’s paradox of the class of all decimal
numbers definable in a finite number of words, and Grel-
ling’s paradox of autological and heterological adjectives.
The liar paradox of Eubulides, already known.among the
ancient Megarian logicians, can also be included in this
list. (See ANTINOMY in the Ready Reference and Index.)

In the Principia, where the paradoxes are discussed at
considerable length, Russell argued that they result from
a “vicious circle” that consists in assuming illegitimate
totalities. A totality is illegitimate when it is supposed to
involve all of a collection butis itself one of the same
collection. In the Principia, such totalities cannot be gen-
erated because of Russell’s adoption of the theory of logi-
cal types. The theory of logical types demands that a
functor or an operator should be regarded as belong-
ing to a higher logical type than any of its arguments,
or that a class belongs to a higher logical type than that
to which its elements belong. (Similarly, a predicate
belongs to a higher logical type than the object of
which it is predicated.) Consequently, to say that a
class is an element of itself is neither true nor false but
simply meaningless. Although the theory of logical
types obviated the paradox of the class of all classes not

. Any property that belongs to 0, and also to the suc- .
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members of themselves, it raised certain problems of its
own. It was by no means clear whether the theory was
a kind of ontology that classified extra-linguistic en-
tities or a kind of grammar that classified expressions
of a logical language. Moreover, some critics charged
that it was an ad hoc palliative against paradoxes, and
that the ramifications of its hierarchy of types were
unduly complicated. Far-reaching suggestions for sim-
plifying the theory were offered by Leon Chwistek, a
Polish logician, and the short-lived Cambridge philoso-
pher Frank Ramsey. And, clearly, the paradoxes called
for more individual treatment.

Another theory proffered by Russell, of particular inter-
est to philosophers, was his theory of definite descriptions
(see ANALYTIC AND LINGUISTIC PHILOSOPHY: Diversifying
and unifying aspects of analytic philosophy). The Prin-
cipia is a work of impressive scope that, in addition to
purely logical topics such as the logic of propositions,
and the theories of quantification, of classes, and of re-
lations, includes cardinal arithmetic and the theories of
ordinals and of relation-numbers in general, of series,
and of measurement.

The view that mathematics is a continuation of logic,
with no sharp demarcation between them, has been called
“logicism.” Opposed to it are intuitionism and formalism.
“Intuitionism” is associated with the names of L.E.J.
Brouwer, a Dutch mathematician, and his pupil ‘Arend
Heyting, according to. whom mathematics presupposes
mental constructions, which, in turn, presuppose the set
of natural numbers. The progression of natural numbers
is somehow derived from the intuition of time and the
awareness of separable moments of human experience.
Thus, intuitionistic mathematics is an activity of thought,
and the statement of universal logical laws is not neces-
sary. In particular, intuitionists reject “the thoughtless
application of the logical theorem of tertium exclusum,”
which states that there can be no middle (third) between
two contradictories; and by doing so, they believe that
they are rejecting, in fact, the principle that every mathe-
matical problem is soluble. They also reject the elimina-
tion of double negation, which, in their view, allows its
proponents erroneously to infer the provability of a
proposition from the unprovability of its negation. Exis-
tential statements of the form “There exists an x such
that . . .” are prohibited unless they are implied by
statements of the form “a is such that . .. ,” a restric-
tion that harmonizes with the intuitionistic insistence on
constructivism, the view that mathematical proofs must
be constrained by the possibilities of finitistic mental con-
structions. Finally, intuitionists. reject the notion of com-
plete or actual infinity; there are no infinite sets other
than denumerable sets, such as the set of natural num-
bers, which exemplifies potential infinity.

Whereas Frege regarded the truth of the axioms of a
theory as evidence that the theory is consistent, a Gottin-
gen mathematician, David Hilbert, the founder of mod-
ern formalism, maintained that freedom from contradic-
tion in an arbitrarily posited axiom system is the guar-
antor of the truth of the axioms. Although the problem of
whether the fundamental notions of mathematics could
be defined in terms of logical notions did not interest
Hilbert, he would have answered the question in the nega-
tive. He conceived of mathematics as a stock of formulas,
which constitute the subject matter of a new mathemat-
ics, a “metamathematics,” the task of which is to exam-
ine and secure the foundations of the former. Hilbert,
like Frege, thought very highly of axiomatic methods;
but, unlike Frege, he was less concerned with the meaning
of the axioms. Within mathematics proper, he advocated
a complete formalization with purely formal inferences
without any reference to a possible interpretation of the
formulas involved. In metamathematics, however, infer-
ences are to have regard to the subject matter. The princi-
pal problem of metamathematics is the search for mathe-
matical theories that can be proved to be consistent and
complete. As a result of the extensive studies undertaken
by Godel, however, it is known that most interesting
mathematical theories are incomplete because every the-
ory that includes the arithmetic of natural numbers is
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incomplete; and in order to prove the consistency of such
theories, the consistency of stronger theories must be
assumed.

Logic of propositions. As logics became more special-
ized, it was the logic of propositions that, largely because
of its simplicity, attracted the attention of those logicians
who favoured specialization. Propositional connectives
other than “if . . . then,” “or,” and “it is not the case that”
were examined for their suitability as primitive (or basic)
terms in systems of propositional calculus. The method
of truth tables that display the T-F values of compound
propositions for all combinations of the; T-F values of
the component propositions was developed by Peirce,
by the Polish logician Jan Fukasiewicz, by the U.S. logi-
cian Emil Post, a specialist in recursive unsolvability, by
the Austrian-English logician and philosopher Ludwig
Wittgenstein, and by other logicians to determine the
meanings of propositional connectives and to evaluate
expressions consisting of connectives and variables.
The problem of the interdefinability of the connec-
tives was examined and solved by Henry M. Sheffer, a
Harvard logician, who proved that the joint denial
“neither . . . nor” and the alternative denial “either it
is not the case that . . . or it is not the case that . . .”
are each so fundamental that all of the remaining prop-
ositional connectives can be defined in terms of it—a
finding that had been anticipated by Peirce. J.-G.-P.
Nicod, a French logician, found that a system of the
calculus of propositions equivalent to that of the Prin-
cipia could be based on a single axiom with the alter-
native denial as the only primitive notion. On the
problem of simplifying the axiomatic foundations of
this logic, considerable work was done by Eukasiewicz
(died 1956) and by his collaborators in Warsaw and
later in Dublin. Efforts to develop systems of the logic
of propositions that dispense with certain dubious
principles have been made, as in Hilbert’s positive cal-
culus, in the minimal calculus of the mathematician
ingebright Johansson of the University of Oslo, and in
Heyting’s intuitionistic system. Here, too, belong Wil-
helm Ackermann, one of Hilbert’s collaborators, and
his system of rigorous implication, and the system of
entailment constructed by Alan Ross Anderson of the
University of Pittsburgh, a philosopher of mathematics
and science, and N.D. Belnap, his associate.

Another line of development consisted in strengthening
systems of the logic of propositions by employing inter-
nal quantifiers to bind propositional variables. A sys-
tem extended in this way was set up by Yukasiewicz
and Tarski. A still stronger system was envisaged by
Stanistaw Le$niewski (died 1939), one of the founders
of the Warsaw school, who called it a system of “pro-
tothetic.” It allowed for the use of functorial variables,
such as those for which propositional connectives can
be substituted. Axiomatic foundations can be obtained
for protothetic by subjoining to the axioms of a classi-
cal system the law of extensionality for propositions;
i.e., that “For all p and g (p if and only if g) if and
only if for all f, f(p) if and only if f(g).” In addition
to employing the usual rules of inference, systems of
protothetic are equipped with rules of quantification,
definition, and extensionality. The rule of extensional-
ity enables laws of extensionality to be introduced for
any semantic category that may be brought into the sys-
tem by means of definitions. Systems of protothetic are
the richest as regards their vocabulary and syntactical
variety, and the strongest as regards their deductive
power.

In classical logic, a proposition of the form “If p then g”
is considered to be true if and only if it is not the case that
both p is true and q is false. This Philonian interpretation
of “if . . . then,” which was challenged in antiquity, was
challenged again, soon after the publication of Principia,
by Clarence Irving Lewis, a conceptual Pragmatist and
author (with C.H. Langford) of Symbolic Logic (1932),
a classic of modal logic. In this and an earlier work
(1918), Lewis distinguished between the material impli-
cation of classical logic and strict implication, which he
found preferable. Construed as an instance of strict impli-

cation, a proposition of the form “If p then g” is true if
and only if it is not possible that p should be true and g
false. Lewis’s treatment of implication involves the modal
notion of possibility and thus marks the beginning of new
developments. Lewis suggested several different systems
of strict implication (S;-S;), and many more have been
constructed since. Among them, G6del’s system with ne-
cessity as a primitive notion deserves special mention,
and so does the system with the notion of contingency,
constructed by E.J. Lemmon, an Oxford logician.
More recently, the logic of propositions has been en-
larged to include deontic logic, the aim of which is to
exhibit the use of such expressions as “it ought to be
the case that,” “it is permissible that,” and “it is forbid-
den that” and to interrelate them with modal notions
(see LOGIC, APPLIED: Practical logic: Deontic logic).

A different approach to extending the logic of proposi-
tions was taken by Fukasiewicz. His analysis of the modal
notions in Aristotle and his resolve to justify indetermin-
ism suggested the idea of a three-valued logic and of
many-valued logics in general (see LOGIC, FORMAL:
Special systems of PC: Nonstandard versions of PC).
In these systems, fukasiewicz employed the notions
of implication, alternation, conjunction, and negation,
but the meanings of the corresponding constants—
“if . . . then,” “or,” “and,” and “it is not the case that”—
differ from their meanings in two-valued logic. Y.ukasie-
wicz determined their new meanings with the aid of
many-valued truth tables, which, in addition to truth and
falsity, allow for intermediate truth-values—such as pos-
sibility, for instance. Although Yfukasiewicz suggested
axiomatic foundations for three-valued and infinitely-
many-valued logics, his systems were not complete. Nor
was it possible to define, within their framework, all of
the constants for which the meaning could be determined
with the aid of appropriate truth tables. Many-valued sys-
tems that have no such defects have been developed by
Bolestaw Sobocirfiski, a Notre Dame logician, and by the
Polish logician Jerzy Stupecki. Purely formal systems of
many-valued logics have been constructed independently
by Emil Post. '

The most recent and, philosophically, by far the most
exciting way of extending the logic of propositions con-
sists in constructing systems of tense logic with a view to
clarifying the conception of time (see LOGIC, APPLIED:
Logics of physical application: Temporal logic). Ac-
cording to the British logician A.N. Prior, the charac-
teristic constants of tense logic are “it has been the
case that,” “it is now the case that,” and “it will be the
case that.” Several other constants can be introduced by
means of appropriate definitions.

Modal logic, deontic logic, tense logic, and, of course,
many-valued logics presuppose the abandonment of two-
valued logic. In many cases, they also presuppose the
rejection of the principle of extensionality. Some logi-
cians, however, do not approve of these serious sacrifices
and believe that alternative ways of solving these prob-
lems should be explored. -

Logic of noun expressions. At the end of the 19th
century, the logic of noun expressions had developed
the following branches: Aristotle’s syllogistic, Leibniz’
theory of identity, Schroder’s algebra of logic inter-
preted as a theory of classes and relations, Frege’s

_theory of quantification, and Cantor’s set theory. Al-

though in the 20th century some of these branches have
been growing on their own, the ideal of comprehensive-
ness, achieved by the authors of Principia, has not been
abandoned altogether. As a result of Fukasiewicz’ re-
search, syllogistic has been given the form of a modern
deductive theory. It has been axiomatized and proved to
be consistent and decidable in the sense that every syllo-
gistic or polysyllogistic expression can either be derived
from the axioms or shown to be rejected. Other frag-
ments of the logic of noun. expressions have been dis-
tinguished by logicians and made objects of special
studies—such as, for instance, the functional calculus of
first order, functional calculi of higher orders, and the
functional calculus of order omega (w), often referred
to as the simple theory of types.
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The tendency toward comprehensiveness found expres-
sion in the system of the logic of noun expressions con-
structed by Le$niewski, whose interest was aroused by
Russell’s paradox of the class of all those classes not
elements of themselves. Although Le$niewski accepted
the need for a theory of logical types, he did not believe
that the paradox resulted from confusing types (or “se-
mantic categories” as he called them) but from the fail-
ure to realize that class expressions often are used ambig-
uously. In order to explain this ambiguity, he constructed
two theories, called ontology and mereology. Ontology,
which is a system of the logic of noun expressions, is
obtained by subjoining some ontological axioms to the
protothetic, adapting its rules to them, and setting up
a rule of ontological definition and a rule of ontologi-
cal extensionality. In standard systems of ontology, the
copula “is” is the only primitive ontological term. Dia-
grams II.1 and II.3° determine its meaning. In Schro-
der’s algebra, it can be defined as follows: “For all a
and b, a is b if and only if both @ C b and a is an indi-
vidual.” In ontology, it is characterized by :the fol-
lowing single axiom: “For all a and b, a is b if and only
if (i) for some ¢, c is a, (ii) for all ¢ and d, if ¢ is a and
d is a then c is d, and .(iii) for all ¢, if c is a then c is b.”
As regards its contents, ontology comprises syllogistic,
the theory of identity, a counterpart of the theory of
classes, and counterparts of functional calculi of any or-
ders. If required, ontology can be supplemented with

' the axioms of infinity and of choice. Whereas the logi-

cal language of the Principia presupposes the concept
of proper name, that of ontology is based on common
noun expressions, to which proper names are assimilat-
ed. The mere use of the language of ontology implies
no existential assertions, which is not the case with the
language of the Principia. Instead of a theory of logical
types, Le$niewski had developed a theory of semantic
categories, which was inspired by certain ideas of Ed-
mund Husserl, the founder of Phenomenology, and
was concerned with the grammar of logical language
and not with any extralinguistic entities.

Mereology, which is the theory .of part-whole relations,
is obtained by subjoining mereological axioms to ontolo-
gy and adapting the rules of ontology to them. Whereas
ontology was meant to provide the foundations of arith-
metic, mereology was to serve as the basis of geometry.
Mereology, and a fortiori ontology, is consistent if pro-
tothetic is consistent. Theories of part-whole relations
have also been worked out independently of Le$niewski’s
mereology by J.H. Woodger, author of an axiomatized
biology, by the U.S. logician Henry Leonard, and Nelson
Goodman, a U.S. philosopher.

The development of Cantor’s theory of sets was greatly
affected by the discovery of paradoxes. For, it soon be-
came clear that more solid foundations were required if
paradoxes were to be eliminated. With this aim in view,
the German mathematician Ernst Zermelo axiomatized
the theory and succeeded in avoiding the paradoxes
without resort to the theory of types. The Israeli math-
ematician Abraham Fraenkel has informally set out
Zermelo’s axioms:

1. Axiom of Extensionality: Sets containing the same mem-

bers are equal.

2.- Axiom of Pairing: For any two différent sets a and b,
. there exists a set ¢ that contains just @ and b.

3. Axiom of Union: For any set a that contains at least one
member, there exists the set the members of which are
just the members of the members of a.

4. Axiom of Power-set: For any set a there exists the set the
members of which are just subsets of a.

5. Axiom Schema of Singling-out: For any set a and any
monadic predicate P, there exists the set that contains just
those members x of a that fulfill the condition P(x).

6. Axiom of Choice: If a is a disjointed set that does not
contain the null-set, the Cartesian product of the mem-
bers of a is not empty (the Cartesian product of two sets
is the set of all pairs having a member from each set).

7. Axiom of Infinity: There exists a set a such that the empty
set is a member of a and for all b, if b is a member of a
then the set of which the only member is b is also a mem-
ber of a.

This axiom system is deductively strong enough to yield
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a substantial part of Cantor’s theory, but it does not im-
ply the existence of certain special sets presupposed by
Cantor. To accommodate these sets, Fraenkel suggested
8. Axiom of Replacement: If the domain of a single-valued
function is a set, its counter-domain is also a set.

And in order to eliminate certain extraordinary sets, the
Hungarian-U.S. mathematician John von Neumann, a
pioneer in computer mathematics, proposed:
9. Axiom of Foundation: Every non-empty set a contains a
member b such that @ and b have no members in com-
mon.

Von Neumann also distinguished between sets, which
can be members of other sets, and classes, which have no
such property. Both sets and classes can have members,
but the notion of membership in the case of sets is not the
same as membership in the cases of classes.

More recently, the Swiss logician and mathematician
Paul Bernays, Hilbert’s collaborator; has made important
contributions to the study of the axiomatic foundations
of set theory. ‘

So far, the theory based on the above-listed axioms has
proved to be free from contradictions, but the axioms
have scarcely made the notion of a set any clearer. If the
axioms describe some aspects of reality, it is not known
what these aspects are. Thus, the theory is becoming
detached from any interpretation.

According to Cantor’s “continuum hypothesis,” if the
cardinal number of a denumerable set is denoted by Ro
(“aleph-null”) and that of the power-set (the set of all
subsets) of a denumerable set by 2 Ro, then there is no
cardinal number between Ro and 2 ¥o—which means that
2%No =No. In its generalized form, the hypothesis says
that “For any « if « is the cardinal number of an infinite
well-ordered set then there is no cardinal number be-
tween « and 2¢.”

In the systems of the logic of noun expressions de-
veloped by W.V.O. Quine, a Harvard University logician,
the theory of logical types is replaced by the much sim-
pler theory of stratification. A propositional formula is
said to be stratified if it is possible to put numerals for the
variables in such a way that € occurs only in contexts of
the form “n € (n 4 1).” Now, the rule of abstraction,
which corresponds to the axiom schema of singling out,
stipulates that the formula from which abstraction is
made should be stratified. This sort of restriction enabled
Quine to abandon the theory of types. His system,
first published in 1937 and known as system NF, was
subsequently developed into system ML, published in
1940 and revised in 1951.

Metalogical studies. Once systems of logic had been
axiomatized, their development seemed to have slowed
down. Instead of proving new theses within the frame-
work of axiomatized systems, logicians began to examine
the systems themselves and prove theses about them. This
was the beginning of metalogic (q.v.), the development
of which owes a great deal to Hilbert’s conception of
metamathematics and to his formalist philosophy of
mathematics. The problems that are the concern of meta-
logic are many and various. In the. first place, there are
the problems of the consistency and completeness of de-
ductive systems and their decidability (since for some
systems one can construct intrinsically undecidable
propositions) as well as the problem of the indepen-
dence of the axioms and that of the definability of prim-
itive terms within an axiom system.

For systems of the logic of propositions, methods have
been developed for solving these problems. Thus, the
consistency of the calculus of propositions was proved by
Post and independently by FEukasiewicz. Methods of
proving the completeness of the calculus were worked out
by Eukasiewicz and others. Truth tables provided means
of determining the decidability of systems and the mutual
independence of their axioms. The Italian mathematician
Alessandro Padoa (died 1938), a collaborator of Peano,
found a method of proving the independence of primitive
notions within an axiomatized theory.

Systems of the logic of noun expressions are more dif-
ficult objects for metalogical investigation, but here too
there are several findings to be recorded. Because of f.u-
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kasiewicz’ and Shupecki’s researches, it is known that syl-
logistic, as axiomatized by Lukasiewicz, is consistent, de-
cidable, and based upon independent axioms. The com-
pleteness of the first order functional calculus was proved
by .Go6del and its consistency by Hilbert. As Alonzo
Church, an eminent U.S. logician, has. shown, however,
the decision’ problem for a .pure functional calculus. of

first order is’unsolvable, although there is a decision pro-
‘cedure for that part of the calculus that contains. monadic
functions only: The most interesting finding in this field of

study ‘was obtained by Godel, who succeeded. in proving

-that.a system of logic that is deductively strong enough to -
~yield ‘the.arithmetic of natural numbers, viz.,. the system

of Russell’s Principia, is not complete and ‘cannot be

made complete by extending its axiomatic foundations.’
- Furthermore, Godel proved that the consistency.of sys- .
. tems that include the arithmetic of natural numbers can

only be proved if one assumes the consistency of stronger
systems. Other metalogical findings obtained by Gdadel
concern intuitionistic logic and the theory of sets. In the
latter field, Godel established the fact that the axiom of
choice and the generalized continuum hypothesis are con-
sistent with the remaining axioms provided that these
axioms are consistent themselves. The independence of
the axiom of choice and that of the generalized contin-
uum hypothesis were proved, in 1963, by Paul J. Cohen, a
Stanford University mathematician, thus opening a new
chapter in the history of set theory. It has been proved
that Quine’s system ML, as revised, is consistent if sys-
tem NF is consistent.

Another branch of metalogical studies is syntax, which
is concerned with the language of logic and describes the
purely formal aspects of that language. One of its tasks is
to formulate the directives of a logical system; i.e., the
rules of inference, of extensionality, and of definition.
Among logicians whose contributions to syntax have
been of lasting value are the German-U.S. philosopher
Rudolf Carnap, once a member of the Vienna Circle,
who defined a number of fundamental syntactical con-
cepts applicable to languages of any form; Le$niewski,
who stated the directives of his systems, including the rule
of definition, in purely syntactical terms; Kazimierz Ajd-
ukiewicz, a Polish methodologist and philosopher of
science, who developed a system of categorial indices to
identify syntactical categories of a language; and Gdodel,
who devised a method of arithmetizing syntax—i.e., of
uniquely assigning a number to an expression of symbol-
ic language.

Syntax must be distinguished from semantics, which is
another metalogical discipline. Speaking generally, se-
mantics studies the relationship between language and
reality. Among semantical concepts are those of truth,
denotation, satisfaction, and definition or rather determi-
nation. Semantics as a metalogical discipline was estab-
lished by Tarski, whose paper “Der Wahrheitsbegriff in
den formalisierten Sprachen” (“The Concept of Truth in
the Formalized Languages”), in the Studia Philosophica,
vol. I (1935), has become a classic. Tarski also laid the
foundations for the theory of logical consequence, which

. provides a conceptual framework for the study of deduc-

tive systems in abstraction from the language in which
they are formulated. Independently of Tarski’s research-
es, a thorough study of the concept of logical deducibility
was made by Karl Popper, an Austrian-British authority
in‘scientific methodology.

An alternative to the method of expressing logical prin-
ciples directly with the aid of variables consists in setting
up schemata of valid inference. The method was de-
veloped by the German mathematician Gerhard Gen-
tzen, who was for several years an assistant to Hilbert,
and independently by Stanistaw Jaskowski, a logician of
the Warsaw school. Both logicians tried to fashion their
systems of logic to reflect the actual procedures of prac-
ticing mathematicians; they have therefore come to be
known as systems of natural deduction. These systems are
widely employed by logicians today.

ROLE OF LOGIC AS AN ELEMENT WITHIN A CULTURE
Both in the West and in the East, the origin of logic is
associated with an interest in the grammar of language

and in the methodology of argument and discussion, be it
in the context of law, religion, or philosophy. More is
needed, however, for the successful development of log-
ic: it appears that logic can thrive only in a culture that
upholds the conviction that controversies should be set-

- tled by the force of reason rather than by the orthodoxy
" of a dogma or the tradition of a prejudice This -is why

logic has made much greater progress in the West than in
the East.
It'has been acknowledged since the trme of Arlstotle that

logic has a part to play in general education. Before

embarking on the study of any science, one should, as

Aristotle thought, receive someé training in -logic.. Today-

logic. is taught ‘at almost every unrversrty, and for-many
courses it is a compulsory subject; it is gradually taking

over the role that the study of classical languages used to’

play in general instruction. Indeed, for better.understand-

ing the working.of one’s native language, the study of_ )

logic is as helpful as the study of Latin grammar .

According to Plato, the axiomatic method is the best
method to use in presenting and codifying knowledge,
and for centuries Euclid’s Elements has served as the
paradigm of deductive theory. In the 17th century, when,
because of the work of René Descartes, the ideals of
clarity and precision were vindicated, it became the ambi-
tion of many scholars to present their disciplines more
geometrico; today, however, it is logic and not geometry
that sets the example of precision.

Bertrand Russell once wrote that there are two ways of
researching in mathematics: one aims at expansion, the
other at exploring the foundations. And the same is true
of any other discipline. But it is in exploring the founda-
tions of a science that one again encounters logic; for
every science that claims to describe some aspect of reali-
ty and allows for proof makes use of logical vocabulary.
This means that logic lies at the head of a ramified hierar-
chy of sciences and can be conceived of as the most
abstract and most general description of reality.
Viewed in this way, logic has a part to play.in philoso-
phy and, more precisely, in metaphysics.
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Logic, Philosophy of
The term logic comes from the Greek word logos. The
variety of senses that logos possesses may suggest the
difficulties to be encountered in characterizing the nature
and scope of logic. Among the partial translations of
logos, there are “sentence,” “discourse,” “reason,” “rule,”
“ratio,” “account” (especially the account of the meaning
of an expression), “rational principle,” and “definition.”
Not unlike this proliferation of meanings, the subject
matter of logic has been said to be the “laws of thought,”
“the rules of right reasoning,” “the principles of valid
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argumentation,” “the use of certain words labelled ‘logi-
cal constants’,” “truths (true propositions) based solely
on the meanings of the terms they contain,” and so on.

LOGIC AS A DISCIPLINE
Nature and varieties of logic. It is relatively easy to
discern some order in the above embarrassment of expla-
nations. Some of the characterizations are in fact closely
related to each other. When logic is said, for instance, to

" be the study of the laws of thought, these laws cannot be

the empirical (or observable) regularities of actual hu-
man thinking as studied in psychology; they must be laws
of correct reasoning, which are independent of the psy-
chological idiosyncrasies of the thiriker. Moreover, there
is a parallelism between correct thinking and valid argu-
mentation: valid argumentation may be thought of as an
expression of correct thinking, and the latter as an inter-
nalization of the former. In the sense of this parallelism,
laws of correct thought will match those of correct argu-
mentation. The characteristic mark of the latter is, in
turn, that they do not depend on any particular matters of
fact. Whenever an argument that takes a reasoner from p
to g is valid, it must hold independently of what he hap-
pens to know or believe about the subject matter of p and
g. The only other source of the certainty of the connec-
tion between p and g, however, is presumably constituted
by the meanings of the terms that the propositions p and
g contain: These very same meanings will then also make
the sentence “If p, then g” true irrespective of all contin-
gent matters of fact. More generally, one can validly
argue from p to g if and only if the implication “If p,
then q” is logically true—i.e., true in virtue of the mean-
ings of words occurring in p and g, independently of any
matter of fact.

Logic may thus be characterized as the study of truths
based completely on the meanings of the terms they con-
tain. :

In order to accommodate certain traditional ideas with-
in the scope of this formulation, the meanings in question
may have to be understood as embodying insights into
the essences of the entities denoted by the terms, not
merely codifications of customary linguistic usage.

The following proposition (from Aristotle), for in-
stance, is a simple truth of logic: “If sight is perception,
the objects of sight are objects of perception.” Its truth
can be grasped without holding any opinions as to what,
in fact, the relationship of sight to perception is. What is
needed is merely an understanding of what is meant by

such terms as “if-then,” “is,” and “are,” and an under-

standing that “object of” expresses some sort of relation.

The logical truth of Aristotle’s sample proposition is
reflected by the fact that “The objects of sight are objects
of perception” can validly be inferred from “Sight -is
perception.” .

Many questions nevertheless remain unanswered by this
characterization. The contrast between matters of fact
and relations between meanings that was relied on in the

characterization has been challenged, together with the

very notion of meaning. Even if both are accepted, there
remains a considerable tension between a wider and a
narrower conception’ of logic. According to the wider
interpretation, all truths depending only on meanings be-
long to logic. It is in this sense that the word logic is to be
taken in such designations as “epistemic logic” (logic of
knowledge), “doxastic logic” (logic of belief), “deontic
logic” (logic of norms), “the logic of science,” “inductive
logic,” and so on. According to the narrower conception,
logical truths obtain (or hold) in virtue of certain specific
terms, often called logical constants. Whether they can be
given an intrinsic characterization or whether they can be
specified only by enumeration is a moot point. It is gener-
ally agreed, however, that they include (1) such proposi-
tional connectives as “not,” “and,” “or,” and “if-then”
and (2) the so-called quantifiers “(3x)” (which may be
read: “For at least one individual, call it x, it is true
that”) and “(vx)” (“For each individual, call it x, it is
true that”). The dummy letter x is here called a bound
(individual) variable. Its values are supposed to be mem-
bers of some fixed class of entities, called individuals, a
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class that is variously known as the universe of discourse,
the universe presupposed in an interpretation, or the do-
main of individuals. Its members are said to be quantified
over in “(3x)” or “(¥x).” Furthermore, (3) the concept
of identity (expressed by —) and (4) some notion of
predication (an individual’s having a property or a rela-
tion’s holding between several individuals) belong to log-
ic. The forms that the study of these logical constants take
are described in greater detail in the articles LOGIC, FOR-
MAL; SYLLOGISTIC; METALOGIC; and LOGIC, APPLIED—in
which the different kinds of logical notation are also ex-
plained. Here, only a delineation of the field of logic is
given.

When the terms in (1) alone are studied, the field is
called propositional logic. When (1), (2), and (4) are
considered, the field is the central area of logic that is
variously known as first-order logic, quantification the-

“ory, lower predicate calculus, lower functional calculus,

or elementary logic. If the absence of (3) is stressed, the
epithet “without identity” is added, in contrast to first-or-
der logic with identity, in which (3) is also included.

Borderline cases between logical and nonlogical con-
stants are the following .(among others): (1) Higher
order quantification, which means quantification not over
the individuals belonging to a given universe of discourse,
as in first-order logic, but also over sets of individuals and
sets of n-tuples of individuals. (Alternatively, the proper-
ties and relations that specify these sets may be quantified
over.) This gives rise to second-order logic. The process
can- be repeated. Quantification over sets of such sets (or
of n-tuples of such sets or over properties and relations of
such sets) as are considered in second-order logic gives
rise to third-order logic; and all logics of finite order form
together the (simple) theory of (finite) types. (2) The
membership relation, expressed by “¢,” can be grafted on
to first-order logic; it gives rise to set theory (q.v.). (3)
The concepts of (logical) necessity and (logical) possi-
bility can be added.

This narrower sense of logic is related to the influential
idea of logical form. In any given sentence, all of the
nonlogical terms may be replaced by variables of the
appropriate type, keeping only the logical constants in-
tact. The result is a formula exhibiting the logical form of
the sentence. If the formula results in a true sentence for
any substitution of interpreted terms (of the appropriate
logical type) for the variables, the formula and the sen-
tence are said to be logically true (in the narrower sense
of the expression).

Features and problems of logic.
eral concern are the following.

Logical semantics, For the purpose of clarifying logi-

Three areas of gen-

‘cal truth and hence the concept of logic itself, a tool that

has turned out to be more important than the idea of
logical form is logical semantics, sometimes also known
as model theory (see METALOGIC: Model Theory). By
this is meant a study of the relationships of linguistic
expressions to those structures in which they may be
interpreted and of which they can then convey informa-
tion. The crucial idea in this theory is that of truth

(absolutely or with respect to an interpretation). It was
first analyzed in logical semantics around 1930 by the
Polish-American logician Alfred Tarski. In its different
variants, logical semantics is the central area in the phil-
osophy of logic. It enables the logician to characterize the
notion of logical truth irrespective of the supply of non-
logical constants that happen to be available to be sub-
stituted for variables, although this supply had to be used
in the characterization that turned on the idea of logical
form. It also enables him to identify logically true sen-
tences with those that are true in every interpretation (in
“every possible world”).

The ideas on which logical semantics is based are not
unproblematic, however. For one thing, a semantical ap-
proach presupposes that the language in question can be
viewed “from the outside”; i.e., considered as a calculus
that can be variously interpreted and not as the all-en-
compassing medium in which all communication takes
place (logic as calculus versus logic as language).

Furthermore, in most of the usual logical semantics the
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very relations that connect language with reality are left
unanalyzed and static. Ludwig Wittgenstein, an Austri-
an-born philosopher, discussed informally the “lan-
guage-games”—or rule-governed activities connecting a
language with the world—that are supposed to give
the expressions of language their meanings; but these
games have scarcely been related to any systematic logi-
cal theory. Only a few other attempts to study the dynam-
ics of the representative relationships between language
and reality have been made. The simplest of these sugges-
tions is perhaps that the semantics of first-order logic
should be considered in terms of certain games (in the
precise sense of game theory) that are, roughly speaking,
attempts to verify a given first-order sentence. The truth
of the sentence would then mean the existence of a win-
ning strategy in such a game.

Limitations of logic. Many philosophers are distinctly
uneasy about the wider sense of logic. Some of their
apprehensions, voiced with special eloquence by a con-
temporary Harvard University logician, Willard Van
Quine, are based on the claim that relations of synonymy
cannot be fully determined by empirical means. Other
apprehensions have to do with the fact that most exten-
sions of first-order logic do not admit of a complete
axiomatization; i.e., their truths cannot all be derived
from any finite—or recursive (see below)—set of
axioms. This fact was shown by the important “incom-
pleteness” theorems proved in 1931 by Kurt Gdodel, an
Austrian (later, American) logician, and their various
consequences and extensions. (Godel showed that any
consistent axiomatic theory that comprises a certain
amount of elementary arithmetic is incapable of being
completely axiomatized.) Higher-order logics are in this
sense incomplete and so are all reasonably powerful sys-
tems of set theory. Although a semantical theory can be
built for them, they can scarcely be characterized any
longer as giving actual rules—in any case complete rules
—for right reasoning or for valid argumentation. Because
of this shortcoming, several traditional definitions of
logic seem to be inapplicable to these parts of logical
studies.

These apprehensions do not arise in the case of modal
logic, which may be defined, in the narrow sense, as the
study -of logical necessity and possibility; for even quanti-
fied modal logic admits of a complete axiomatization.
Other, related problems nevertheless arise in this area. It
is tempting to try to interpret such a notion as logical
necessity as a syntactical predicate; i.e., as a predicate the
applicability of which depends only on the form of the
sentence claimed to be necessary—rather like the applic-
ability of formal rules of proof. It has been shown, how-
ever, by Richard Montague, an American logician, that
this cannot be done for the usual systems of modal logic.

Logic and computability. These findings of Godel and
Montague are closely related to the general study of com-
putability, which is usually known as recursive function
theory (see MATHEMATICS, FOUNDATIONS OF: The crisis in
foundations following 1900: Logicism, formalism, and
the metamathematical method) and which is one of the
most important branches of contemporary logic. In this
part of logic, functions—or laws governing numerical or
other precise one-to-one or many-to-one relationships—
are studied with regard to the possibility of their being
computed; i.e., of being effectively—or mechanically—
calculable. Functions that can be so calculated are called
recursive. Several different and historically independent
attempts have been made to define the class of all re-
cursive functions, and these have turned out to coincide
with each other. The claim that recursive functions ex-

~ haust the class of all functions that are effectively calcu-

lable (in some intuitive informal sense) is known as

Church’s thesis (named after the American logician
Alonzo Church).

One of the definitions of recursive functions is that they
are computable by a kind of idealized automaton
known as a Turing machine (named after Alan Ma-
thison Turing, a British mathematician and logician).
Recursive function theory may therefore be considered a
theory of these idealized automata. The main ideali-

zation involved (as compared with actually realiza-
ble computers) is the availability of a potentially infinite
tape. :

The theory of computability prompts many philosophi-
cal questions, most of which have not so far been an-
swered satisfactorily. It poses the question, for example,
of the extent to which all thinking can be carried out
mechanically. Since it quickly turns out that many func-
tions employed in mathematics—including many in ele-
mentary number theory—are nonrecursive, one may
wonder whether it follows that a mathematician’s mind in
thinking of such functions cannot be a mechanism and
whether the possibly nonmechanical character of mathe-
matical thinking may have consequences for the prob-
lems of determinism and free will. Further work is need-
ed before definitive answers can be given to these impor-
tant questions.

ISSUES AND DEVELOPMENTS IN THE PHILOSOPHY OF LOGIC

In addition to the problems and findings already dis-
cusssed, the following topics may be mentioned.

Meaning and truth. Since 1950, the concept of analyt-
ical truth (logical truth in the wider sense) has been
subjected to sharp criticism, especially by Quine. The
main objections turned around the nonempirical char-
acter of analytical truth (arising from meanings only)
and of the concepts in terms of which it could be defined
—such as synonymy, meaning, and logical necessity. The
critics usually do not contest the claim that logicians can
capture synonymies and meanings by starting from first-
order logic and adding suitable further assumptions,
though definitory identities do not always suffice for this
purpose. The crucial criticism is that the empirical mean-
ing of such further “meaning postulates” is not clear.

Logical semantics of modal concepts. In this respect,
logicians’ prospects have been enhanced by the develop-
ment of a semantical theory of modal logic, both in the
narrower sense of modal logic, which is restricted to
logical necessity and logical possibility, and in the wider
sense, in which all concepts that exhibit similar logical
behaviour are included. This development, initiated be-
tween 1957 and 1959 largely by Stig Kanger of Sweden
and Saul Kripke of the U.S., has opened the door to
applications in the logical analysis of many philosophi-
cally central concepts, such as knowledge, belief, percep-
tion, and obligation. Attempts have been made to analyze
from the viewpoint of logical semantics such philosophi-
cal topics as sense-datum theories, knowledge by ac-
quaintance, the paradox of saying and disbelieving pro-
pounded by the British philosopher G.E. Moore, and
the traditional distinction between statements de dicto
(“from saying”) and statements de re (“from the thing”).
These developments also provide a framework in which
many of those meaning relations can be codified that go
beyond first-order logic, and may perhaps even afford
suggestions as to what their empirical content might be.

Intensional logic. Especially in the hands of Montague,
the logical semantics of modal notions has blossomed in-
to a general theory of intensional logic; i.e., a theory of
such notions as proposition, individual concept, and in
general of all entities usually thought of as serving as the
meanings of linguistic expressions. (Propositions are the
meanings of sentences, individual concepts are those'of
singular terms, and so on.) A crucial role is here played
by the notion of a possible world, which may be thought
of as a variant of the logicians’ older notion of model,
now conceived of realistically as a serious alternative to
the actual course of events in the world. In this analysis,
for instance, propositions are functions that correlate
possible worlds with truth-values. This correlation may be
thought of as spelling out the older idea that to know the
meaning of a sentence is to know under what circum-
stances (in which possible worlds) it would be true.

Logic.and information. Even though none of the
problems listed seems to affect the interest of logical
semantics, its applications are often handicapped by the
nature of many of its basic concepts. One may consider,
for- instance, the analysis of a proposition as a function
that correlates possible worlds with truth-values. An arbi-
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trary function of this sort can be thought of (as can
functions in general) as an infinite class of pairs of cor-
related values of an independent variable and of the func-

" tion, like the coordinate pairs (x, y) of points on a graph.

Although propositions are supposed to be meanings of
sentences, no one can grasp-such an infinite class directly
when understanding a sentence; he can do so only by
means of some particular algorithm, or recipe (as it
were), for computing the function in question. Such par-
ticular algorithms come closer in some respects to what is
actually needed in the theory of meaning than the mean-
ing entities of the usual intensional logic.

This observation is connected with the fact that, in the
usual logical semantics, no finer distinctions are utilized
in semantical discussions than logical equivalence. Hence
the transition from one sentence to another logically
equivalent one is disregarded for the purposes of mean-
ing concepts. This disregard would be justifiable if one
of the most famous theses of Logical Positivists were true
in a sufficiently strong sense, viz., that logical truths are
really tautologies (such as “It is either raining or not
raining”) in every interesting objective sense of the
word. Many philosophers have been dissatisfied with the
stronger forms of this thesis, but only recently have
attempts been made to spell out the precise sense in
which logical and mathematical truths are informative
and not tautologous.

Problems of ontology. Among the ontological prob-
lems—problems concerning existence and existential as-
sumptions—arising ‘in logic are those of individuation
and existence.

Individuation. Not all interesting interpretational
problems are solved by possible-world semantics, as the
developments earlier registered are sometimes called.
The systematic use of the idea of possible worlds has
raised, however, the subject of cross identification; i.e., of
the principles according to which a member of one possi-
ble world is to be found identical or nonidentical with one
of another. Since one can scarcely be said to have -a
concept of an individual if he cannot locate it in several
possible situations, the problem of cross-identification is
also one of the most important ingredients of the logical
and philosophical problem of individuation. The criti-
cisms that Quine has put forward concerning modal logic
and analyticity (see above) can be deepened into ques-
tions concerning methods of cross identification. Al-
though some such methods undoubtedly belong to every-
one’s normal unarticulated conceptual repertoire, it is not
clear that they are defined or even definable widely
enough to enable philosophers to make satisfactory sense
of a quantified logic of logical necessity and logical pos-
sibility. The precise principles used in ordinary discourse
—or even in the language of science—pose a subtle philo-
sophical problem. The extent to which special “essential
properties” are relied on in individuation and the role of
spatio-temporal frameworks-are moot points here. It has
also been suggested that essentially different methods of
cross identification are actually used together, some of
them depending on impersonal descriptive principles and
others on the perspective of a person.

Existence and ontology. Because one of the basic con-
cepts of first-order logic is that of existence, as codified by
the existential quantifier “(3x),” one might suppose that
there is little room left for any separate philosophical
problem of existence. Yet existence, in fact, does seem to
pose a problem, as witnessed by the bulk of the relevant
literature. Some issues are relatively easy to clarify. In
the usual formulations of first-order logic, for instance,
there are “existential presuppositions” present to the ef-
fect that none of the singular terms employed is without
a bearer (as “Pegasus” is). It is a straightforward mat-
ter, however, to dispense with these presuppositions.
Though, this seems to involve the procedure, branded as
inadmissible by many philosophers, of treating existence

. as a predicate, this can nonetheléss be easily done on the

formal level. Given certain assumptions, it may even be

“shown that this “predicate” will have to be “(3x) (xr =

a)” (for “a exists”—literally, “There exists an x such that

x is a”) or something equivalent. Furthermore, the
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logical peculiarities of this predicate seem to explain am-
ply philosophers’ apparent denial of its reality.

The interest in the notion of existence is connected with
the question of what entities a theory commits its holder
to or what its “ontology” is. The “predicate of existence”
just mentioned recalls Quine’s criterion of ontological
commitment: “To be is to be a value of a bound vari-
able”—i.e., of the x in (Vx) or in (3x). According to
Quine, a theory is committed to those and -only those
entities that in the last analysis serve as the values of its
bound variables. Thus ordinary first-order theory com-
mits one to an ontology only of individuals (particulars),
whereas higher order logic commits one to the existence
of sets—i.e., of collections of definite and distinct enti-
ties (or, alternatively, of properties and relations). Like-
wise, if bound first-order variables are assumed to range
over sets (as they do in set theory), a commitment to the
existence of these sets is incurred.

The doctrine that an ontology of individuals is all that is
needed is known as (the gnodern version of) nominalism.
The opposite view is known as (logical) realism. Even
those philosophers who profess sympathy with nominal-
ism find it hard, however, to maintain that mathematics
could be built on a consistently nominalistic foundation.

The precise import of Quine’s criterion of ontological
commitment, however, is not completely clear. Nor is it
clear in what other sense one is perhaps committed by a
theory to those enfities that are named or otherwise re-
ferred to in it but not quantlﬁed over in it. Questions can
also ‘be raised concerning the very distinction between
what in modern logic are usually called individuals
(“particulars” would be a more traditional designation)
and such universals as their properties and relations; and
these questions can be combined with others concerning

" the “tie” that binds particulars and universals together in

predication.

An interesting approach to these problems is the distinc-
tion made by Gottlob Frege, a pioneer of mathematical
logic in the lafe 19th century, between individuals—he
called them objects—and what he called functions
(which in his view include concepts) and his doctrine:
of the unsaturated character of the latter, according to
which a function (as it were) contains a gap, which
can be filled by an object. Another approach is the
“picture theory of language” of Wittgenstein’s Tractatus
Logico-Philosophicus, according to which a simple sen-
tence presents a person with an isomorphic representa-
tion (a “picture”) of reality as it would be if the sentence
were true. According to this view (which was later given
up by Wittgenstein), “a sentence [or proposition, Sa#z] is
a model of reality such as we think of it as being.”

Alternative logics. The natures of most of the so-
called nonclassical logics can be understood against the
background of what has here been said. Some of them are
simply extensions of the “classical” first-order logic—e.g.,

-modal logics and many versions of intensional logic. The

so-called free logics are simply first-order (or modal)
logics without existential presuppositions.
One of the most important nonclassical logics is intui-

tionistic logic (see MATHEMATICS, FOUNDATION OF: The

crisis in foundations following 1900: Intuitionism), first
formalized by the Dutch mathematician Arend Heyting
in 1930. It has been shown that this logic can be interpret-

‘ed in terms of the same kind of modal logic serving as a

system of epistemic logic. In the light of its purpose to
consider only the known, this isomorphism is suggestive.
The avowed purpose of the intuitionist is to consider
only what can actually be established constructively in
logic and in mathematics—i.e., what can actually be
known. Thus, he refuses to consider, for example, “Either
A or not-A” as a logical truth, for it does not actually
help one in knowing whether A or not-A is the case. This
does not close, however, the philosophical problem about
intuitionism. Special problems arise from intuitionists’
rejection (in effect) of the nonepistemic aspects of logic,
as illustrated by the fact that only a part of epistemic
logic is ‘needed in this translation of intuitionistic logic
into epistemic logic.

Other new logics are obtained by modifying the rules of
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those games that are involved in the game-theoretical
interpretation of first-order logic mentioned above. The
logician may reject, for instance, the assumption that he
possesses perfect information, an assumption that charac-
terizes classical first-order logic. One may also try to
restrict the strategy sets of the players—to recursive
strategies, for example.

Among the oldest kinds of alternative logics are many-
valued logics. In them, more truth values than the usual
true and false are assumed. The idea seems very natural
when considered in abstraction from the actual use of
logic. But a philosophically satisfactory interpretation of
many-valued logics is not equally straightforward. The

‘interest in finite-valued logics and the applicability of

them are sometimes exaggerated. The idea, however, of
using the elements of an arbitrary Boolean algebra—a
generalized calculus of classes—as abstract truth-values
has provided a powerful tool for systematic logical
theory.

LOGIC AND OTHER DISCIPLINES

Technical disciplines. The relations of logic to mathe-
matics, to computer technology, and to the empirical
sciences are here considered.

Mathematics. 1t is usually said that all of mathematics
can, in principle, be formulated in a sufficiently theorem-
rich system of axiomatic set theory. What the axioms of
a set theory that could accomplish this might be, how-
ever, and whether they are at all natural is not obvious in
every case. (The recent development in abstract algebra
known as category theory offers the most conspicuous
examples of these problems.) The axioms of set theory
may be presumed to hold in virtue of the meanings of the
terms set, member of, and so on. Thus, in some loose
sense all of pure mathematics falls within the scope of
logic in the wider sense. This assertion is not very
informative, however, as long as the logician has no
ways of analyzing these meanings so as to be able to
tell what assumptions (axioms of set theory) should
be adopted. The definitions of basic mathematical con-
cepts (such as “number”) in logical terms proposed
by Gottlob Frege (in 1884), by Bertrand Russell (in
1903), and by their successors do not help in this enter-
prise. It is not clear that more recent insights in logic help
very much, either, in the search for strong set-theoretical
assumptions. The.relationship of mathematics to logic on
this level therefore remains ambiguous.

Notwithstanding these deep problems, virtually all nor-
mal mathematical argumentation is carried out in logical
terms—mostly in first-order terms, but with a generous
sprinkling of second-order reasoning and various princi-
ples of set theory. Historically speaking, most specific
early examples of nontrivial logical reasoning were taken
from mathematics. .

Often these examples were set in contrast to logical
arguments understood in a narrow traditional sense—in a
sense narrower still than the idea of logic as being. ex-
hausted by quantification theory. According to this tradi-
tional view, logic is equated with syllogistic (g.v.); i.e.,
with a part of that part of first-order logic that deals with
properties and not with relations. Much of what earlier
philosophers said of mathematical reasoning must, thus,
be understood as applying to relational (first-order) rea-
soning. The present-day philosophy of logic is therefore
as much an heir to traditional philosophy of mathematics
as to traditional philosophy of logic.

Specific logical results are applicable in several parts of
mathematics, especially in algebra, and various concepts
and techniques used by logicians have often been bor-
rowed from mathematics. (Thus one can even speak of
“the mathematics of metamathematics.”)

Computers. It has already been indicated that recur-
sive function theory is, in effect, the study of certain
idealized automata (computers). It is, in fact, a matter of
indifference whether this theory belongs to logic or to
computer science. The idealized assumption of a poten-
tially infinite computer tape, however, is not a trivial one:
Turing machines typically need plenty of tape in their
calculations. Hence the step from Turing machines to

finite automata (which are not assumed to have access to
an infinite tape) is an important one.

This limitation does not dissociate computer science
from logic, however, for other parts of logic are also
relevant to computer science and are constantly em-
ployed there. Propositional logic may be thought of as
the “logic” of certain simple types of switching circuits.
There are also close connections between automata
theory and the logical and algebraic study of formal
languages. An interesting topic on the borderline of
logic and computer science is mechanical theorem prov-
ing, which derives some of its interest from being a
clear-cut instance of the problems of artificial intelli-
gence, especially of the problems of realizing various
heuristic modes of thinking on computers. In theoretical
discussions in this area, it is nevertheless not always un-
‘derstood how much textbook logic is basically trivial and
where the distinctively nontrivial truths of logic (includ-
ing first-order logic) lie.

Methodology of the empirical sciences. The quest for
theoretical self-awareness in the empirical sciences has
led to interest in methodological and foundational prob-
lems as well as to attempts to axiomatize different empiri-
cal theories. Moreover, general methodological . prob-
lems, such as the nature of scientific explanations, have
been discussed intensively among philosophers of science.
In all of these endeavours, logic plays an important role.

By and large, there are here three different lines of
thought. (1) Often, only the simplest parts of logic—e.g.,
propositional logic—are appealed to (over and above the
mere use of logical notation). Sometimes, claims regard-
ing the usefulness of logic in the methodology of the
empirical sciences are, in effect, restricted to such rudi-
mentary applications. This restriction is misleading, how-
ever, for most of the interesting and promising connec-
tions between methodology and logic lie on a higher
level, especially in the area of model theory. In economet-
rics, for instance, a special case of the logicians’ prob-
lems of definability plays an important role under the title
“identification problem.” On a more general level, logi-
cians have been able to clarify the concept of a model as
it is used in the empirical sciences.

In addition to those employing simple logic, two other
contrasting types of theorists can be distinguished: (2)
philosophers -of science, who rely mostly on first-order
formulations, and (3) methodologists (e.g., Patrick
Suppes, a U.S. philosopher and behavioral scientist),
who want to use the full power of set theory and of the
mathematics based on it. Both approaches have advan-
tages. Usually realistic axiomatizations and other recon-
structions of actual scientific theories are possible only in
terms of set theoretical and other strong mathematical

conceptualizations (theories conceived of as “set-theoreti-

“cal predicates”). In spite of the oversimplification that
first-order formulations often entail, however, they can
yield theoretical insights because first-order logic (in-
cluding its model theory) is mastered by logicians much
more thoroughly than is set theory.

Many empirical sciences, especially the social sciences,
use mathematical tools borrowed from probability the-
ory and statistics, together with such outgrowths of these
as decision theory, game theory, utility theory, and oper-
ations research. A modest but not uninteresting beginning
in the study of their foundations has been made in mod-
ern inductive logic.

Human disciplines. The relations of logic to linguistics,
psychology, law, and education are here considered.

Linguistics.  The revival of interest in semantics among
theoretical linguists in the late 1960s awakened their in-
terest in the interrelations of logic and linguistic theory

as well. It was also discovered that certain grammatical -

problems are closely related to logicians’ concepts and
theories. A near-identity of linguistics and “natural logic”

has been claimed by the U.S. linguist George Lakoff.

Among the many conflicting and .controversial develop-
ments in this area, special mention may perhaps be made
of attempts by.Jerrold J. Katz, a U.S. grammarian-phi-
losopher, and others to give a linguistic characterization
of such fundamental logical notions as analyticity; the
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sketch by Montague of a “universal grammar” based on
his intensional logic; and the suggestion (by several
logicians and linguists) that what linguists call “deep
structure” is to be identified with logical form. Of a
much less controversial nature is the extensive and fruit-
ful use of recursive function theory and related areas of
logic in formal grammars and in the formal models of
language users. :

Psychology. Although the “laws of thought” studied
in logic are not the empirical generalizations of a psy-
chologist, they can serve as a conceptual framework for
psychological theorizing. Probably the best known recent
example of such theorizing is the large-scale attempt
made in the mid-20th century by Jean Piaget, a Swiss
psychologist, to characterize the developmental stages of
a child’s thought by reference to the logical structures
that he can master.

Elsewhere in psychology, logic is employed mostly as an
ingredient of various models using mathematical ideas or
ideas drawn from such areas as automata or information
theory. Large-scale direct uses are rare, however, partly
because of the problems mentioned above in the section
on logic and information.

Law. Of the great variety of kinds of argumentation
used in the law, some are persuasive rather than strictly
logical, and others exemplify different procedures in. ap-
plied logic rather than the formulas of pure logic. Exami-
nations of “Lawiers Logike”—as the subject was called in
1588—have also uncovered a variety of arguments be-
longing to the various departments of logic mentioned
above. Such inquiries do not seem to catch the most
characteristic kinds of legal conceptualization, however
—with one exception, viz., a theory developed by Wesley
Newcomb Hohfeld, a pre-World War I U.S. legal schol-
ar, of what he called the fundamental legal conceptions.
Although originally presented in informal terms, this the-
ory is closely related to recent deontic logic (in some
cases in combination with suitable causal notions). Even
some of the apparent difficulties are shared by the two
approaches: the deontic logician’s notion of permission,
for example, which is often thought of as being unduly
weak, is to all practical purposes a generalization of Hoh-
feld’s concept of privilege.

Education. After having been one of the main ingredi-
ents of the general school curriculum for centuries, logic
virtually disappeared from liberal education during the
first half of the 20th century. It has made major inroads
back into school curricula, however, as a part of the new
mathematical curriculum that came into fairly general
use in the 1960s, which normally includes the elements
of propositional logic and of set theory. Logic is also
easily adapted to being taught by computers and has
been used in experiments with computer-based education.
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Logistics Systems, Military

The word logistics stems from the Greek word logisti-
kos, “the science of computation, or calculating.” “Logis-
ta” was the title of administrative officials in the Roman
and Byzantine armies. A cognate French word, loger,
means the billeting of soldiers, and in the late 17th cen-
tury the French staff officer responsible for the quartering
and movement of troops was the maréchal des logis, or
quartermaster general. His staff was linked with a branch
of the French military engineers, the ingénieurs géo-
graphes, whose task was to make maps and draw up
memoranda of operational areas for use in planning the
movement and maintenance of armies. Baron Jomini, an
early 19th-century authority on Napoleonic warfare, in
his book Précis de I'art de la guerre (1836), defined logis-
tics as “the practical art of moving armies” in which he
included reconnaissance, engineer, and staff work. The

purpose was to produce a logistical approach to battle -

and so to achieve strategic and tactical mobility and sur-
prise.

Jomini’s logistic theories had little impact on military
thought in Europe and the term itself fell into disuse. It
was revived in 1882 by then U.S. Captain (later Admi-
ral) Alfred Thayer Mahan, who defined logistics as the
support of armed forces by the economic and industrial
mobilization of a nation.

From 1918 the U.S. armed forces increasingly used
logistics to describe the activities of the Ordnance De-
partment and Quartermaster Corps, embracing a wide
range of staff duties including supply, transportation,
construction, and medical service. The term was seldom
used elsewhere until World War II. In the Royal Army,
administration covered all activities connected with the
interior economy of units in peace, and their supply,
movement, and maintenance in war. Neither logistics
nor administration was used by European armies. The
French intendance, “management of supply,” led to the
title of intendant general for the officer in continental
armies responsible for supply.

Logistics is today an official term in the military termi-
nology of Nato (North Atlantic Treaty Organization)
countries, and with the complexity of modern war it
has acquired a wider meaning. It is concerned not only
with the movement and maintenance of forces and the
evacuation and hospitalization of personnel but also with
the design, development, acquisition, storage, and distri-
bution of material—in other words, the procurement of
weapons, their associated systems, and all other mater-
ials of war. The term administration is increasingly used
to denote personnel management and the day-to-day
handling of men in matters affecting pay, discipline and
morale. The distinction between the two terms remains
blurred. The British, for instance, have recently created a
chief of personnel and logistics in the Ministry of Defense.
Where administration ends and logistics begins is a
matter of importance only to the military pedant and
writer of official terms.

The complexity of modern war imposes many strains on
the logistic planners who must recognize the speed and
depth of operations, the vulnerability of lines of commu-
nication to air and ground attack, and the vast organiza-
tion needed for the maintenance of modern forces.

Military logistics is an inexact science. Its data vary
between the precise and the problematical. Though ex-
perience can minimize the uncertain factors, it will never
eliminate the need for common sense, imagination, antic-
ipation, and preparation. Logistic planning is the intelli-
gent forecasting of the requirements of an operation.

Mahan’s
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of logistics
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The history and development of logistics systems
EARLY WARS

The armies of ancient history lived off the country or
were self-contained; that is, the supplies they needed were
brought with them in their invading ships. This was the
pattern of maintenance when the Persian army invaded
Greece in 490 and 481 Bc. The larger Greek armies of
Xenophon, Epaminondas, and Alexander the Great, in
the 4th century Bc, needed more support. Supply bases
were established. Elephants and camels were used in Al-
exander’s march of 4,000 miles from Egypt through Per-
sia to India. The Roman wars of the 3rd and 2nd centu-
ries BC saw supply depots established and- stocked from
local sources of food and forage. Hannibal’s march from
Spain across the Alps into Italy was a masterpiece of
logistic planning. Large numbers of elephants brought
from Africa were used to carry supplies over the Alps.
The Roman legions stationed throughout the provinces of
the Empire were supplied from fortified depots at regular
intervals of 16 miles, or one day’s march, along the routes
of march. In an emergency a legion could carry up to 30
days’ supply of food. The legions’ ability to march fast
and far owed much to the excellent roads built by the
army. The engineers, artificers, and armourers brought
repair shops with them.

After the fall of the Roman Empire, the army of the
Byzantine Empire (Ap 600) achieved a degree of admin-
istrative efficiency surpassing all previous efforts. Belisar-
ius organized the provinces of the empire into military
districts, each of which provided a field force of one
cavalry division, maintained in peace by tax levied on the
provinces and administered by their governors. Each field

division of the standing army had its'own engineers, sup- -

ply trains, and medical services and was on a permanent
war footing, always ready for operations outside the em-
pire.

The Mongolian cavalry armies of Genghis Khan and
Sabutai that invaded China and Europe had no supply
problem. By nature they lived frugally and moved quick-
ly. Each man had three spare horses.
from which he drew kumiss, the mare’s milk; and the
other two were his spare chargers, which in extremity he
ate. ‘

When the Mongol army drew near its objective it left
the spare horses behind and, dividing into separate col-
umns, converged on the enemy rapidly from several
directions. Using this method in his invasion of Hungary
(1241), Sabutai covered 180 miles in three days, out-
manoeuvring Polish, German, and Bohemian armies
before surprising and annihilating the Hungarian army
on the Danube. '

One was a mare

THE 17TH AND 18TH CENTURIES

The Thirty Years’ War, 1618-48, devastated central
Europe as essentially mercenary armies pillaged the
countryside. Partly as a result, international laws on the
conduct of war were introduced and pillage was prohibit-
ed. Armies became disciplined bodies of long-service pro-
fessional soldiers restricted as to their conduct in peace
and war. In 1650 the marquis de Louvois, war minister of
Louis XIV of France, introduced a new system. The
French Army was supplied by a regular commissariat
service and a system of wagon trains based on magazines
stocked from the home base or by purchase of local
produce. This system contained the essential elements of
a logistic organization and set the pattern for the supply
and maintenance of armies for over a century. But the
new system, instead of improving the mobility of armies,
limited the speed and scope of military operations. Ar-
mies were restricted to the few roads, and even in the
summer months movement was limited to seven marches
from the nearest magazine and two from a field bakery.
Defense or capture of the magazines, situated in fortress-
es or fortified towns, became the principal preoccupation
of generalship. To force an enemy to consume his sup-
plies was much; to compel him to supply his opponent
was more; to take up winter quarters in his territory was
victory. The supply and maintenance of armies had be-
come the master of strategy instead of its servant.

The Duke of Marlborough broke away from these ster-
ile theories in his march to the Danube and the victory of
Blenheim, a masterpiece of logistic planning, in 1704.
The commissary general ensured that provisions were
ready at every halt of the 400-mile march down the
Rhine. Credit for their payment was assured with Ger-
man bankers. New boots were provided for the army of
40,000 men on its arrival in Bavaria. The good order of
the men and the excellent condition of the horses was the
result of Marlborough’s genius in administrative planning
and the meticulous detail of his preparations.

The French Revolutionary Wars (1792-99) brought
about a change in the meaning of logistics. The levée en
masse (“general conscription”) placed France on a total
war footing. Supplies, transport, and services were requi-
sitioned from the civil authorities under penalty of im-
prisonment or fine. Payment was seldom made. Conscrip-
tion was introduced; in the levée en masse young men
were drafted into fighting units, older men into the forg-
ing of weapons and the transport of supplies, and women
into tentmaking and hospital service.

The Napoleonic Wars (1800-15) saw another change in
the meaning of logistics. The French Army was reorga-
nized into permanent corps and divisions, which Napo-
leon used to increase the scope of strategic manoeuvre
and to accelerate tactical operations. Logistics and strate-
gy became virtually synonymous. The duties of the quar-
termaster general became those of ‘a chief of staff through
whom the commander in chief issued his orders. Marshal
Louis-Alexandre Berthier, formerly maréchal des logis
(“quartermaster general”’) under the revolutionary re-
gime, was Napoleon’s chief of staff. Similarly Sir Archi-
bald Murray, Wellington’s quartermaster general in Spain,
was chief of staff, with duties including intelligence, map
making, and the issue of orders for all types of move-
ment, both on the field of battle and in rear areas.

The commissary general and the ordnance department
were responsible for the maintenance of the Royal Army
in Spain. The commissaries were civilians who combined
the responsibilities of treasury officials, paymasters, and
purveyors. They bought, stored, transported, and issued
rations for men and animals and issued cash for the pay
of officers and soldiers.

The requisition system of Napoleon’s armies had many
advantages. Troops lived on the country they occupied
and could move wherever local supplies were available,
without administrative preplanning. Requisition, how-
ever, aroused resistance against French armies in Spain,
Germany, and elsewhere, especially in the case of a pro-
longed occupation of the same district. The concentration
of a large force in one place was difficult unless depots
were maintained.

Despite these problems, Napoleon’s campaigns in Italy
and Germany were logistic triumphs; the movement of
his army from Boulogne to Austerlitz in the 1805 cam-
paign, for example, involved intricate planning and trans-
port arrangements to overcome the advantages the
Austrians and Russians enjoyed by their proximity to
bases. In 1812, however, Napoleon made the mistake of
taking a large army deep into enemy country without
sufficient logistic preparation; the scarcity of supplies,
especially forage, in Russia and the poor roads combined
to create a logistic catastrophe.

THE 19TH CENTURY

The impact of the Industrial Revolution on logistics
systems. The Industrial Revolution and the introduc-
tion of steam-driven machinery changed the nature of
war. Logistics. was affected by three major - develop-
ments. First, by creating armaments of constantly in-
creasing firepower, industry became the primary source
of military power. Second, improved transport and com-
munications permitted large increases in the size of ar-
mies. Third, medical science began the conquest of epi-
demic disease. Yet the production of new armaments
lagged so far behind the pace of invention that in the
Crimean War (1853-56) the British and French armies
differed little from those of the Napoleonic Wars. In 1759
French inventor Nicolas Cugnot made the first steam-

Introduc-
tion of
conscrip-
tion



driven road. vehicle, which he discussed in a paper “The

- . Automobilée in War,” but the idea was to remain untested
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. for over- a hundred years. The Crimean War. revived

. “interest; -a British-built machine - fitted with ‘revolving
.~ .’scythes was designed literally to mow down infantry, but
. ‘was'rejected by the government as unsuitable for civilized:
warfare. Steam-traction engines were, however, used in
" ‘thé Crimea to haul ammunition wagons from the maga-

zines at Balaclava to the front. They were also used in the

. Franco-Prussian and Russo-Turkish wars a few years lat-
. -er. In 1899 the British War Office sent armoured steam-
“traction engines and wagons to the South African War,

but they were not used forward of the bases. -

A similar technical lag occurred in 19th-century naval
logistics. Because the British Admiralty opposed the in-
troduction of steamships, sailing ships transported and

‘maintained the Royal Army in the Crimea. A decade

later steamships played a major part in the U.S. Civil
War, both as gunboats and as supply ships. )

The impact of railways. The development of railways
in the first half of the 19th century revolutionized mili-
tary transportation by increasing the size of armies and
speeding up deployment in the field. Prussia immediately
recognized the importance of rail transportation. The
ability to move troops rapidly from the centre of the
country to its periphery was a greater advantage to it
than to any other European power. In 1846 a Prussian
Army Corps, 12,000 strong with horses and guns, made
an experimental rail move. In the Austro-Prussian War
of 1866 the Prussian general Moltke used the five avail-
able railways to deploy along a 250-mile front and to
outmanoeuvre the Austrian army. In the Franco-Prus-
sian War of 1870 the railways leading to the Rhine
enabled him to encircle the French-armies assembled in
Alsace-Lorraine. In these and subsequent wars, armies de-
pended on railways for their maintenance. Ease of supply
encouraged commanders to swell their forces at the rail-
heads. From these points men had to march, and supplies
and ammunition had to be carried in animal-drawn trans-
port. By the end of the 19th century the new magazine
rifle and quick-firing artillery increased the demand for
ammunition and expanded horse transport caused con-
gestion on the roads, which were often unusable in
winter. Railways thus were actually reducing mobility
rather than increasing it. Although they gave strategy a
speed of movement, they offered no logistic flexibility and
were in addition vulnerable themselves to attack.

The U.S. Civil War was fought on and individual ac-
tions were fought for the new railways. Among the Con-
federacy’s most effective military efforts throughout the
war were raids on the railroads that maintained the
large Union armies, especially in the western theatre. In
1864 the Confederacy was increasingly dependent on two
railways that ran from the Mississippi to Richmond by
way of Chattanooga and Atlanta. These railways carried
grain and meat produced in the western states to the
eastern seaboard. The capture of these two railway centres
wrecked the Confederate supply system. These decisive
operations foreshadowed the time when air and tank
forces would sever supply lines.

In the South African War (1899-1902) the mounted
Boer commandos repeatedly attacked the railways on
which the Royal Army depended for its supply. Away
from the railroads, a British division, with its 650 ani-
mal-drawn vehicles, including 200 heavy wagons each
drawn by 16 oxen, moved less than two miles an hour.
When Field Marshal Lord: Roberts became commander
in chief in 1900, he pooled the transport of the fighting
units under the control of the Army Service Corps, sharp-
ly reduced baggage and tentage scales, and gave the Cav-
alry Division pack mules and carts. This reorganization
of the army’s transport contributed to the relief of the
besieged towns of Kimberley and Ladysmith. The Boers
then resorted to guerrilla warfare, forcing Major General
Lord Kitchener, who became commander in chief in
1901, to build blockhouses a mile or so apart along the
railways. Many infantry battalions were tied up in the
static defense of railways instead of being available for
offensive operations against the Boers.
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THE 20TH. CENTURY

Pre-World War I. The impact of the internal-combus-

tion engine. By the beginning of the 20th century a-net-
work of rails covered Europe, and the invention of -the -

internal-combustion engine offered a solution: to' the:
‘problem of supplying troops from the railhead. Motor

trucks could carry from three to four times as much as
horse-drawn ‘vehicles occupying a similar space on the
road and travelled six times as fast. They brought sup-

plies from railheads, delivered them to fighting forma-

tions, and returned rapidly. An illustration of this is the
comparison between the forces used in the Franco-Prus-
sian War of 1870 and those deployed at the start of
World War I. In the Franco-Prussian War Germany
placed armies of about 380,000 men in the field; France
opposed them with 275,000 men. In August 1914
Germany deployed 1,500,000 men against France, and
Belgium and France opposed with armies numbering
1,000,000. The initial military effort of the two countries
had, thus, increased fourfold and it continued to develop
until armies numbered millions. Transportation had

_ceased to be a limiting factor in the size of armies.

Medical science. Before World War I epidemic dis-
eases, chiefly enteric (typhoid) fever, typhus, and small-
pox, were the scourge of armies. In the three years of the
South African War 13,000 British soldiers died from
enteric and nearly 64,000 cases were invalided home.

Deaths in Various Wars

died of
disease
per thousand

killed and
died of wounds
per thousand

war forces

Napoleonic 35 270 French and British
Wars

Crimean 35 190 British and French

U.S. Civil War 20 71 Union and Confederate

South African 17 30 British

Deaths from enemy action were fewer than 8,000. Be-
tween 1902 and 1914 medical research and surgery ad-
vanced. rapidly. Hygiene was improved, smallpox vacci-
nation was introduced, and battle casualties were given
aseptic surgical and hospital treatment. In World War I
(1914-18) deaths from disease in the British and Ameri-
can armies fell to four per 1,000. Gangrene of wounds and
trench fever were gradually controlled. Disease, instead
of being a major, became a minor cause of loss, at least in
western Europe where malaria was not endemic. In Mac-
edonia and Salonika there were 126,000 malarial admis-
sions to the hospital of whom 500 died. In this and other
Middle East theatres of war dysentery became a problem
but improved methods of hygiene kept it in check.

World War I (1914-18). Many wars lasted longer
than World War I, but it was unique in two respects: the
size of the opposing armies and their permanent contact.
From the logistic point of view it is best seen as a siege.
After the first few weeks of mobile warfare, the armies
lay static, facing each other in a continuous line of
trenches that stretched from Switzerland to the North
Sea. Siege warfare required massive supplies of muni-
tions. By the beginning of 1915 the Germans had in-
creased  their production of ammunition to 250,000
rounds per day; the French were producing 100,000
rounds; British production lagged at only 22,000 rounds
per day.

The problem of matériel. Massive industrial mobiliza-
tion took place in all the belligerent nations. As demands
for war material continued to mount, shortages de-
veloped. Germany felt them in foodstuffs, textiles, metals,
and oils. In Britain, too, shortages of food and raw mate-
rials became critical in the face of losses from U-boat
sinkings. Food rationing was introduced in most war-
ring countries. Transportation, too, was everywhere taken
over by governments. Logistics thus became a universal
concern, profoundly affecting all national life and intro-

~ducing the concept of total war.

Logistics on the Western Front. The logistic services of
the warring armies stood the test of the mobile operations

Munitions
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at the beginning of the war. Besides the roads and rail-
ways, the armies made use of canals in France and Bel-
gium. Supplies arrived daily at railheads in packtrains
loaded with the rations and ammunition of a division for
the next 24 hours. Reserves were held at the base and
only small balancing stocks were kept near the front
line. The number and contents of ammunition trains ar-
riving daily at railheads depended on expenditure, past
or planned. The principle of ammunition resupply was
based on the automatic replenishment of fighting units.

The Battle of Verdun in 1916 demonstrated the vulnera-
bility of railways to shellfire, and the German offensive in
the spring-of 1918 aimed at disrupting the British lateral
railway system. It stopped movement on the forward
lateral rail line, and air attacks were bunched on the rear
lateral. The danger was averted by the construction of
new railways and bridges.

Motor transport. The French and British reorganized
their motor transport in 1918, withdrawing trucks from
units to form headquarters motor reserves. This pooling
improved logistic mobility and flexibility. In the final
Allied advances of 1918 military engineers concentrated
on extending railways and roads behind the armies. Mo-
tor transport carried supplies forward from railheads. Yet
it is worth noting that all the Western armies still used
large amounts of horse-drawn transport throughout 1918.

The tendency in most armies in this war was to divide
logistic responsibility into forward and rear areas. For
example, for the French Army the forward zone, the
“zone of advance,” was controlled by a general staff
officer, whereas the rear zone, or “zone of supply,”. was
administered by the War Ministry in Paris. This system
of supply and distribution was suitable for an army
fighting in its own country. The U.S. Army had an assis-
tant chief of staff at headquarters in control of logistic
support for the fighting area and a general commanding
the service of supply in the rear. Under the American
system the heads of the various logistic corps were not at
general headquarters but at their own headquarters.

Medical services. In World War I the adjutant general

administered the British medical services. The French-

and American medical services were under the quarter-
master general’s branch of the staff. Collection, evacua-
tion, and treatment of the wounded and sick were effi-
ciently carried out in comparison with earlier wars. The
test was severe. During the Somme battles British field
ambulances collected 316,073 wounded between July 1
and November 30, 1916, including 26,675 in the first 24
hours; 305,285 were transferred to base hospitals, and on
one day 10,112 arrived in hospital ships at Dover and
Southampton. )

The Eastern theatre. Railroads on the Eastern Front
played a decisive logistic role, with horse-drawn transport
almost universally used from the railheads. In the open-
ing campaign of 1914 the limitations of the Russian rail-
road system in Poland and the effectiveness of the Ger-
man system in East Prussia were largely responsible for a
German victory at Tannenberg. But the difficulty the
Germans experienced in turning their tactical successes of
1915 into meaningful strategic successes was also largely
due to the shortcomings of the Russian railroad network.

The Middle East theatre. Allied amphibious landings
at Gallipoli in 1915 were a triumph of naval improvisa-
tion with the army supplied over open beaches in-the
absence of a port facility. The campaign ended in failure,
but not for logistic reasons.

The British campaign in Mesopotamia in 1916, on the
other hand, suffered. from poor logistic planning. Sup-
plied -aid administered from India, the army used the
Tigris and Euphrates rivers for water and for lines of
communication but did not bring along sufficient river
transport. Land transport was similarly inadequate, and
medical arrangements broke down, with hundreds of
wounded dying from exhaustion and thirst in the desert
sun. The object of the campaign, the relief of the garrison

‘in Kt al-Imara, was not attained.

By way of contrast, the subsequent Palestine campaign
(1916-18) was a masterpiece of careful logistic planning
and execution. A 140-mile standard-gauge railway and

. The interwar years.

a 12-inch water pipeline were built from the Suez
Canal across the Sinai Desert. Filtering machinery,
pumping stations, and reservoirs were included. This
modern technology was supplemented with an ancient
means of transport; the water was carried from the pipe
head at Beersheba to the army by 35,000 camels. The
campaign foreshadowed some of the extraordinary logis-
tic achievements of World War II.

During the years of peace from
1919 to 1939, scientific and mechanical invention mapped
the pattern of logistics in a future war. Motor vehicles
were improved in design and given a cross-country per-
formance capacity. This led to the mechanization of ar-
mies and the gradual disappearance of horse-drawn
transport. Mobility was restored to the battlefield. Supply
and maintenance in the field were changed to meet this
new requirement. Motor transport was organized to
maintain armies with supplies and ammunition 100 miles
from railheads. Mechanical earth-moving equipment, the
bulldozer, was invented, and bridging equipment of im-
proved design increased mobility and simplified military
engineering. :

An area of neglect was the logistic potential of aircraft,
although the Germans developed transport aircraft for
airborne and parachute forces. The logistic problems of
amphibious warfare and seaborne operations were also
insufficiently considered.

World War II. More than anything else, World War IL
(1939-45) was a war of logistics, this time on a global
scale. Conventional and familiar logistics problems re-
curred on a much larger scale, as in the supply of the
Soviet and German armies on the long Eastern Front
through nearly four years of intensive war. This was
essentially a railroad operation. The Russian rail network
had been considerably improved since 1914-17. Move-
ment of supplies from the railheads was chiefly by truck,
though horse-drawn transport and tracked vehicles were
both widely used.

The innovations in logistics in World War II grew large-
ly out of the global commitments of the two major
Western allies, particularly the United States. Even after
the decision to give the defeat of Germany first priority,
enormous questions remained in the realm of how to
make the best use of available production, especially
shipping. In the words of George C. Marshall, U.S. Army
chief of staff, “the limitations in resources presented a
most difficult and trying problem. Ocean tonnage, trans-
port planes to fly supplies into China from India, an in-
crease in the flow of troops into the United Kingdom for
the invasion of Normandy, and landing craft for the
Island campaigns in the southwest Pacific all had to be
taken into consideration in the light of limitations in re-
sources. Sacrifices would be required somewhere but if
made at the wrong place would delay final victory.” The
extent to which these problems were overcome is the
major part of the history of logistics in World War II.

Shipping. The largest single logistics problem on
either side in the entire war was the Anglo-American
shipping problem. Though other nations had shipping
problems, the interior lines on which the Germans and
Italians operated in the Mediterranean, and the Japanese
in the western Pacific, made their problems small in com-
parison with those of the U.K. and U.S. planners.
Throughout the war, cargo shipping and tanker shortages
had a stranglehold effect, restricting the scope of Allied
strategy and limiting the size of individual operations.

One aspect of the problem was submarine warfare in
which twice as much Allied tonnage was sunk as was built
in the first three months of 1943. The British merchant
fleet was reduced from 17,000,000 tons to 13,500,000.
The convoy system, tactically essential to defeat the U-
boats, was logistically uneconomic. Convoys took time to
assemble and had to sail at the speed of the slowest ship,
thus reducing their rate of turnaround.

The loss of the Mediterranean and the unavailability of
the Suez Canal aggravated the shipping shortage. Alter-
native routes from England to the Middle East, India,
and beyond required going around South Africa. This
was 9,000 miles longer, a voyage of two months instead
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of two weeks. A ship could make at most three round
trips a year by the Cape as compared with ten through the
Mediterranean.

To solve these difficulties, routes across Africa were
developed. Those for stores and crated vehicles ran from
the mouth of the Congo by river and rail to Egypt. Crat-
ed aircraft were shipped from America and the U.K. to
Africa’s Gold Coast, assembled at Takoradi (now Sekon-
di-Takoradi), and flown to the Middle East and India.
The Congo route was designed to take 30,000 tons of
stores and 800 crated vehicles a month. This was not fully
operational when the Mediterranean was reopened to Al-
lied shipping in the summer of 1943.

After the invasion of Russia by Germany in 1941, large
tonnages of British and American munitions and supplies
were shipped to Russia over one of two routes: south to
the Persian Gulf and thence by rail and road through
Iran to the Caspian; or north, around Norway to Mur-
mansk. The northern route was open to German sea and
air attack and involved nearly catastrophic losses; in June
1942, one convoy with a large naval escort lost 22 of its
33 merchant ships, and, as a result, the British Admiralty
suspended northern convoys to Russia until the following
winter, at the very moment the German Stalingrad of-
fensive was developing.

Meantime, ship construction, though increasing in the
U.S., was declining in the U.K. from the end of 1942.
Desired Allied shipping requirements were never met,

- and less important requirements had to be cancelled. For

example, 600,000 tons of British coastal shipping, much of
it used to carry coal, were withdrawn for the invasion of
Normandy in June 1944. In the following winter a na-
tionwide fuel crisis threatened U.K. munitions produc-
tion. The shortage of shipping was aggravated by other
difficulties; the failure to capture enough ports in France
made it necessary for 246 Allied ships to stand unable to
dock; urgently required elsewhere, they became floating
depots. The same problem occurred in the Pacific; during
the attack on Okinawa in 1945, 100 ships lay helplessly
off the island, some ultimately returning to Hawaii with-
out unloading their cargoes.

Landing craft. Of all types of shipping, assault ship-
ping was the most persistently in demand. Before the war,
little attention had been given to this class of vessel.
When the U.S. entered the war it was decided that British
shipyards should concentrate on traditional naval craft,
whereas American yards built landing craft and ships, in-
cluding the landing ship tank, a large oceangoing assault
ship carrying stores and heavy vehicles and capable of
landing them directly on steep beaches. On flat ‘beaches
they discharged at low water or anchored offshore and
unloaded into barges placed under the ramp.

This method of discharge was first used on a large scale
in the Anglo-American invasion of Sicily in July 1943, a
landmark in the history of amphibious warfare, which

_ proved the practicability of prolonged maintenance over

open beaches. In addition to 139 landing ship tanks,
many smaller amphibious assault landing craft partici-
pated. The invasion of Normandy in 1944 required 236.
Most of the landing ship tanks in the Mediterranean re-
turned to the U.K., limiting the development of opera-
tions in Italy; the planned amphibious assault on Ran-
goon was cancelled, and allocations of new landing ship
tanks for the Pacific were reduced.

Transport aircraft. Air transport was one of the most
significant logistic developments of World War II. It sus-
tained Resistance movements in Europe by dropping
agents, arms, and demolition equipment by parachute.
Transport aircraft, notably .the American twin-engined
C-47 (Dakota), resupplied the 1944-45 airborne assaults
in Normandy, The Netherlands, and on the Rhine. Thou-
sands of casualties were evacuated by air without loss,
and hundreds of tons of stores a day were delivered. Air
supply made possible the rapid advance of the Allied
armies from the Rhine to the Baltic and the Danube. In
April 1945, for example, U.S. Troop Carrier Command
delivered 54,000 tons of stores and six field hospitals to
American and French armies and flew out casualties,
while British transport aircraft flew 8,000 tons of supplies
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into north Germany and took out 6,000 casualties and
35,000 Allied former prisoners of war. The British
Bomber Command also.dropped food to the starving
people of west Holland.

Air transport was essential for the development of Al-
lied plans in Asia. Air supply solved the British logistic

" problem in Burma and was effectively used by the U.S. to

sustain Chinese forces fighting the Japanese.

In 1943 it was decided to develop an air route over the
Himalayan Mountains, to fly in 20,000 tons a month,
from Assam, in northeast India, to Chung King, in cen-
tral China. Twenty-four airfields were constructed in As-
sam for 600 U.S. cargo planes; the monthly capacity of
the narrow-gauge railway from Calcutta to Assam was
increased by about 250,000 tons, and 750 miles of gaso-
line pipeline were laid from Calcutta to the airfields.
These remarkable logistic developments were completed
by engineer and railway construction and operating units
in less than 18 months.

Although air transport in World War II was an uneco-
nomic method of movement compared with sea and land
transport, it was of incalculable military value. As an
air expert said, “Air transport was the best means to get

- supplies to many places, the only way to get supplies to

some places and it proved to be the fastest way to get
supplies to any place.”

The growth of logistics systems. When the British ex-
peditionary force crossed the English Channel in 1939
its passage and disembarkation were unopposed. Well-
equipped French ports and railways handled.the unload-
ing and inland movement of 150,000 men, 25,000 vehicles
and guns, and 140,000 tons of stores, in 24 days. In June
1944 the Allied expeditionary force that crossed the
Channel assaulted a heavily defended coast, lacked a port
of any significance, and had to be maintained over open
beaches. During the first 24 days 900,000 men, 176,000
vehicles and guns, and 900,000 tons of stores were land-
ed. The transformation in logistics thinking and capabili-
ties was dramatically illustrated.

Before and after D day 1944, the Allies concentrated
their air attack against the German supply system, the
railways, and roads. After D day the Germans used the
same policy in reverse. They attacked the Allied logistic
buildup by destroying the ports. The repair and operation
of the French ports and railways required large numbers
of army engineers and transportation personnel and vast
quantities of stores and bridging. Cherbourg was cap-
tured by July 1, 1944. The port and harbour were strewed
with mines; deepwater quays were demolished and their
cranes and elevators blown into the water. The port was
reconditioned by Anglo-American naval and army units
and two months later the port was handling 18,000 tons a
day, double peacetime capacity.

Another area of growth in logistic requirements was
the construction and maintenance of airfields, a major
problem on all fronts. In northwest Europe alone British
Army airfield construction units repaired over 100 for-
ward airfields and built 50, each requiring 3,500 tons of
material. Pierced steel track for runways was the largest
item.

Large increases in motor transport in base areas and on
the lines of communication were demanded by armies
moving at rates in excess of 50 miles a day. Significantly,
one of the largest categories of U.S. lend-lease aid to the
U.S.S.R. was in trucks. In France a high-priority, high-
speed truck transport system known as the Red Ball Ex-
press between Normandy and Reims used some 100
truck companies to operate fast convoys to General Pat-
ton’s U.S. Third Army in the period August to October
1944. Results were excellent in spite of wastage from
accident and breakdown. Such huge motor-transport and
air-transport operations in support of mechanized war-
fare required extensive chains of ordnance depots, repair
workshops, and maintenance facilities on airfields. Each
aircraft had to be supported by a ground crew of about 35
officers and men. These increases in logistic systems are
reflected in the organization of Allied forces, which show
a large increase in logistic overhead in the rear echelons.
For every combat division ashore (about 16,000 men),

Capture of
Cherbourg

Motor
and air
transport
systems



82 Logistics Systems, Military

Undersea
pipelines

an additional 24,000 troops and 4,000 air force personnel
were required in the theatre. This combined figure of
40,000 army personnel was known, for logistic planning
purposes, as a divisional slice. Sometimes this slice
was larger. It amounted to 68,000 in the Allied invasion
of North Africa in 1942 and rose to 92,000 in Burma,
owing to the long and difficult line of communications
from Calcutta. )
Daily maintenance tonnages and reserves also increased.
The following figures show the daily quantities of gaso-
line and engineer stores required by a divisional slice in

- 1944:

Factor _ Tons
Supplies (5.6 1b per man) 97
Ordnance 74
Gasoline (50 miles per vehicle) 194
Engineering stores 180
Ammunition (average expenditure) 130

675

This excludes air force maintenance tonnages.

Two inventions alleviated the logistic burdens; an arti-
ficial harbour Mulberry and Pluto (pipeline under the
ocean), the undersea gasoline pipelines that stretched
from England to France. The plan for the invasion of
Normandy included the early capture of the port of
Cherbourg. But it was foreseen that demolitions might
prevent its use for many weeks. The two Mulberry arti-
ficial harbours, each the size of Dover Harbour, were
considered essential for the discharge of cargo over open
beaches in the crucial early stages of the campaign. These
harbours, it was hoped, would nullify the hazards of tide
and weather. The gales that threatened the invasion of
Europe with disaster continued to hamper the buildup,
and culminated in a great storm. The British Mulberry
with its breakwaters of concrete caissons and sunken
ships protected the transport vessels and landing craft,
and, though the American Mulberry broke up and had to
be abandoned, the landing was secured. The Allied mar-
gin of maintenance was at times so perilously slight that
the contribution of the Mulberries was a major one. Al-
though heavy seas reduced the effectiveness of such things
as so-called Rhino ferries (strings of pontoons towed by
powered craft), small amphibious craft, and landing
craft, the buildup went on. The millionth man stepped
ashore 28 days after the invasion and 1,000,000 tons of
stores and 300,000 vehicles had been landed by the 38th
day.

The modification of supply systems. The German
blitzkrieg of 1940 in France and Flanders demonstrated
that the World War I system based on the daily arrival of.
supply and ammunition trains at railheads no longer
worked. The system had to be altered to meet the needs of
mechanized armies and fast-moving warfare. Demands
for gasoline, ammunition, engineer, and ordnance stores
varied frequently according to operations planned or in
progress. The switching of a formation from one army or
corps to another was normal operational practice. It be-
came impossible to communicate orders for supplies with
accuracy or in time for their movement up a long line of
communication. The punctual arrival of road convoys
was not predictable. The supply system had to be modi-
fied to give an army’s staff closer control over the logistic
services. Forward maintenance areas were formed to
hold reserves against interruptions in the supply- chain
and to overcome inaccuracy in forward planning. Despite
many improvements, formations outran their supplies in
the rapid advance of the Allied armies from Normandy
to the Rhine in 1944 and had to be halted for want of
gasoline.

The supply of gasoline to the European continent was a
major problem. A pipeline laid from Liverpool to the
south coast of England and continued by undersea pipe-
lines in the Channel saved shipping and also ensured
against bad weather. Two types of submarine pipe were
used. The first lines were submarine cable with the core
removed, laid from the Isle of Wight to Cherbourg. The
second were specially made and laid from Dungeness in
Kent to Boulogne. In all, 16 lines delivered about 3,500
tons of gasoline (over 1,000,000 gallons) a day. Later in

the campaign pipelines on the Continent were laid from
Boulogne and Antwerp to east of the Rhine. The mainte-
nance of the Allied forces in their final drive into Ger-
many would have been impossible without these. By 1945
pipelines on the Continent were delivering 10,000 tons a
day to forward maintenance areas.

The mechanization of armies. The mechanization of
armies in World War II gave new emphasis to the impor-
tance of roads and bridges. For the Allied crossing of the
Rhine in 1945, 16 floating bridges were built; and be-
tween the Rhine and the Elbe 508 bridges had to be built,

Medical services. - New medical techniques were de-
veloped to meet the needs of mobile warfare. A major
problem was to provide rapid surgical treatment for
the wounded in fast-moving and wide-ranging battle in
desert, jungle, and mountain terrain and in amphibious
operations. Mobile field surgical and blood transfusion
teams were attached to casualty-clearing stations behind
the forward troops. These units and the quick evacuation
of casualties by air, hospital carrier, or landing ship tank
to base hospitals saved many lives.

In the Pacific, malaria was conquered by spraying mos-
quito-infested areas with ppT, by strict hygiene discipline,
and by the daily use of paludrine and other suppressive
drugs. At Okinawa, notoriously malarial, there were only
two cases in one four-month period.

Lend-lease. One of the outstanding innovations of
World War II, not itself in the realm of logistics, but with
vast logistic consequences, was the U.S. lend-lease pro-
gram. Lend-lease enabled America to act-as “the arsenal
of democracy” and permitted a degree of inter-Allied
production planning. Thus, by ordering certain types of
equipment from the U.S., such as jeeps and trucks, the
Russians could concentrate on production of tanks. Co-
operation between the U.S. and the U.K. was even more
effective. A combined Munitions Board was set up in
Washington and London.

In spite of the difficulties of coordination, the flow of
supplies from the U.S. to British forces grew throughout
1943 and reached its peak before the invasion of Europe
in June of 1944. In return, the British provided accom-
modations for 1,350,000 American troops, their rail
movement, and their supplies within England all as part
of the buildup of U.S. forces in the U.K.

Logistics problems of Germany. German munitions
production stood the strain of war until the late summer
of 1944. Three years of strategic bombing directed
against its factories and cities were less crippling than
Allied air attacks on the land and sea communications of
its armed forces. (Wehrmacht).

Gen. Alfred Jodl, chief of operations at Hitler’s head-
quarters, recognized the Wehrmacht’s dependence on
supply and maintenance for its strategic and logistic
flexibility. In December 1943 he pointed out the impos-
sibility of defending the Atlantic coast along a front of
over 3,000 Kkilometres, meanwhile maintaining large
armies in the Soviet Union and the northern Mediter-
ranean countries at the end of long and inadequate lines
of communications. He advised reducing the defensive
perimeter to provide a strong central reserve in Germany
that could readily be moved to whatever area the West-
ern powers chose to assault. Only thus could Germany
continue to exploit the logistic advantage of fighting on
interior lines and make full use of its excellent east-west
railways and roads. Hitler, however, refused to give up a
yard of ground. :

Inside Germany there was no strategic reserve. Indus-
trial statistics supported Hitler’s belief that he could hold
the fronts in the Soviet Union and Italy and repulse the
cross-channel invasion. In spite of the Allied bombing of
German war industries, the rate of munitions production,
under the energetic direction of Albert Speer, was rising
steadily. .

Even this rise in munitions production was not enough
to support long intensive operations on more than one
front. From the summer of 1944 until the end of the war
the Wehrmacht fought on three fronts with ever-decreas-
ing air support. By June 1944 the Allies had virtual air

supremacy. Rail traffic between Germany and Norman-



dy was disrupted; the invasion area was sealed off from
large-scale German reinforcement; and, later, as the
front moved eastward, the railways and canals extending
into Germany were attacked. Bombers flying from the
airfields at Foggia in Italy attacked the Romanian oil
fields at Ploesti and damaged war industry in southern
Germany—up to then outside the range of air attack.

By October 1944 rail traffic in western Germany was
paralyzed. This had a catastrophic effect on the distri-
bution of coal from the Ruhr to munitions factories. The
synthetic oil plants were also attacked. This dealt a se-
rious blow to the production of aviation fuel, explo-
sives, and synthetic rubber. If these targets had been
attacked at an earlier stage in the war, the industrial
capacity of Germany and the mobility of its armed
forces might have been seriously weakened. As it turned
out, the German Army retained a remarkable degree of
tactical mobility and logistic flexibility until the final
weeks of the war. This was a feat of high military com-
petence in an adverse air situation.

Logistics problems of Japan. As was the case with
Germany, the early victories of Japan spread its forces
too far for logistic stability. They became dangerously
dispersed and susceptible to defeat. But unlike Germany,
Japan’s economic and logistic position was unsound from
the start. Its economic potential was only 10 percent of
that of the United States, and its acreage of arable land
not more than three percent; yet this land had to support
a population over half as large as that of the U.S. The
High Command failed to provide the army with the lo-
gistic support required for land and amphibious warfare
against Western armies. The early tide of Japanese con-
quest extended from the Indo-Burmese border in the
west to the Solomon and Midway islands in the Pacific.
This over-dispersion resulted in defeats. Admiral Mit-
sumasa Yonai, navy minister, was alone in realizing that
the destruction of the Japanese navy by the American
Third and Seventh fleets in the Battle of Leyte Gulf,
October 1944, sealed the fate of Japan. The merchant
shipping on which Japan depended for the import of
most of its raw materials and much of its food was now
at the mercy of submarine attack. Such attacks accounted
for some 55 percent of the 9,000,000 tons of Japanese
merchant shipping sunk during the war.

By the end of 1944, if not before, Japan faced economic
defeat. Its conquests in Southeast Asia were a liability;
and it could no longer depend on essential imports of
grain and minerals from Manchuria and Korea.

Logistics problems of the Soviet Union. Hitler’s inva-
sion of the U.S.S.R. tends to take its place in a historical
niche beside Napoleon’s, as a hopeless gamble doomed to
failure from the start. No such conclusion emerges from
a study of the campaign. The Soviet Union only survived
by a narrow margin until its epic victory at Stalingrad in
January 1943. The German offensives of 1941 and 1942
destroyed much of its army and air force. It was touch-
and-go whether Stalin could scrape together new armies
to halt Hilter and prevent the capture of the Caucasian oil
fields and its resources up to the Volga.

In January 1943 the hinge of fate turned at Stalingrad,
where Field Marshal von Paulus surrendered the rem-
nants of his army. The German conquest had reached its
high-water mark. A number of logistic factors enabled
the Soviet Union to survive the German invasion, to turn
to the offensive in the spring of 1943, and two years
later to capture Berlin. As in Napoleon’s defeat, the So-
viet Union’s reserves of manpower remained firm.
Equally, the size of the country and the rigours of the
winter were natural allies. In spite of Anglo-American
supplies, the logistics of the Red Army were primitive,
but the Soviet soldier was tough and could endure severe
hardships. He was commanded by generals who com-
bined the will to fight with a talent for logistic improvisa-
tion. Never perhaps in the history of war have fewer
supplies been put to more effective use than by the So-
viets during these years. Last, the Soviets excelled at
making weapons the outstanding characteristics of which
were their ruggedness of construction and ease of main-
tenance.
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The Soviets concentrated on the mass production of one
or two types of each weapon. Their crudeness was out-
weighed by the advantage of rapid output. Priority was
given to the equipment of the tank arm. The mass-pro-
duced T-34 medium and Stalin heavy tanks were superior
to comparable German types.

After Stalingrad the armoured divisions were the most
efficient part of the Soviet army. Their mobility was
improved by American trucks. The ordinary infantry
divisions had to scrape along with a makeshift collection
of transport—much of it horse drawn. Most of the
400,000 American trucks supplied under lend-lease were
allotted to the armoured divisions and the rear logistic
services.

The capacity of the Soviet soldier for logistic improvisa-
tion was illustrated by the fact that until late in the war
the Soviet army lacked specialized river-crossing equip-
ment, yet assaulted and crossed the broad rivers of the
U.S.S.R. and Poland astonishingly quickly. The engi-
neers felled trees near the riverbank and turned them
into well-built wooden bridges. Some of these bridges
were built under water to avoid detection by German
aircraft.

The Soviet Union fought World War II with its own
native skills. The Red Army’s weapons and logistic sup-
port were rough and ready but proved remarkably effec-
tive in battle.

Logistics problems in the nuclear age
WEAPON DEVELOPMENT

Procurement. Modern logistics systems must meet the
requirements of (1) limited war without the threat of nu-
clear attack, (2) limited war with a nuclear threat, and
(3) nuclear war on a global scale.

The procurement of weapons for such a wide range of
threats is complicated. The most vital and also the most
difficult calculation involves the time factor between the
development and testing of a new weapon and its actual
production. This reflects difficulties in the methods by
which defense policy is decided: the central control of
programs, budgeting, and expenditure; the construction
of a framework of strategic policy against which the
requirements for new weapons can be assessed; and the
machinery to control the competing demands of rival
services for expensive weapon systems.

It takes from seven to ten years to develop a weapon sys-
tem from drawing board to operational use. If the weap-
on’s useful life is another ten or more years, then the
defense planner has to assess values about 20 years ahead
against the uncertain background of technical progress
and economic, defense, and foreign policies. Critics argue
that this time scale makes errors of judgment inevitable
because the weapon can be outdated before it is opera-
tional. The best answer available is careful scrutiny of
projects to ensure their operational need and cost effec-
tiveness, but despite all precautions wrong decisions can
be made. After the Korean War (1950-53), for example,
the U.S. and U.K. planned weapon systems to maintain a
global military presence and a nuclear delivery system,
but the time and cost taken to develop these new weapons
were underestimated. By 1961 research and development
costs represented a third of a complex weapon system.
The cost of military research and development in the
U.K. was four-fifths of the nation’s total research alloca-
tion. The arms race increased costs by making weapons
obsolete even before they became operational. Changes
in operational requirement and design led to delays in
production and cancellation of major projects. The can-
cellation of the British Blue Streak nuclear missile and
the costly argument between the U.S. Army and Air
Force over two similar ballistic missile systems, Thor and
Jupiter, show the difficulties.

By 1960 problems of cost dominated the whole field of
weapon procurement. Smaller nations could not find the
money to design and produce sophisticated weapon sys-
tems; yet they could not ignore the advance of technol-
ogy, and affluent America could hardly afford to continue
its mistakes of the past decade. Uncertainties in strategic
planning aggravated the problem of allocation of re-
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sources. In the U.S. and the U K. the defense departments
assumed mandatory powers over all stages of weapon
procurement.

When the need for a new weapon has been established,
the concerned service normally makes a “feasibility
study” that gives a detailed description of the weapon, its
required operational performance, and the anticipated
cost in time, resources, and money. If this report is accept-
ed, a “project study” normally follows to establish cer-
tain cost and development criteria. If the study shows that
these conditions cannot be met the project can be aban-
doned without wasting more than 5 percent of the total
estimated cost. Though such feasibility and project studies
may take from 18 months to two years to complete, they
are assumed to avoid much waste.

One U.S. secretary of defense in the 1960s encouraged
U.S. universities and other institutions to study strategic
threats and force requirements. These studies are called
systems analysis. They seek to define, for example,
whether in a nuclear war most lives would be saved by a
full civil defense organization, an active missile defense,
or a powerful nuclear delivery system with a counter-
force capability. The techniques of cost effectiveness and
quantitative analysis are applied to weapon systems—i.e.,
to intercontinental ballistic missiles on the one hand, and
airlift and air support requirements in limited war on the
other.

In the Soviet Union the period from about 1953 to 1967
was marked by the evolution of military aircraft from the
transonic to supersonic speed ranges and the replace-
ment of centrifugal with axial turbojets. Since 1967 the
emphasis has been on short takeoff and landing capabili-
ties and the construction of such advanced, multipurpose
aircraft as the MiG-23 high-altitude interceptor and strike
aircraft. :

All these aircraft were made from competitive proto-
types designed and developed by civilian engineer teams
—i.e., MiG and Yak. These teams work apart from the
aircraft industry, which is tooled for rapid mass produc-
tion of completed aircraft. There is little indication that
this costly method of procurement is more effective than
Western methods. The information the Soviet designer
learns at the competitive prototype stage emerges with
greater certainty from the Western system of research
and development.

The Soviet system probably reflects a comparative lack
of wind tunnel and other technical aids to design. The
development of new aircraft systems by competitive test
flying is regarded as an essential step in technological
progress.

The Soviet air force tends to base its procurement on
proved advances in aerodynamic and engine technology,
whereas in the West the emphasis is more on converting
the theories of applied science to prototype design. Thus,
as the Soviets think in terms of adequate aircraft, easy to
maintain and operate in extreme cold, Western air forces
and their designers think more in terms of technological
perfection.

Research and development. A weapon is developed in
four stages: technical development; operational research;
the testing of prototypes; and trials of production models
under operational conditions. Technical development is
primarily concerned with applied research into the com-
ponents of the weapon system. It does not consider cost
or operational effectiveness.

Operational research (or operational analysis) seeks to
suggest more effective ways of using weapons (see also
OPERATIONS RESEARCH). It provides data on which the
practical problems and cost of new weapons can be as-
sessed. It was first developed by the British in World War
II. A notable example of its use was in a study of depth-
charge patterns by antisubmarine aircraft. Operational
research is largely a matter for the individual services,
their technical staffs, and scientific advisers. Production
engineers and management experts are consulted. The
study of nuclear, bacteriological, and chemical warfare
requires experts in physics, chemistry, physiology, and
other branches of medicine. Computers and data analysis
machines are used to solve complicated development

problems. The operational analysis of a new weapon sys-
tem starts with a definition of the strategic and tactical
background. This study must define the situation ten or
more years in the future in terms of the strength, compo-
sition, deployment, strategy, and tactics of enemy and
friendly forces. Some miscalculation is inevitable in as-
sessing these due to uncertainty as to the comparative
rates of technical development. The “scenario” is used to
measure the operational effectiveness and cost of a weap-
on system with the technological possibilities. The task of
a weapon must be precisely defined so that inherent weak-
nesses exploitable by the enemy may be discovered.

For example, a recent U.K. operational analysis of an
airborne early warning system for fighter aircraft and
surface-to-air missiles established that two surface-to-air
missile weapon systems were required, one to meet attack
by medium- and high-flying aircraft and the other to meet
low-level attack by subsonic and supersonic aircraft.

The research, development, and manufacturing costs of
producing a reliable high-performance weapon with low
maintenance and repair costs are large. Reliability is the
product of precision in manufacture and the prolonged
testing of prototype and production models. Delays in
large-scale delivery must be accepted.

It may be necessary to study the cost of inserting new
weapons into existing combat forces. If, for example, the
partial re-equipment of an air defense fighter force with
surface-to-air missiles is planned, such study might relate
reductions in total expenditure to the cost of each spare
fighter aircraft. This is the “opportunity cost.” These air-
craft can be used in four ways: they can be sold at sec-
ondhand value; they can be given another role—for ex-
ample, to reinforce an existing ground attack force; they
may be used to reduce the procurement of new ground
attack aircraft; finally, they may be placed in reserve and
used to prolong the life of the fighter force, thus delaying
expenditure on new fighter aircraft.

Operational analysis may also be used to study the ratio
of increased cost of diminishing effectiveness—the law of
diminishing returns. A study of targets for ballistic mis-
siles, for example, may show that there are 100 potential
targets, and operational analysis may prove that the theo-
retical chance of destroying any one target is, for exam-
ple, not more than 50 percent. The first 100 missiles
should therefore destroy 50 targets, and 200 missiles de-
stroy a progressively smaller number of targets, the last
100 probably destroying three only.

Operational analysis is not a precise science. It can,
however, identify problems and reduce the uncertainties
of long-term weapons requirements. It provides the de-
fense planner with an impartial investigation, based on a
number of possible alternatives, from which he must
draw his own common sense conclusions.

Programs and budgets. The final decision on the
choice of weapon systems depends on political and eco-
nomic factors. Research and development are therefore
inseparable from programs and budgets. The object is to
improve cost effectiveness. Defense costs are analyzed
under functional heads and their requirements projected
ten years ahead to allow for the time lag in weapon
production. Estimates for the early years are firm; those
for later years contain elements of guesswork. For this
reason these forecasts are reviewed annually. Inevitably,
difficulties occur: service programs require more money
than governments are prepared to make available. Long-
term functional cost assessments do not eliminate arbi-
trary decisions or do away with interservice disputes; but
it can reduce them and provide a yardstick of information
to settle misjudgments when they occur.

The problem of unification. The system of a single
weapons procurement agency has been adopted in some
countries. Areas of common use in modern weapon sys-
tems are growing; for example, the Royal Navy provides
electronic components for all three services and the
Army supplies all the guns, ammunition, and mechanical
vehicles. Canada has adopted the pattern of one combat
force.

The problem of reliability. A weapon must be easy to
operate and maintain. Complete reliability can of course
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never be attained. The larger the number of components
the greater the chances of failure. A weapon system of
1,000 components, each with a failure rate of one in
1,000,000, has a failure rate of one in 1,000. A missile of
30,000 to 40,000 components, each with a failure rate of
one in 100,000, has a theoretical misfire rate of one mis-
sile in three. These facts are unwelcome equally to the
service staffs who decide operational requirements and to
the scientists who encourage the staffs to press their re-
quirements to the frontiers of technology. Design and
development time and money for an advanced aircraft
engine may amount to 500 times the production cost of
one engine. Well-designed equipment stands up to long
periods of overoperation and stress and to long periods
without servicing. Less well-designed equipment can be
kept serviceable only by frequent inspection, mainte-
nance, and repair, during which it is nonoperational.

The prolonged testing of prototypes, followed by field
and troop trials of early production models, plays an
essential part in the search for reliability. Tests reveal
defects in performance that can be rectified before
large-scale production starts. Development does not end
with these trials. The services and their design staffs strive
to improve the breed of a weapon system. The original
production model, a Mark I, is followed by further
Marks and usually rather quickly by Mark II. Thereafter,
the gap between sequential Marks tends to grow. The
multiplication of minor modifications is often a sign that
the weapon suffers from basic faults in design.

Maintenance and repair. Although advanced tech-
niques in the design and production of weapon systems
must be accepted, it is necessary to achieve simplicity in
operation and easy diagnosis of failure, maintenance, and
repair. Experience shows that some of the best ways of
achieving these ends are by the standardization of equip-
ment, the use of commercial components, and overhaul
by the replacement of complete assemblies. The mainte-
nance problems of the different services illustrate these
points. The servicing and repair at sea of naval machine-
ry is made more difficult by high steam pressures and
speeds and confined machinery spaces. Complex auto-
matic controls change the duties of the engine-room staff
from operators to diagnosticians and maintainers. The
upkeep of the electrical and mechanical equipment for
the ship’s armament and domestic purposes increases the
maintenance load. A standard range of engines in a mini-
mum number of sizes meeting a practical range of horse-
powers has improved the reliability of naval machinery.
Limitations on the exact speeds required for full power or
cruising endurance are accepted. Every effort is made to
use machinery with a wider market. Diesel generators
and a large range of auxiliary machinery can be adapted
for naval use.

The gradual replacement of bomber and fighter aircraft
by guided missiles concentrates development on fewer
types of multirole combat aircraft for tactical strike, re-
connaissance, and close support. The decision of the
U.K,, Italy, and West Germany to develop such aircraft is
an example of European cooperation in defense procure-
ment and standardization. The increasing use of helicop-
ters and short takeoff and landing (sToL) and vertical
takeoff and landing (vToL) aircraft poses the problem of
their servicing in forward fighting areas. There are four
categories of military aircraft servicing. Scheduled and
unscheduled servicing both follow civil aircraft practice
and are based on flying hours and the immediate repair of
minor faults. Flexible servicing is used when the aircraft
is grounded for operational or weather reasons. A fourth,
contingency servicing, is used only when operations re-
quire an exceptional rate of aircraft utilization. It is con-
fined to the minimum necessary to success because of the
difficulties of servicing in forward areas.

The mechanization of armies in World War II applied
not only to wheeled transport vehicles but also to fighting
vehicles, including artillery of many calibres and tracked
vehicles of many types. The modern repair techniques
that were largely developed then are based on the opti-
mum compromise between military and technical engi-
neering requirements. Repairs are carried out as far for-
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ward as possible in order to reduce both the time that
equipment is out of action and the recovery and move-
ment to field workshops of heavy equipment casualties
such as tanks. The technical efficiency of army repair
facilities in forward areas is limited. When operational
conditions make forward repair essential, repair teams
are sent up from workshops to repair vehicles on the spot.
Repair is usually the fitting of a complete new or recondi-
tioned assembly. Generally, a repair team can remove
and replace a tank engine in six to eight hours.

Experience shows that in war a tank needs a major
replacement assembly every 700-800 miles. It is not pos-
sible, however, to forecast with accuracy which of the six
major assemblies in a tank will be needed. The engine
alone weighs about 1¥5 tons. Producing the right assem-
bly at the time and place is difficult and the extent to
which forward repair will prove practicable in future war
is subject to doubt. It is likely that the speed and disper-
sion of modern land fighting will result in greater scrap-
ping of equipment damaged beyond the means of eco-
nomic recovery and repair. Armies are now equipped
with standard ranges of load carriers adapted from civil
use; the all-purpose main battle tank has replaced the
medium and heavy World War II tanks of many types.
The complexity of modern equipment has, however, in-
creased greatly; amphibious ability, sophisticated weapon
guidance, night-fighting aids, additional radio and radar
all increase the repair and maintenance load. To this must
now be added guided weapon systems. A missile system
consists of a large number of components that must be
brought together, assembled, and tested before the system
is operational. This presents little difficulty in the case of
a small missile with solid propellant and a conventional
warhead. A large missile with its ground handling, guid-
ance, and other supporting equipment is a more difficult
problem. A tactical missile system must be moved to its
firing site and assembled and tested in time for its opera-
tional task. Nuclear warheads are stored and maintained
by special units in guarded areas. Their movement by air
or ground to missile firing sites requires special security
and traffic-control arrangements.

The control of ordnance stores. Ordnance stores in-
clude all types of weapons, ammunition and vehicles,
radar and other technical equipment, aircraft, and a vast
range of spare parts. The latter may amount to 600,000
to 1,000,000 separate items, the demand for each of
which is relatively small and predictable only in general
terms. Normal practice is to stock a small range of com-
mon-user items in forward depots and to hold larger and
less frequently required items in central depots in base
and support areas. The efficient stocking and issue of
stores requires (1) accurate requisitions, or orders, rap-
idly transmitted from the user to the depot; (2) quick
identification and location of the item by the depot staff;
(3) secure and protective storage and packing, particu-
larly in tropical climates; (4) mechanical handling
equipment; (5) quick delivery of stores to users; and
(6) regular reviews of scales and stocks to ensure they
meet changes in requirement. Improvements in these
methods give greater economy in manpower and costs.
Automatic data-processing machines have revolutionized
the management of ordnance depots and similar estab-
lishments. Depots are linked, irrespective of their dis-
tances apart, by computers that store the data and give
the requisite information, thus rationalizing the storage
and flow of supplies and spare parts and eliminating pa-
per work. Computers are invaluable in control of an
establishment such as the U.S. early warning system of
150 stations and depots containing 400,000 items. Before
the Six-day War of 1967 the Israeli army installed a
computer to change their ordnance store holdings, in
which there were critical shortages, from a peace to a war
footing. It processed all requisitions and supply issues,
ensuring sufficiency for operations. After the war it ana-
lyzed the cannibalization of captured equipment.

LOGISTIC PROBLEMS IN LIMITED WAR OPERATIONS

It is impossible to predict how and where limited war
situations will emerge or the form they will take. They
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may include military aid by large powers to warring fac-
tions, antisubversive and antiguerrilla operations, or local
war between minor powers armed with conventional
weapons. The essential requirement in meeting the prob-
lems posed by limited war situations of the 1950s and
1960s was a capacity to act swiftly. A small force on the
spot quickly can achieve more than a large one later. The
logistic plan for limited war must be capable of achieving
a quick concentration of effort in the area of violence and
of maintaining it there. Science and technology have
made and continue to make significant contributions to
the strategic and tactical mobility of air, land, and am-
phibious forces.

Logistics and mobility. The range and speed of air-
craft, coupled with air refuelling, make most parts of the
world accessible to land and air forces within a few days.
There are few countries without civil airfields, but if air
reinforcements are to provide more than a token force
some prestocking of aircraft spare parts and fuel may be
necessary. Political “air barriers” restricting the move-
ment of military aircraft, as in the Middle East, can be
circumvented. In the early 1970s new giant transport
aircraft made possible lifting troops, with their heavy
equipment, tanks, and guns, at a speed of 400 knots, for a
distance of 5,800 miles from an 8,000-foot unpaved air-
strip. In the future large aircraft may be propelled by
nuclear power, providing unlimited flexibility. Short and
vertical takeoff transport aircraft can supply combat
troops in action. The extensive use of helicopters by the
U.S. Army in Vietnam is one of the more notable logistic
developments of recent years. Rear-door transport air-
craft, parachutes, and cargo palettes of improved design
simplify the airdrop of supplies, weapons, and equipment.
Palettes can be skidded onto the ground from low-flying
aircraft.

The sea endurance of naval forces has improved
through nuclear power and techniques for replenishment
of warships at sea. The mobility and logistic self-suf-
ficiency of amphibious forces have also increased. Com-
mando and assault ships, supported by fast logistic ships
and improved landing ship tanks, achieve the rapid de-
ployment of assault forces over long distances. Logistic
ships are equipped with derricks of up to 120 tons capaci-
ty. Vehicles can also be carried in M.T. (motor trans-
port) ships and roll-off-roll-through vehicle ferries. Dock
landing ships (landing platform docks) can be beached or
discharge their cargo from deep water by pontoons into
powered lighters. The hovercraft provides mobility and
support in otherwise impossible conditions—swamps,
cataracts, and ice floes. Another development with logis-
tic possibilities is the amphibious hydrofoil, a surface-
skimming vehicle designed to carry cargo between ship
and shore at a maximum speed of 35 knots. Although the
threat of nuclear retaliation makes very large-scale am-
phibious operations most improbable, smaller seaborne
landings and raids may well be practicable; certainly the
logistic ability to mount them has improved greatly.

Nuclear-powered supertanker and bulk freight subma-
rines for the commercial movement of crude oil and iron
ore under the ice of Arctic waters are now a technical
possibility. This invention has military application for the
movement of supplies in war. A submarine freighter
would open up new and shorter sea routes—e.g., to the
Pacific beneath the polar ice cap and through the Bering
Strait—and a craft with a designed speed of 30 knots
could reach Australia from Europe in two weeks.

To this concept of cargo submarines must be added the
technical possibility of underwater bases anchored to the
seabed. This is an adaptation of a floating bases project
considered for the planned invasion of Japan in 1945. On
land, armoured personnel carriers and large cargo vehi-
cles cross rough country and sail across rivers and flooded
areas. Better engines, improved suspensions, and light-
weight armour provide protected vehicles for the move-
ment of combat troops and their support on the battle-
field. Cost, however, is a major factor in producing these
new methods of transportation. Compared with an army
truck carrying 1,500 pounds (680 kilograms), a helicop-
ter with the same capacity costs 200 times as much; a

hovercraft with about eight times the lift costs 1,000 times
as much. Thus, there seems little immediate prospect that
older, cheaper methods of transport will be more than
partially superseded by advanced vehicles.

Supply and maintenance in limited war. Limited war
operations are most likely to occur in areas remote from
strategic bases. The country may be undeveloped and
with few communications. Airfields and ports could be
poor and roads little more than tracks; communications
may be by river or across waterless desert. There may be
no military stockpiles in the country so that maintenance
requirements must be met from overseas. On the other
hand, local stocks of gasoline and basic engineer mate-
rials may be available, and buildings can be improvised
for military use. Full use must be made of all local re-
sources to achieve a rapid buildup of forces. These condi-
tions pose peculiar logistic problems.

The initial entry in a future limited war will probably be
by air using long-range transport aircraft. If lack of air-
fields makes the early landing of troops impracticable, a
proportion of the force can be dropped by parachute or
flown in by seaborne helicopters. The initial fly-in will
include engineer and air force personnel with airfield
construction equipment. The air-transported force may
be followed by an amphibious force carried in comman-
do, assault landing ships, or landing ship tanks supported
by logistic ships loaded with heavy equipment. Logistic
support within the area of operations will probably con-
tinue to be by air, except for bulk fuel supplies that
must be moved by road. If the area of operations is large,
a forward airhead maintenance area may be established
for the use of medium- and short-range transport aircraft.

The coordination of sea, land, air, and civil agencies of
supply and maintenance will involve joint plans and im-
plementation. Items required by more than one service
will be provided by the service best equipped to do so.
The army may construct airstrips and landing pads for
helicopters and light aircraft and the air force construct
airfields for its tactical aircraft. The construction of
larger airstrips for long- and medium-range transport
aircraft may be a joint responsibility. The provision or
repair of bulk gasoline storage and the distribution of
gasoline by pipeline is the army’s responsibility.

Troops may have to move rapidly from temperate to
extreme climates and go into action on arrival. The best
preparation is physical fitness. Experience shows that it
compensates for the lack of a natural acclimatization
period, about six weeks, provided there is a high standard
of hygiene at unit level.

LOGISTICS AND THE NUCLEAR THREAT

In the circumstance imposed by nuclear war it is impossi-
ble to visualize land forces supported by conventional
logistic systems with depots of supplies behind the shield
of forward troops. The requirement is for a method of
maintaining forces without the whole system collapsing if
one part of it is destroyed. The efficient handling of logis-
tic support will depend on conditions in rear areas that
cannot be predicted with accuracy.

Dispersion is the main safeguard against the loss of
installations and stores, though it is difficult to control
and expensive in manpower, time, and stocks. Logistic
dispersion is easier when fighting on interior or overland
lines of communication. It is less practicable with exteri-
or lines passing through ports, beaches, and airfields.
These and their associated base complexes are vulnerable
to nuclear attack. A partial solution may be to hold more

reserve stocks in forward areas, thus making combat for-"

mations and units more self-reliant. Maximum use must
be made of air maintenance. The extent to which it can be
used depends on the air situation and weather. Neither
may be entirely favourable. Air maintenance is therefore
best superimposed on land links of supply.

These considerations suggest a reorganization of rear
and forward maintenance areas. The proportion of stores
held in the rear should be reduced while increasing those
in the forward area. The proportions depend on a num-
ber of factors including the operational and air situations,
terrain, distances, and the type of commodity.
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The number of forward maintenance areas will vary
with the size of the force. Groups will be dispersed over
wide areas, with medium-range transport aircraft deliver-
ing supplies, perhaps by airdrop. Short-range fixed-wing
transport aircraft and helicopters can be used to supply
combat formations. Large, high-speed helicopters may
provide armoured forces with vital logistic support in
fast-moving operations. Combat units will be dispersed
over a far wider area than in the past, and will need to
carry a large reserve of gasoline and ammunition.

No one knows, however, if such methods of supply and
maintenance in the field would remain effective in the
face of nuclear attack. There appears to be certain limita-
tions to which a solution is not immediately clear. The
most important are: (1) the extent to which continuous
operations can be sustained by day and night; (2) the
limited fuel carried by an armoured fighting vehicle and
the difficulties of bulk resupply of gasoline to ensure full
mobility; (3) the vulnerability of helicopters against a
sophisticated enemy; (4) the problems of logistic com-
mand and control in large-scale dispersed and mobile
operations. Such traditional logistic calculations as the
daily movement of large tonnages would be out of the
question. In fact it is difficult to think of logistic sys-
tems as a rational military. term in large-scale nuclear
war. Only sea, amphibious, air, and airborne forces
would be capable of offensive action after the first shock.

THE PEACEFUL USES OF MILITARY LOGISTICS

War, with its potential for total destruction, can be avert-
ed, and the prevention of war may become the main
purpose of armed forces. Within this concept the task of
military logistics still remains the orderly deployment of
armed force. The threshold of intervention must be
lowered to avert and cure the discontents that produce
violence. ‘

The development of remote and less developed areas is
now recognized as a major goal of the more affluent
nations. The logistic services of an army are suited for
these tasks.

The U.S. Army Corps of Engineers has a long and
distinguished record of large-scale development at home
and abroad. It has planned and constructed engineering
schemes, including flood control of large rivers, irrigation
of arid areas, canals, communications systems, and
hydroelectric projects. The Australian army has been
employed on similar projects in the development of the
Snowy Mountains hydroelectric and irrigation project.

The logistic capacity of army engineer corps in terms of
air and sea transportation, supply, repair, and medical
facilities makes them more capable of quick deployment
and self-maintenance in disaster areas than civilian rescue
organizations. A good example is the mobilizing of Royal
Army aid after the hurricane that struck Glasgow in
1968. Within 24 hours 600 army engineers were working
on the roofs. Tarpaulins were flown in from army depots,
and soldiers skilled as slaterers, bricklayers, and scaf-
folders were employed.

There is a growing demand in some Western countries
for an international rescue service. Such a service would,
it has been suggested, solve the problem of closing the
gap between willing donors and needful recipients. Aid
could be stockpiled in advance of emergencies. Anonymi-
ty would then protect both the donor and the eventual
recipient. But world stockpiles of relief supplies would
serve no useful purpose unless they could be moved
quickly and distributed within disaster areas. In large
disasters only the military logistic forces of nation-states
have the means to do this. The alternative is for the
United Nations to have its own logistic contingency plan-
ning staff and permanent rescue service. Under certain
conditions this might also be a peace-keeping force. In
future years this concept might provide the nucleus
around which the peaceful uses of military logistic sys-
tems could be built.

A change in the nature of military logistics is slowly
developing. The movement of the military away from the
civil is gradually being reversed. There are many reasons
for this. Business methods of management and adminis-
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tration are increasingly used to improve the efficiency of
military establishments. The same techniques of planning
and management are used by civil and military logisti-
cians. The same equipment and machinery are used in
civil and military engineering and construction projects.
A civilian qualification, or at least skills of value in civil
life, is the ideal for every serviceman. Technical skills
acquired in the armed forces: increasingly fit military
personnel for employment in civilian life.
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Loire River

France’s longest and, perhaps, most beautiful river, the
Loire flows some 630 miles (over 1,000 kilometres) from
its source, near the uptilted southern edge of the Massif
Central in the Cévennes near the Mediterranean coast, to
the Atlantic Ocean, which it enters south of the Bretagne
(Brittany) peninsula. For half its length it flows in a
northerly direction and is oriented toward the centre of
the Paris Basin, but then it swings in a great curve past
Orléans and flows westward to the sea by its long
estuary at Nantes. Its catchment basin covers more than
45,000 square miles (117,000 square kilometres), and
the chéteau-dotted scenery of its valley is among the
nation’s finest.

The course of the Loire. The river rises at about 4,500
feet above sea level, at the foot of the Gerbier de Jonc
in the Cévennes. In its upper course it flows through a
succession of downfaulted, flat-floored basins—Le Puy,
Forez, and Roanne—inset in the crystalline highlands of
the Massif Central, in crossing which its valley narrows
to gorges. At Le Bec d’Allier, 560 feet above sea level,
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just downstream from Nevers, it receives on its left bank
its major tributary, the Allier, which has pursued a
roughly parallel course in draining the Monts d’Auvergne
farther west. The greatly enlarged stream then traverses
the limestone platform of Berry, and its valley is only a
slight groove in low platforms of sedimentary rocks until
in Anjou it finally breaks across the old rocks of the
southern part of the Massif Armoricain in the lowest part
of its course. Apart from the scarped hills of Sancerrois
and La Puisaye, which its valley breaches below Cosne,
the platforms that flank its middle course show few acci-
dents of relief. They represent the bevelling of only
slightly tilted sedimentary rocks that have been over-
spread in places with extensive sheets of unconsolidated
sands and clays, brought down from the crystalline rocks
of the Massif Central, and elsewhere with residual debris,
the product of intense weathering under humid, tropical
climatic conditions that have obtained in the past. This
has resulted in the decalcification of impure limestones
and chalk. Much of these extensive tracts of overburden,
differing from the bedrock below, yield only poor, sili-
ceous soils that are responsible, for example, for the gd-
tines (tracts of degraded woodland and heath) of Tou-
raine and the ill-drained surface of Sologne within the
great curve of the river south of Orléans. In Touraine the
main stream is joined by further important left-bank trib-
utaries, the Cher, Indre, and Vienne; and below the Val
d’Anjou, where it finally engages in the crystalline rocks
of the Bois d’Anjou, it is entered by its major right-bank
tributary, the Maine, which is the product of the conflu-
ence a little to the north, near Angers, of the Loir, Sarthe,
and Mayenne.

The upper course of the Loire in the Massif Central and
as far as Cosne seems directed toward the centre of the
Paris Basin, and its diversion west toward the Atlantic
Ocean is the presumed result of geologically recent Earth
movements that tilted the floor of the southwestern part
of the Paris Basin and let in a gulf of the sea as far as
Blois. The vigorous ancestor of the Lower Loire was thus
able to extend its catchment at the expense of the Seine
system, capturing the Upper Loire and diverting its drain-
age into the present generally westward course to the
ocean.

The Loire Basin. The Loire Basin now experiences a
temperate maritime climate, with no consistent dry sea-
son and with heavy precipitation, including winter snow-
fall, in the highlands that occupy its upper basin. The
area of its headwaters is also subject to violent autumn
storms from the Mediterranean. The river suffers from a
somewhat irregular and notably capricious regime. At
the end of summer its bed in the middle course is usually
a long streak occupied mostly by pale sand rather than by
water; in very dry years, such as 1949, the stream dwin-
dles to such a degree that there was virtually no flow of
water at Orléans. The river there is usually highest in
late winter, but there is no reliable rule; and floods may
occur in any month, except perhaps July and August.
The worst recorded were in October 1846, May—June
1856, and September 1966, when the river rose 23 feet
above normal at Tours.

The shallow but steep-sided groove occupied by the riv-
er in its middle course is successively called the Val de
Loire, Val d’Orléans, Val de Blois, Val de Touraine, and
Val d’Anjou. In this wide val, the river’s position is usu-
ally eccentric. Its once-marshy floodplain is protected
from flooding by levées (“embankments”) built progres-
sively from the 12th to the 19th centuries. Effective agri-

“ cultural reclamation did not begin until the 14th century

but was stimulated by the presence of the French court in
the 15th and 16th centuries, when the Middle Loire Val-
ley became a strip of intensive cultivation of money
crops. In the 18th century, before the French Revolution,
it reached the peak of its prosperity. The river was the
great highway for movement of goods, and the cities-on
its banks were busy ports. River navigation by flat-bot-
tomed vessels remained active until 1860, since when it
has greatly declined with the coming of railways. During
the period of developing river traffic in the 17th and 18th
centuries, canal links were built connecting the Loire nav-

igation with the Seine system of navigable waterways by
way of the Canal de Briare (1642) and the Canal d’Or-
léans (1692). These links allowed products such as wine
to be carried to Paris. Later the Canal du Centre (1794)
across the Loire-Sa6ne watershed linked the Loire with
the Rhéne navigation and played an important part in
the early development of the small coalfield it traverses. -
These connecting canals are too narrow for modern
vessels, and the Loire navigation itself is a mere shadow
of its former importance. The long estuary below Nantes
is obstructed by islands and sandbanks; but a channel,
dredged to a depth of 26 feet, is maintained as far as
Nantes, which was once so important as a colonial port.
The modern, deepwater outport at Saint-Nazaire has
important shipbuilding and repair yards.

Left aside by modern developments, the Loire country-
side today remains profoundly rural, Old World, and lit-
tle affected by modern industry. With its numerous cha-
teaus and parks, it abounds in monuments to its illustrious
past, recalling the faded glory of the life and landscape
of two centuries ago.

BIBLIOGRAPHY. ROGER DION, Le Val de Loire: étude de
géographie régionale (1934), is one of the most important
and typical works in the tradition of French geographical
writing. It studies the physical and human aspects of the
Loire Valley, from Decize to Nantes, and includes numerous
references to the history of the area since the 15th century.
JACQUES GRAS, Le Bassin de Paris méridional: étude morpho-
logique (1963), is a recent and comprehensive work on the
physical geography. Additional information, in English, may
be found in HILDA ORMSBY, France, 2nd ed. rev. (1962).

(A.E.Sm.)
Lomonosov, Mikhail Vasilyevich

Mikhail Vasilyevich Lomonosov was a leading figure in
Russian literature and science. His poetry brought new
forms of expression to Russian poetic composition, and
his Ritorika (“Rhetoric”) and Rossiyskaya grammatika
(“Russian Grammar”) made him the foremost theoreti-
cian of his language. He made substantial contributions
to the natural sciences, reorganized the St. Petersburg
Imperial Academy of Sciences, established in Moscow
the university that today bears his name, and created the
first coloured glass mosaics in Russia.

Lomonosov was born on November 19 (November 8,
old style), 1711, on an island in the Dvina River, near
Kholmogory, and 50 miles (80 kilometres) from Arkhan-

Lomonosov, oil painting by an unknown artist. In the
M. V. Lomonosov Museum of the Science Academy,
Leningrad.
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gelsk, where, at the age of ten, he began the life of a
fisherman. When the few books he was able to obtain
could no longer satisfy his growing thirst for knowledge,
in December 1730, he left his native village, penniless and
on foot, for Moscow. His ambition was to educate him-
self to join the learned men on whom the tsar Peter I the
Great was calling to transformi Russia into a modern
nation.

The clergy and the nobility, attached to their privileges
and fearing the spread of education and science, actively
opposed the reforms of which Lomonosov was a lifelong
champion. His bitter struggle began as soon as he arrived
in Moscow. In order to be admitted to the Slavonic-
Greek-Latin Academy he had to conceal his humble ori-
gin; the sons of nobles jeered at him, and he had scarcely
enough money for food and clothes. But his robust health
and exceptional intelligence enabled him in five years to
assimilate the eight-year course of study; during this time
he taught himself -Greek and read the philosophical
works of antiquity.

Noticed at last by his instructors, in January 1736 Lo-
monosov became a student at the St. Petersburg Acade-
my. Seven months later he left for Germany to study at
the University of Marburg, where he led the turbulent life
of the German student. His work did not suffer, however,
for within three years he had surveyed the main achieve-
ments of Western philosophy and -science. His mind,
freed from all preconception, rebelled at the narrowness
of the empiricism in which the disciples of Isaac Newton
had bound the natural sciences; in dissertations sent to St.
Petersburg, he attacked the problem of the structure. of
matter. .

In 1739, in Freiberg, Lomonosov studied firsthand
the technologies of mining, metallurgy, and glassmaking.
Also friendly with the poets of the time, he freely in-
dulged the love of verse that had arisen during his child-
hood with the reading of Psalms. The “Ode,” dedicated to
the Empress, and the Pismo o pravilakh rossiyskogo
stikhotvorstva (“Letter Concerning the Rules of Russian
Versification”) made a considerable impression at court.

After breaking with one of his masters, the chemist
Johann Henckel, and many other mishaps, among which
his marriage at Marburg must be included, Lomonosov
returned in July 1741 to St. Petersburg. The Academy,
which was directed by foreigners and incompetent nobles,
gave the young scholar no precise assignment, and the
injustice aroused him. His violent temper and great
strength sometimes led him to go beyond the rules of
propriety, and in May 1743 he was placed under arrest.
Two odes sent to the empress Elizabeth won him his
liberation in January 1744, as well as a certain poetic
prestige at the Academy.

While in prison he worked out the plan of work that he
had already developed in Marburg. The 276 zametok
po fizike i korpuskulyarnoy filosofi (“276 Notes on
Corpuscular Philosophy and Physics”) set forth the dom-
inant ideas of his scientific work. Appointed a professor
by the Academy in 1745, he translated Christian Wolff’s
Institutiones philosophiae experimentalis (“Studies in ex-
perimental philosophy”) into Russian and wrote, in Lat-
in, important works on the Meditationes de Caloris et
Frigoris Causa (1747; “Cause of Heat and Cold”); the
Tentamen Theoriae de vi Aéris Elastica (1748; “Elastic
Force of Air”); and the Theoria Electricitatis (1756;
“Theory of Electricity”). His friend, the celebrated Ger-
man mathematician Leonhard Euler, recognized the crea-
tive originality of his articles, which were, on Euler’s
advice, published by the Russian Academy in the Novye
kommentari.

In 1748 the laboratory that Lomonosov had been re-
questing since 1745 was granted him; it then began a
prodigious amount of activity. He passionately under-
took many tasks and, courageously facing ill will and
hostility, recorded in three years more than 4,000 experi-
ments in his Zhurnal laboratori, the results of which
enabled him to set up a coloured glass works and to make
mosaics with these glasses. Slovo o polze khimi (1751;
“Discourse on the Usefulness of Chemistry”), the Pismo k
L.1. Shuvalovu o polze stekla (1752; “Letter to LI, Shuva-
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lov Concerning the Usefulness of Glass”), and the “Ode”
to Elizabeth celebrated his fruitful union of abstract and
applied science. Anxious to train students, he wrote in
1752 an introduction to the physical chemistry course
that he was to set up in his laboratory. The theories on
the unity of natural phenomena and the structure of mat-
ter that he set forth in the discussion on the Slovo o
proiskhozhdeni sveta (1756; “Origin of Light and Col-
ours”) and in his theoretical works on electricity in 1753
and 1756 also matured in this laboratory.

Encouraged by the success of his experiments in 1760
Lomonosov inserted in the Meditationes de Solido et
Fluido (“Reflections on the Solidity and Fluidity of
bodies”) the “universal law of nature”—that is, the law
of conservation of matter and energy, which, with the
corpuscular theory, constitutes the dominant thread in all
his research.

To these achievements were added the composition of
Rossiyskaya grammatika and of Kratkoy rossiyskoy le-
topisets (“Short Russian Chronicle”), ordered by the
Empress, and all the work of reorganizing education, to
which Lomonosov accorded much importance.

From 1755 he followed very closely the development of
Moscow University, for which he had drawn up the
plans. Appointed a councillor by the Academy in 1757,
he undertook reforms to make the university an intellec-
tual centre closely linked with the life of the country. To
that end, he wrote important works on the Rassuzhdeniye
o bolshey tochnosti morskogo puti (1759; “Precision of
the Maritime Route”); the Rassuzhdeniye o proiskhozh-
deni ledyanykh gor v severnykh moryakh (1760; “Preci-
sion of the Formation of Icebergs in the Northern Seas”);
the Kratkoye opisaniye raznykh puteshestvy po severnym
moryam (“Northern Maritime Routes”); and the O
sloyakh zemnykh (“Of the Layers of the Earth”), which
constituted an important contribution both to science
and to the development of commerce and the exploitation
of mineral wealth.

Despite the honours that came to him, he continued to
lead a laborious and simple life, surrounded by his family
and a few friends. He left his house and the laboratory
erected in his garden only to go to the Academy. His
prestige was considerable in Russia, and his scientific
works and his role in the Academy were known abroad.
He was a member of the Royal Swedish Academy of
Sciences and of that of Bologna. His theories concerning
heat and the constitution of matter were opposed by the
empiricist scientists of Germany, although they were ana-
lyzed with interest in European scientific journals, such
as the Journal encyclopédique and the Annales typo-
graphiques.

The persecutions he suffered, particularly after the em-
press Elizabeth’s death, exhausted him physically, and he
died on April 15 (April 4, old style), 1765, in St. Peters-
burg. The empress Catherine II the Great had the patriot-
ic scholar buried with great ceremony, but she confiscated
all the notes in which were outlined the great humanitari-
an ideas he had developed. Publications of his works were
purged of the material that constituted a menace to the
system of serfdom, particularly that concerned with mate-
rialist and humanist ideas. Efforts were made to view him
as a court poet and an upholder of monarchy and religion
rather than as an enemy of superstition and champion of
popular education. The authorities did not succeed in
quenching the influence of his work, however. The com-
plete publication of his Polnoye Sobraniye sochineny
(“Works”) in 1950-57 by Soviet scholars has revealed
the full contributions of Lomonosov, who has long been
misunderstood by historians of science.

BIBLIOGRAPHY. Lomonosov’s complete works, IToamnoe
cobpanue couunenuti, 10 vol., Latin and Russian texts with
notes, have been published by the Russian Academy of Sci-
ences (1950-59). BORIS N. MENSHUTKIN, Russia’s Lomonosov
(1952), is a translation of Menshutkin’s 1937 biography. LUCE
LANGEVIN, Lomonossov (1967), contains a biography and
extracts from Lomonosov’s works and summarizes recent
evaluations by U.S.S.R. historians of science (in French).
See also HENRY M. LEICESTER (trans.), Mikhail Vasil’evich
Lomonosov on the Corpuscular Theory (1970).
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London

Capital city of the United Kingdom and the industrial,
commercial, and political centre of a once vast empire,
London lies astride the Thames in southeast England, 40
miles from the estuary on the North Sea. Its population of
almost 7,400,000 persons places it among the six largest
cities of the world: many would assert that it is the most
hospitable of all. Urban tensions are moderated by a
traditional sense of civic responsibility and by the rela-
tively human proportions of a cityscape rich in greenery
and open spaces. Although, like all of the other massive
cities of the world, London has failed to come to terms
with the late 20th century, it has at least managed to
conserve many of the virtues of centuries past.

On a map, the outline of Greater London is a ragged
oval that might be compared with a squashed tomato.
Central London is an irregular blotch in the middle,
about a sixth of the whole and containing 12 of the 32
boroughs and the historic core region (now associated
with financial institutions) known as the City. An aerial
view reveals surprisingly few skyscrapers and a prepon-
derance of one-family houses. Despite the great density
of population (almost 12,000 persons per square mile
[4,600 per square kilometre]), there is considerable open
space: hundreds of garden squares, hundreds of parks
and playing fields (20,000 acres [8,000 hectares] in
Greater London), scores of churchyards, and many for-
mer village commons. Of all London’s parklands, the
most celebrated are the six Royal Parks (5,900 acres),
which sweep through the West End of Central London.
The whole is surrounded by the Green Belt, established in
1935 and covering in 1972 about 967 square miles (2,505
square kilometres) with further extensions totaling 320
square miles planned for the early 1970s. The river itself,
one of the largest continuous open spaces in the area, is
characterized in a Greater London Council (GLC) report
on the environment as “perhaps the greatest of London’s
assets.” Seen from above, London is relatively unscarred
by high-speed multilane highways and their ground-gob-
bling interchanges, but this condition is not likely to en-
dure in the face of a Greater London Plan, offered in
1970, proposing a network of roads based on three con-
centric rings of motorway with connecting radials, to be
completed by the late 1990s.

Although new major roads would alter the appearance
of London and affect city living as drastically as did the
introduction of rail lines in the 19th century, they are not
the biggest changes in store. During the decade 1974-84,
notable portions of Central London are expected to be
radically altered.

This new cast to the face of London will express, as have
the major changes of the past, a new phase in British
history. The 25 years following World War II constituted
the period of dissolution of empire and withdrawal from
world power; the point of view and the sense of national
mission that had been shaped over three centuries sud-
denly no longer pertained. Once the war damage had
been repaired (a massive enterprise that included the
erection of low-rent housing groups still models of their
kind), there ensued a terrible sense of battle fatigue. The
lights had gone on again, as had been promised in war-
time song and speech, but the hopes of a bright new world
were stupefyingly frustrated. The famous British “mud-
dling through” was supposedly replaced by scientific
planning, and “talented amateurism” was ostensibly sup-
planted by technocratic professionalism; nevertheless, er-
ror and fumbling persisted. The two decades of bewilder-
ment, imitation, and vigorous half measures between 1950
and 1970 can be read in the stones of the city. By the
1970s, however, a new period had begun, one that saw a
reaffirmation of London’s ancient virtues of self-confi-
dence, imagination, and courage. A growing humanism
became manifest; the measure for governmental action
seemed increasingly to be the living community rather
than the statistical category.

THE HISTORY OF LONDON

The city takes shape. The history of London begins ef-
fectively with the Roman period. Gracechurch Street,
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Majestically dominating the Londbn skyline are Big Ben, the
Post Office Tower (left), and the Thorn Electric Building (right).
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which leads from London Bridge up to Cornhill, led from
the bridge in Roman times to the hub of Londinium,
where the Romans built a basilica. Seventeen years after
the Romans had installed themselves, Icenian tribesmen
under Queen Boudicca revolted and sacked the city.
From traces of the fires they set, it can be determined that
the settlement had already begun to spread westward
across Walbrook toward the hill where St. Paul’s Cathe-
dral would later be built. After the sack, a bigger basilica
was built: an aisled hall 500 feet (150 metres) long. On<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>